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Abstract. Many problems of science and engineering are naturally reduced to singular integral equations. Moreover plane
problems are reduced to one dimensional singular integral equations. In the present paper, we develop an optimal algorithm for
the approximate solution of one dimensional singular integral equations with the Cauchy kernel. Here we are engaged in finding
the analytical form of the coefficients of the optimal quadrature formula. We apply these coefficients to an approximate solution of
the Fredholm singular integral equation of the first kind. Thus, we show the possibility of solving singular integral equations with
higher accuracy using the optimal quadrature formula based on the Sobolev method.

INTRODUCTION. STATEMENT OF THE PROBLEM

The study of various problems of mathematical physics, as well as specific problems from aerodynamics, electrody-
namics, the theory of elasticity and other areas naturally reduces to singular integral equations. In this case, plane
problems are reduced to solving the characteristic singular integral equation

/de:(p(m te(—1,1). (1)

Recall the definition of singular integrals in the sense of principal value of Cauchy.

b
Definition 1. The principal Cauchy value of the special integral [ f(_xt) dx, a <t < bis the limit
a

t—¢ b
lim de—i— / de .
£—0 xX—t . —t

a t+&€

It is known that if a function ¢ on the segment [a, b] satisfies the Holder condition with exponent o (0 < o < 1)
and coefficient A, i.e. if

lp(x1) — @(x2)| < Alx; —xa|%,

b
then there exists the integral [ %dx, a<t<b.

a
Equation (1) has four complete analytical solutions corresponding to the values of parameter x (see [1], pp. 49-50).
In particular, for k¥ = 0 the only solution of equation (1) in the class 4(1) is given by the formula

Thus, the solution of the singular integral equation of the form (1) can be reduced to calculation of the weighted
singular integral (2). Therefore, the development of effective approximate methods for calculating singular integrals
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are of great applied importance and one of the actual problems of computational mathematics. Special techniques for
constructing quadrature formulas uniformly approximating the integral (2) with respect to the variable r were proposed
in Ph. Rabinowitz, S. Santi [2].

Also, the optimal quadrature formulas for numerical integration of integrals in Hilbert spaces were constructed and
their errors were analysed [3, 4, 5, 6, 7].

Furthermore, optimal quadrature formulas for approximation of Fourier integrals were constructed in the many
works (see, [8, 9, 10, 11, 12]).

In the works of V.V. Ivanov [13], optimization problem of calculation for singular integrals were considered. Study
of these problems were continued in the works of B.G. Gabdulkhaev [14], I.V. Boykov [15], M.I. Isroilov, Kh.M.
Shadimetov [16], Kh.M. Shadimetov [17], Kh.M. Shadimetov, A.R. Hayotov, D.M. Akhmedov [18, 19, 20, 21, 22].

While studying the method of discrete vortices, I. K. Lifanov constructed efficient methods for calculating the
singular integral in the form (2) (see [1, 23]).

In the present paper, using the functional approach, we construct optimal quadrature formulas for the approximate

calculation of the integral (2) in the space L(23> (—=1,1).
We consider the following quadrature formula

1 N
T 0= Y @lBlotp 1)+ CilBle g 1)+ ClBle" (55~ ). G)
1 B=0

here —1 <t < 1, @(x) is a function from the space LS)(—l, 1), Co[B],C1[B],C2[B] are coefficients, xg — 1 =hf8 — 1
are the nodes of quadrature formula (3), [3] = hf, h = %, N=23,..,n=012..m—1.

Here L?) (—1,1) is a Hilbert space of classes of all real valid functions ¢ defined on the interval [—1, 1] that differ
by a polynomial of degree 2 and square integrable with derivative of order 3, i.e.

1

2
ol o= | [ (9 @) ar

—1

The following difference is called the error of quadrature formula (3)

1

o= [ )y (Colplotss 1)+ CilBlo 5y~ 1)+ ClBlo" (1) =£ (39 (),

1—x(x—
I x (x

where £ is the error function of the formula (3) and has the form

1+x€&_qq(x N
09 = | T2 5 (Golplate )~ ClBIO x—xp)+ ColBIS ) ). @
—x (x—1) =0
Here £_; ;)(x) is the characteristic function of the interval [—1, 1], §(x) is the Dirac delta-function.

Since the functional ¢ of the form (4) is defined on the space L?)(—l, 1), it belongs to the conjugate space

Lf)*(—l, 1), and satisfies the following equations (see [24])

(6,x*)=0 for o=0,1,2. (5)

The construction problem of optimal quadrature formulas of the form (3) in the sense of Sard [25] with the error

functional (4) in the space Lf) (—1,1) for fixed nodes xg — 1 is to find the quantity

° * . 67
L~ = inf wp — ), (6)
GolBLCIBLCIB \ g, [lp]0 [|@|Ly" (—1,1) ]|
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This task has two parts:

Problem 1. Find the norm of the error functional ¢ of quadrature formulas of the form (3) in the space Lf)* (—1,1)
Problem 2. Find the coefficients Cy[3],C1[B],C2[B] which satisfy equality (6) when the nodes xg — 1 are fixed.

o

If there are such coefficients Cy[B] =Cy [B],C1[B] =C1 [B],C2[B] =C» [B] that satisfy equality (6), they are called
optimal coefficients and the corresponding formula is called optimal quadrature formula.

The rest of the paper is organized as follows. In Section 2, we give some auxiliary results and definitions that are
used in solving above problems. In Section 3 we give the algorithm for construction of optimal quadrature formulas
of the form (3).

AUXILIARY RESULTS

In this section we give some definitions and known results that we need to prove the main results.

Below mainly we use the concept of discrete argument functions and operations on them. The theory of discrete
argument functions is given, for instance, in [24]. We give some definitions about functions of discrete argument.

Definition 2. The function @[] = @(hf) is a function of the discrete argument if it is given on some set of integer
values 3.

Definition 3. The inner product of two discrete functions @[f] and y[B] is given by

[o.v]=)_ o[B]- v, (7)

BeB

if the series on the right side of equality (7) converges absolutely.
Definition 4. The convolution of two functions @[f] and y[f] of a discrete argument is called the inner product

2181 = 0B viB] = [0l vl - 7= Y olywip 7. (®)

y=—c0

In addition, in the calculations we need the discrete analogue D (hf3) of the differential operator d? /dx?, which is
defined by the following formula (see [26])

O’ |ﬁ| 2 2)
Di(hB)=4 h%  |Bl=1, 9)
—2h72, B=0.

Here are some properties of the discrete function D (hf3) (see [24]):

Di(hB)* (hB)* =0, a=0,1, hDy(hB)* "Ll = &,(np), (10)

where 6, (hp) is the discrete delta-function and 6, (hf) = { (1)’ g ig’

MAIN RESULTS

In the present paper, we solve this Problems 1 and 2 i.e., we calculate the norm of the error functional ¢ and minimize
it by the coefficients Cy[B],C1[B],C2[B] when the nodes xg — 1 are fixed. For this we use the concept of extremal
function of the error functional ¢ introduced by S. L. Sobolev [24].

The function y, for which the equality holds

() = 1AL wiLs)), (11)

is called the extremal function for the error functional /.
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Since the space Lf) (—1,1) is a Hilbert space, by the Riesz theorem on the general form of a linear functional (see
[27]) there exists a unique function Y, € L?) (—1,1) for which the equality holds

(N, @) =< Wi, 0 > (12)

and ||4]| = ||wel|, here < Wy, @ > is the inner product of two functions Yy and ¢ from the space L?)(—l, 1).
Recall that the inner product < y, ¢ > is defined as follows

1

<y >= [ (0o (. (13)

-1

The extremal function Wy (x) of the functional ¢ in the space Lg3)(—l, 1) was found by Sobolev [24] and has the
form

v (x) = —€(x) * G3(x) + P (x), (14)
here
rsign(x)
BO=""0
I, x>0,
sign(x) =¢ 0, x=0, Py(x)is a polynomial of degree 2.
-1, x<0,

Since the space Lf) (—1,1) is a Hilbert space, then by the Riesz theorem on the general form of a linear functional
and taking into account the definition of an extremal function, we have

(€ we) = 1AL (=1, D) - el L5 (=1, D) = [yl (=1, )2 = L8 (=1, 1))

Where
1L (1P = (w) = [ eyt

Hence, using (4), (5), (14), for ||¢||> we obtain
2

3 5 2 N N ok (hB —hy)>~**sign(hB — hy)
H€|L2 -1, 1 || ,{Z()O;O,Zbﬁz:"o( 1) Ck[y]ca[ﬁ] 2(5—06—/()!

1
e I+x(x “%sign(x— (R —1))
(TN CalP /1\/1 Sa)( _y dx
1
I+x [I4+y(x— y Ssign(x—y)
240//1\/ T\ 1y G- W (15)

Now we minimize the norm (15) of the error functional of quadrature formulas under the condition (5). It should be
noted that minimizing ||¢||> over all Co[B],C1[B],C2[B] B =0,1,2,...,N is a very difficult problem. Therefore, in this
paper we propose a successive minimization of ||£||? with respect to Co[8],C1[B],C2[B], i.e. first consider the norm

Mz

2% 3

oa=0p

[|£]|> will be minimized in Cy[B], in the space Lgl)(—l7 1), and using the found optimal coefficients Cy [B] the value
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||£]|> will be minimized in C{[B] in the space ng) (—1,1), then putting the optimal coefficients Cy [3] and C; [B] to the

value ||£y||*> will be minimized in C,[B] in the space L§3> (—1,1).
Next, we implement algorithm said the above.
To do this, we use the method of indefinite Lagrange multipliers.
We consider the auxiliary function

o(C, 1) = LS (-1, D)2 +2 i Ap(£,x7)
p=0
here C = (Co[0], Co[1], -... Co[N, C1[0],Ci [1], ..., C1 [N], C2[0], Ca[1], ... C2[N]), A = (Ao, Ar, ).

Consider in the space L<21) (—1,1), then ||¢||> depends only on Cy[B].
Equating to zero the variation in Cy[] and Ay of ®(C,A), we obtain the following system of linear equations in

Co[B] and A9

N ;

¥ Coly) =Rt 100 = fo[B], B =0.1.2,
"y (16)
r CO[Y] = 80,
7=0

where

folBl = f H—x —(hB— 1)%?;g:§ (hﬁfl))dx, g0 = f 1+x<lt)dx.

We note that. The obtained system (16) was solved in the work [16] and the following theorems were proved
Theorem 1. Among all quadrature formulas of the form

I+x @(x) o N B
l—x(x—t) g’ Plp—1),

with the error functional

[1+x €1 N
) = 1—x ; l_t Z 6(x—xp),

in the space Lgl) (—1,1), there is a unique quadrature formula whose coefficients are defined by the equalities

@m1w*fuu§@+tm}
@m]:hlﬂw—wamW+ﬂw+ﬂ,ﬁzmw4,
oV = i | oV — 1]+ ﬁ+m]

here

1-t(hB—1)—/(I-2) (1—(hp—1)?)
hB—1—t )

folBl = —(2+1—hP)arcsin(hf —1)+ /1~ (hB —1)>+ (1 —hB+1)|/11n

Further, in the space Léz)(—l ,1). In this case the value ||¢||> depends on Cy[B] and Cy[B], then using the solution
Co[B] and A of the system (16) equating to zero the variation in Cy[] and A; of ®(C, 1), we obtain

060032-5
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g o] (hﬁfhy)zsign(hﬁfhy) _ g C mw + 4 = A[B],
=0 0
f}:o,l,z,...,N, ! (17)
N
£ (cbitr-n+ai) =s.
where
1
B 1+x (x—(hB —1))?*sign(x— (hB —1))
filB) = / Ve e dx, (17a)

1

g1 = / \/E(xx_t)dx. (17b)
21

In the space L§3> (=1,1). Here Cy[B] and C,[B] are known. Then equating to zero the variation in C;[f] and A, of
®(C,A), we obtain

N —hy)3sign(hB— N — ) 2sien(hB— N h\sien(hB—
y; Coh/] (hB—hy) 128 (hB—hy) _ygocl [7/] (hB—hy) 4811(1/5 hy) _,'_ygoczh/]w +A Zfz[ﬁ],

=0,1,2,...,N, s
g 2 (18)
L (GMr=1) +2C1[7](h7—1)+2c2[y]> .
’J/:

where
1
_ I4+x (x—(hf—1))*sign(x—(hB — 1))
SIBI= / \/: 12(x—1) dx, (18a)

-1

1
C [14x A2
= — ————dx. 1
82 /11/ 1—x(x—t)dx (18b)

Next, we find the optimal coefficients C; [y], y=0,1,2,...,N and the unknowns A,, which are solution of system
(18).

Now we solve the system (17). Here we use Theorem 1.

Let us rewrite system (17) in the following form

N .

L Cily (P bin g, = R[], p=ON,

"y N (19)
Y GilYl=g1— X G[vl(hy—1),

¥=0 y=0

here
N — 2sign -
RIB) = AlB] + Y, cop P17 eiehp —h) (20)
7=0

f1[B] and g; are determined with formulas (17a) and (17b).

060032-6
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LetCi[f]=0atB <0Oand 8 > N.
We introduce the following notation

(1) = c1(p1+ 2B, 21
u(hB) =v(hB) —A1. (22)

Using properties (10) of the operator D (hf3) from (9) and (22) we obtain
C1[B] = hD1(hB)*u(hp). (23)

But for calculate the convolution (23) we need to define the function u(hf) for all integer values of 8. For 8 =
0,1,2,...,N, from (19) we have u(hf3) = F[B]. Therefore, it suffices for us to define the function u(hf3) when 8 < 0
and § > N.

Next, we define the form u(hf) for f <0 and 8 > N. From (21) using (19) with B <0 and 8 > N we have

hzﬁ<gl - )]% Coly|(hy— 1)) -7, B<O,

v(hB) = N

hzﬁ<gl — X Go[A(hy - 1)) +A, B=N.
v=0

Taking into account the last equality, from (22) for u(hf3) we obtain

_hzﬁ<81 - g‘. Colyl(hy— 1)) +ay, B<O,
=0
u(hB) = Fi[B], N 0<B<N, (24)
"f(gl — X Golyl(hy— 1)) +ag, B>N,
=0

here a; , a(J)r are unknowns and
ag =—-M—2;, af =—M+A]. (25)
If we find the unknowns a;, 4/ , then from (25) we have
llz—%(aa+a3), /'sz%(ag—aa). (26)
The unknowns a; , ag can be found from (24). Then we obtain the explicit form of the function u(#f3) and from (23)
we find the optimal coefficients Cy []. Moreover, from (26) there are A;. Thus, the problem is completely resolved.

The following theorem is true.
Theorem 2. The optimal coefficients of the quadrature formulas of the form

/ x ox N
VT 2 ¥ Calplotan —1)+Blo' g - 1)
—1 B=0

with the error functional

e x) X
l(x) =/ ifxg[(xl_”t()) -Y (Co[ﬁ]5(x—xﬁ)—Cl[ﬁ]5/(x—xﬁ)>,

p=0

060032-7
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in the space ng) (—1,1) are determined by the formulas
Ci[0]=h"" _f1[1]+%f0[1]+%7r(t+2) - {j(t2+3t+3.5)],
CilB) =17 118 1121181 + A+ 1] & (HlB ~ 1]~ 21lB+ B + 1)
2 / B
+h2<_2yzoc0[y]—n)], B=12,...N—1

Ci[N]=h"! fl[N—l]—’;fo[N—l]+’;nt+g(ﬂ—t—o.S)],

where

flBl=-% [(z(hﬁ 1) = (B +2t+1))/1—(hB—1)2+ <(h/3 — 12+ 32 +2t+1)—2(hB—1)(t + 1)> X

1—1(hB—1)—+/(1=1*)(1-(hB—1)?)

xarcsin(hf — 1)+ (t— (b —1))*/1n hB—T—1

|

and Cy[B], B =0,1,...,N are defined in Theorem 1.
Proof. From (24) for B =0 and § = N immediately get a, and a;

ay =F[0], aj =F|[N] g1+ZC0 (hy—1).
’y_

This means that we have obtained an explicit form of the function u(hf3). L
Further, using (24) from (23) and calculating the convolution AD; (k) * u(hf3) for § = 0,N we obtain

Ci[B) = hDy (hB) *u(hB) =h Y Dy(hB — hy)u(hy)

Y=—00

v=1

=h{i (h[3+hy< ( Zco hy—l>+ao>

+ i Dy (h —hy)Fi[Y]
7=0

ZDl (N+79)— /3)(“’“’( ZCO hy—1>+ag>].

Hence, taking into account (9) for § = 0, N, we have
cio] = ! {Fl[l]Fl ( Zco hal))]

cl[mh-l[m[ﬁuzm[ﬁwmﬁm], B=1.2 N1,

060032-8

9161110 ¥20C YdIelN €2



Hence, using (9) and formula (10), taking into account (17a) and (17b), after some calculations, we arrive at the
expressions for the coefficients Ci[], 8 = 0,1,2,...,N which are given in the statement of the theorem.

Theorem 2 is proved.

Next we solve the system (18). Here we use Theorems 1 and 2.

Then, the system of equations (18) is rewritten as follow

L Caly) Lt 2, — (], f=0,1,2,
YXI N (27)
1 ol =4 (e £ (@ler-12+2000r-1) ).

where

N — 2si n — N — 3si n —
BIB) = £B]+ X €1l (b —hy) stgn(hp—hy) _ X Goly (b —hy) sign(hp—hy)
Y= Y=

f2[B] and g, are determined with formulas (18a) and (18b).
Calculations for the system (17) are also done for system (27). And the following holds.
Theorem 3. The optimal coefficients of the quadrature formulas of the form (3) with the error functional

X &_ X ul
=1 wﬁzo (co[m@(xxﬁ)cl[m@’(xxﬁ)wz[ﬁ]ﬁ”(xXﬁ>>’

in the space L) (—1,1) are determined by the formulas
Cl0) =~ [ AU+ EAI + Bl — 50 +2) + 560 +3r+ ) - For 482+ 134 12)|,
Gl =hn" LB -1 -2AB]+ LB+ -5 (AB-1]-

’f(zy)%oco[](zy 2B —1)+7( +2ﬁ> (2):01[] 7r(2+t))], B=12,.,N—1,
CoN] =1~ | AN = 1]~ 44N~ 11+ BN = 1]+ G 02 -1 -08)+ £ 2 a7 +142)|.
where

LBl=% [(g(hﬁ —1)2=5(hB—1)(t+ 1)+ 3(62+6t+4)) /1— (BB —1)>+ <2(thB +1)3 —6(hB —1)?

1—t(hB—1)—+/ (1—12)(1—(hB—1)?)
hB—1—t .

+3(hB—1)(2t+1)—2t> —t — 1))arcsin(h/3 — 1)+ (t—(hB—1))% /110

and Cy[B), C1[B], B =0,1,...,N are defined satisfy in Theorem 1 and 2.
Theorem 3 is proved similarly as Theorem 2.

CONCLUSION

In conclusion, we note that in the Sobolev space Lf)( —1,1) an optimal quadrature formula for the approximate
solution of singular integral equations with the Cauchy kernel is constructed. Here we have found analytic forms for
the coefficients of the constructed optimal quadrature formula. The method of indefinite Lagrange multipliers and a

discrete analogue of the differential operator <= d are used. Explicit formulas for optimal coefficients are obtained. We
can apply these coefficients to an approximate solution of the Fredholm singular integral equation of the first kind.
The possibility of solving singular integral equations with higher accuracy using the optimal quadrature formula based
on the Sobolev method is shown.

060032-9
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