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A sharp upper bound on the error of exponentially weighted optimal
quadrature formulas in the Hilbert space of periodic functions

Hayotov A.R.1,2, Khayriev U.N.1,2

1V.I.Romanovsky Institute of Mathematics, Tashkent, Uzbekistan,
2Bukhara State University, Bukhara, Uzbekistan.

hayotov@mail.ru, khayrievu@gmail.com

We consider a quadrature formula of the following form∫ 1

0

e2πiωxφ(x)dx ∼=
N∑
k=1

Ckφ(hk), (1)

where φ(·) ∈ W̃
(m,m−1)
2 (0, 1], ω ∈ Z\{0} and ωh ∈ Z, Ck are coe�cients of the quadrature

formula, N is number of nodes and h = 1/N .

We denote by W̃
(m,m−1)
2 (0, 1] the subspace of W

(m,m−1)
2 [0, 1] of complex-valued, 1-

periodic functions (see [1] for details).

This space is equipped by the norm ∥φ∥
W̃

(m,m−1)
2

=

(
1∫
0

(
φ(m)(x) + φ(m−1)(x)

)2
dx

) 1
2

.

The error of quadrature formula (1) is the following di�erence (ℓ, φ) =
∫ 1

0
e2πiωxφ(x)dx−∑N

k=1Ckφ(hk), and the corresponding error functional is

ℓ(x) = e2πiωx −
N∑
k=1

Ck

∞∑
β=−∞

δ(x− hk − β). (2)

The problem of constructing optimal quadrature formulas in the space W̃2

(m,m−1)
is

calculation of the following quantity:∥∥∥◦ℓ∥∥∥2
W̃

(m,m−1)∗
2

:= inf
Ck

sup
φ,∥φ|∦=0

|(ℓ, φ)|
∥φ∥

W̃2
(m,m−1)

.

The main result of this work is:
Theorem 1. On the space W̃

(m,m−1)∗
2 (0, 1] for m ≥ 2, the norm of the error

functional ℓ for the optimal quadrature formulas (1) with ωh ∈ Z\ {0} has the following
form ∥∥∥◦ℓ∥∥∥2

W̃
(m,m−1)∗
2

=
1

(2πω)2m + (2πω)2m−2 .
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