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Abstract. Numerous publications are devoted to quadrature formulas; they include the values of derivatives of integrable func-
tions. When, besides the values of function f at points x on 77, the values of its derivatives of some orders are also known, then
naturally, with the correct use of all these data, a more accurate result can be expected than in t}(ll%)case of using only the values of
the functions.

For the error functional of the quadrature formula of Hermite type for functions of class Wz (T1), the norms are found; an
upper bound is obtained, and the optimal coefficients of the quadrature formula of Hermite type are determined for p (x) = 1 and
m=4 (x=0,1,2,3).

INTRODUCTION

It is known that the construction of quadrature formulas based on the methods of functional analysis was considered
first in the studies by A.Sard [1] and S.M.Nikolskii [2], and the cubature formulas were considered by S.L.Sobolev

[3]. S.L.Sobolev studied the problem of constructing optimal lattice formulas over the space Lém) (R") and reduced
the finding of optimal coefficients to solving a discrete Wiener - Hopf problem (see [1]).

In the one-dimensional case, i.e. in the space Lgm) (R), the continuous Wiener - Hopf problem was solved by
Z.J.Jamolov (see [4]). Publications of many researchers were devoted to the construction of optimal interpolation,
optimal quadrature and cubature formulas using the method proposed by S.L.Sobolev (see [4, 5, 6,7, 8,9, 10, 11, 12,
13]).

In this connection, we consider the weighted quadrature formula of Hermite type

m—

1
[rwswa=y
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Y, (-1 @ (), (1)
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in the Sobolev space Wz(m) (Ty), where cELOO and x*) are, respectively, the arbitrary coefficients and nodes of the

quadrature formula (1), f (x) € Wz(m) (T1), Ty is the one - dimensional torus, i.e. a circle of length equal to one, p (x)
is the weight function and « is the order of derivatives.

Definition 1. The space Wz(m) (Ty) is defined as a space of functions set on a one - dimensional torus 7] and having
all generalized derivatives of order m summable with a square in norm [1]
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A A _
where f, are the Fourier coefficients, i.e. f; = [ f(x)e 2 *dx.
T
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The difference between the integral and the quadrature sum, i.e.

7 a=01=1
m—1 N
— p(x)er (x) — Z Z cia)5(°‘) (xfxm) f(x)dx =< ZEVOC),f >,
7 a=01=1

is called the error of the quadrature formula (1), and this difference corresponds to the generalized function

(@) Ty @ A
67 () =pen ()= ¥ Y 8@ (x—xP), (4)
a=01A=1

and we call it the error functional of the quadrature formula (1). Here €7, (x) - is the characteristic function 77, and
0 (x) is the Dirac delta function.

STATEMENT OF THE PROBLEM

As it is known, the problem of estimating the error of a quadrature formula on functions of some space B is equivalent
to calculating the value of the norm of error functional in the space B*, conjugate to B, or, what is the same, to finding

the extremal function for a given quadrature formula. To solve this problem, we took the space Wz(m) (Ty) as B.

The task of constructing optimal quadrature formulas over the Sobolev space Wz(m) (T1) is to calculate the following
quantity:

—m? . ‘<€§V“>,f>‘
H€1<voc)|wz< " () H :c;“l)l,l)il) Hf(s)gﬁ)#om’ (5)

where Wz(m) (T1) is a conjugate space to the space Wz(m) (7).
To estimate the error of the quadrature formula, it is necessary to solve the following problem.
Problem 1. Find the norm of the error functional (4) of the given quadrature formula.
Further, to construct the optimal quadrature formula, it is necessary to solve the following problem.

Problem 2. Find values CE{Z) and x*), such that equality (5) is satisfied.
In the present article, an optimal quadrature formula is constructed in the space WZ(m) (Ty) of periodic functions; the

norm of the error functional of the constructed quadrature formula in the conjugated space Wz(m)* (Tv) is calculated,
and an extremal function is found for this quadrature formula. For the error functional of the quadrature formula

of Hermite type for functions of class Wz(m) (T1), an upper bound is obtained and the optimal coefficients of the
quadrature formula of Hermite type are found for p (x) =1 and m =4 (o0 =0, 1,2,3). Note that Problem 1 was solved
for p(x) = 11in [14] and Problem 2 was solved for & = 0 in [15].

NORM AND EXTREMAL FUNCTION OF THE ERROR FUNCTIONAL OF
WEIGHTED QUADRATURE FORMULAS OF HERMITE TYPE IN THE SOBOLEV
SPACE PERIODIC FUNCTIONS

To find the norm of the error functional (4) in the space Wz(m)* (T), its extremal function is used.

Definition 2. Function yy (x) is called an extremal function of functional K,(va), if the following equality holds

<Oy >= A () |- el () |

060029-2

10'61:10 ¥20T UdoIe €2



As the space Wz(m) (Ty) with the inner product (3) becomes Hilbert, then, based on the Riesz theorem on the general
form of the linear continuous functional, there is a unique function y; € Wz(m) (Ty) for which

< gz(va) (%), f(x) >=<y(x),f(x) > and ng(va”Wz(m)* (71) H - HW|W2(m> ) H )

In particular, from (6) for f = y; we have

<O v >=< vy >= vl = vl 4 ™

The following is true
Theorem 1. The square of the norm of the error functional (4) of a weighted quadrature formula of Hermite type

in the form (1) over the space Wz(m> (Th) is
2

m—1

N 2
po—Y Y o
a=01=1

)

1
+ (27.[)2111 Z

k0

m—1 N .
ﬁki Z Z Caa)(27l'i)aka€2mkxu)
a=0A=1
k2m ’ (8)

ey || =

(a)

where c;"’ are the coefficients, x(
Sfunction p (x).
Proof. It is known [3] that the following equation holds for a function f € Wém) (Th):

are the nodes of the quadrature formula (1), and py. are the Fourier coefficients of

Z f ekax Zf ekax (9)

k=—co0
/\ 7 . . .
where f, = [ f(x) e ?**dx, i.e. Fourier coefficients.

1
Therefore, we have

A . A . A
< ggva)?f S—< 4\][1)7 Z fk ekax —— Z fk < e](va)’e%nkx S = Z fk é‘f{a)
k=—oc0 k=—o0 k=—o0

A A
= fl+ Y Kl (10)
k20
Here éf{a) = Z;va) (x) 2™k,
T

Now we sequentially calculate the value of the Fourier coefficients @éa) and @f{a).

i = [ 40 ax [ 1p e w)a /[leZ% (’“"(Md’“ﬁ‘)mic&“* (1
T T I

a=02

m—1 N
l;}{a) —< él(va),eZﬂikx >=< p(x)er (x Z Z (x x(/l)) Ak S p(x)er, (x)ye2ﬂ:ikx >
e (@) : o (o) ey
- < Z Z c 5@ (x—xm) TR s — p Z Z c, (2mik)* ¥mike"
a=0 A=1 =0 A=1
ie.
@) oy g
6 =pe— Y Y & (amik)* ™ (12)
a=02A1=1
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Applying the Schwartz inequality to the right side of (10), we obtain the following estimate:

A
‘<£N ,f>’ ‘ A4 Y [l ‘fozg@
kA0
|
A0 27k o RS Al Ter T p——
& " o A o iy
1 gof )
AP AP 2m : o)
<S ol + X |f| [27k] ‘E +Z m
k0 20 |27fk\
) 1
m—1 N 1 é]((a) ’
= A" (1) || 3 [po R L5 (13)
H g H oc:Olgl * (2m) k;) e

2
-1 N )
p— X X oy (ami) koermk
a=01=1
o . (14)

e o | <

()

Thus, we have obtained an upper estimate for the norm of the error functional ¢

for the norm of the error functional El(va), then the assertion of the theorem follows from here.

(m)(

There is some function from Vsz T1), such that inequality (14) reaches equality.
Indeed, consider the following function u (x)

, if we obtain a lower estimate

m—1 N (a) g}((x) 2mwkix
X)=po— ) Y + sz
a=01=1

Let us calculate the value of functional K,(\,a) (x) for function u (x)

m—1 N
<€](V),u> <£ ).ho— Y, ch
a=0A=1
. 5 gf{a)ezmkx le i 2
+< by (x), — o >=|po— c
N k20 (2m)*"k2m =i
2
| i I = N o)
ZmZ k2m Z ZC/I ZmZ am (15)
a=021=1 (2m) k£0

Now we prove the existence of function u (x) and its norm in the space V~V2(m) (T), for this we will prove the validity
of the following lemma.
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Lemma 1. The square of the norm of function u (x) in the space Wz(m) (Th) is:

1N 2
2 m—1 N 1 ﬁk_m): L Cfla (2mi)*k%e ikl
B . —0A=
”|W2(m) (Th) H = |P0— Z Z ‘/l 2m Z : 2m : (16)
a=021=1 (2m) k0

Proof. Since equality (9) holds for all functions f (x) € W;m) (T1), then it follows that the equation below is true for
the norm of u (x)

2

i \n 2 m|
i (1) | = | [utodx) + ¥ o] (17)

i, K120

where ki € Z and iy, are the Fourier coefficients.

Thus, we calculate the norm of the function u in the space Wz(m) (T1) using formula (17).
In (17), for each term, we perform separate calculations:

2 m—1 N ( ) 27[sz 2
L. <Tfu<x>dx> <Tf [po_ Z Z Cx (o 2m Z T oem ]dx>

. lﬁ(a) [ &2k g
m— Tl
— |- Y Y e /dx+ e (18)
a=1 =1 k40
As [e*™dx =0and [ dx = 1, then (18) has the following form
T T
g 1 N 2
—
/u(x)dx - <[ﬁ0 —Y Y ]) : (19)
7 a=1 =1
2. Now we calculate the value of i, :
' m-1 N 1 ) 2mkix '
g, = /M(X)Ekalxdx :/ Po— Z CE{X) + — Z k P o 2mikix g
7 7 a=0i—1 2n)™ iz
06) I o2k x p2ikx g
m—1 N
A —27il T
==X 0 [ Y (20)
=1 =1 7 20
It is evident that
/ezm(k—kl)xdx: 1, %fk:kl, 1)
0, if k #£ k.
I
With (21), we obtain the following from (20)
o 1w

Uup = I/tkl = 7(27[)2’" ];)](27
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Introducing (19) and (22) into the right side of (17), we obtain

2
Hm) |2 (S 22 ’4;1)
W () || = |- ¥ Y | + ¥ oL (23)
a=1i=1 k20 (27)™" kAm
Thus, after cancellations, it follows from (23) that
o) o |12 A w0 4 2
HM|W2 (Tl) H = pAO - Z C)L + 2m Z k2m (24)
a=1 A= (2m)™ i Zo
Considering (12), the proof of the lemma follows from (24).
Lemma 1 is proved.
Comparing the right sides of (14) and (24), we obtain
(@) i/ ()" z 7/(m) :
e ) || < s () |- (25)
Considering lemma 1 for the right-hand sides of (15), we have
<t = i (1) |- (i) || (26)
For the error of the quadrature formula (1) on functions u (x), the following is true:
<\ u>< He}v"‘w;m)* (1) H : Hu|W2<’") (1) H (27)
Substituting the right side of (26) into the left side of (27), we have
i i) || wd™ (i) || < || e ™ ) |- ™ ) | (28)
After cancellations, it follows from (28) that
[ i) || = [ i || (29)
From (25) and (29) we obtain
e @y || = [upis™ iy || (30)
With (30), we can write the following:
<€§va>,u S=<u,u>. (31)

Equation (31) testifies to the existence of u (x) € Wz(m) (T1) and thus it is an extremal function for the quadrature
formula (1), i.e. u=yy € Wz(m) (T1), for which the following equation holds

<0y >= |l () || wel ™ (mi) | (32)
Then (31) takes the following form

<O (@) e () >=< i > (33)

This means that all conditions of the Riesz theorem are met.

The following theorem is true.
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Theorem 2. Equations (15), (31), and (32) confirm that

pO_Z Z%

a=01=1

1 g(a) o—2mkix

k
n,)Zm k;) k2m

is an extremal function for the quadrature formula (1) and u € Wz(m) (Th).

Thus, taking into account (23), (30) and the conditions of Lemma 1 for the square of the norm of the error functional
of quadrature formula (1), we have

Loomeb N : ik
e 5 el N w 2 | pk—aZOlzl C(Aa (27[1)0‘]((16271'1,\6
HgN ‘WZ (T1> H = ﬁ() - Z ) + 2m Z J2m ’ (34>
a=0i—1 27m)™ iZo

which is what was required to be proved.

Based on Theorem 1, the error functional of quadrature formula (1) for the class Wz(m) (T1) functions has the fol-
lowing estimate

(@) A 2 A 2 5 % m—1 1
‘<5N ,f>‘ <<SUfol + Y || [2mkl™™ Po— ). ZC)L o

k0 a=02=1 (27)

1

m N (@) o] )

- ¥ ¥ . 2mi)% ke
0A=1
X Z = k2m : (35)

k0

MINIMIZING THE NORM OF THE ERROR FUNCTIONAL OF A QUADRATURE
FORMULA OF HERMITE TYPE IN THE PERIODIC SPACE Wz(m) (Th)

As seen in (34), the quality of the quadrature formula is characterized by the norm of the error functional and is the
function of unknown coefficients and nodes. Therefore, for computational practice, it is appropriate to be able to
calculate the norm of the error functional and estimate it. Finding the minimum of the norm of the error functional
with respect to ¢; and x#) is the task of studying the function to an extremum. Values ¢, and x(A), realizing this
minimum, determine the best quadrature formula.

The main result of this study is

Theorem 3. The optimal quadrature formula of Hermite type of the form (1) in the periodic space W ( 1), for

p(x)=landm=4 ((x 0, 1,2,3) has equidistant nodes x*) ]}\”,, A =1,2,...,N and equal coefficients ¢\ = ¢y =
o (1) (1) () _ o1 2) (2) 2) _ 002 B8 .06 . .1(3) — 0B

...:CN:C’CI :CZ :...:CN =C andcl :CZ :...:CN ’Cl —C2 = .e=C giV@l’l
by the following formulas
kzok% 1
O — ia > 7c()<>=() and
Ny Lt+—2— [y Ly Ly L
iZo K et \ G0k TR\ Zo K
2 k):ok% 3
CO( ) — 7é , CO( ) — 0 (36)
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Proof. Since the optimization problem is considered for the quadrature formula (1) for p (x) = 1, then if we assume
that m = 4 in equation (34), equation (34) takes the following form

e ™ () H2 = (1— i c >2+1-
N 2 = A (2717)8

. N . N Pk
CSLQ)eZEIX(M 4 (271?1) k Z Cgtl)eme(M 4 (27.“')3 k3 Z 013)6277:1):(}“)
A=1 A=1

(37)

>~
M=

N . (1
y ckeZn'lx< ) _ (271')2](2
A=1

Py

k£0

i3

Let us now perform some transformations with the second term in equation (37).

& e ) ) S : :
Let ¥ cg#0, ¥ g #0and ) cg #£0, Y g = 0, then after some transformations, we obtain from (37)
B=1 B=1 p=1 p=1

(lﬁra)z rEG

(2mi)k Z c 2”“ + (27i) 33 Z c; ezmx( )
A=1

— 20 W (2) 2mix®)
Z ™ = 2m)k Y o) e
i

2

2 2) 2mikx(®)
N 1 11/ N N, ik o (X ) Y ‘(x e
= 1_ZC7L +(2ﬂ:)82 kfg ZCﬁ Z N —(275) k Zcﬁ Z N
A=1 kA0 p=1 )=l ¥y ¢ p=1 =1y 2
= g=1 P

N (1) N C(AI)Bkax( ) 5 N ) N cf)gzmkx(l)
2mi)k c + (27mi)’k c =
) [;1 P /Eﬁ AN 0 ;321 b 721 w0
L g L g
p=1 B=1

B=1 A=1 B=1 A=1
N N N N 2 ’ (38)
/ i /(3
+ (2mi)k (Z c;;>> Y, <5 @ Y 4 mipie ( Yy c<;>> I i
B=I A=l B=1 A=1
where
() @) 3)
dy = NC/I , C'(l)z =4 and C,(z)k = Ncl !C’(3)l — NCA . (39)
Y ¢ QY 2 y NE)
p=1 P = P =P = b
It is evident that
N N N N
chzl,Zcf)zlandzc)f)zl,zc}f')zl, (40)
A=l A=1 A=1 A=1

With (39) and (40), equation (38) is rewritten in the following form
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A=1 k#0 B=1 A=1 B=1 )
2
N N N N N
1(2) (4) 1 (1) (4) 3 1(3) (4)
% Z ¢ ekax +i ((Zﬂ)k (Z L;g>> Z ) ekax (2”)3]{3 (Z L;})) Z s ekax )
A=l B=1 A=1 B=1 A=1
Hence
(o) i ()" 2 b\ 1 W 20 v @
|l | = (1-Yea )+ X (s Y s Z A am? [ Y e
iml (27)° i70 p=1 ) i p=1
2 2 2 2
N ' N N g _ N N3
> C;)eznzkx“)) n (2”)1‘(2 C;;)) (Z C;>62mkx<l>> (2”)3]‘3(2 ) (Z ) ikt )
A=1 B=1 A=1 B=1 A=1
(42)
N
Denoting the left side of (42) by Z cp =X, ): cil) =x, Z Cl> = x3 and ): cl) = x4, after some transforma-
A=1
tions, equation (42) is rewritten as the polynomlal of the second degree in x1,x2,x3 and x4
) N 2 o 2
~ * / (L)
Hggvoﬁ‘wz(m) (Tl) H _ (1 - Z ) 8 Z kg ( Z ¢ ekax 27.[ 2k2x3 Z ¢, ekax )
A=1 k0 A=1
i (43)
S (1) i) 3 Y 10) gmite®
(2m)kxy Z ¢, TR 2n)itxy Z c, e*mik
A=1 A=1
Or
N 2
ng(va”Wz(m) (T1) H = (1 -) %)
A=1
2mikx(A) ? N 1(2) 2mikx*) 2ikx*)
1 Azlc ‘ )LZIC)L ¢ /121
+ x% = — 2x1X3 Z = =
en)* & K (27)° iZ0 ko
44)
N (2) 2rikx*) N (1) 27ikx(A) : (
n I, (Azlcle n 1, AX:ZICAe
X3 X2
er)* ke en)® % ko
N ’ N 2
1 Y ¢ ;1) ik 3 (3) 2mikal®) 1 ( Y ¢ 513) 27kl >>
— 42)62)64 Z A=l kjil zxi A=l k2
(27) kA0 (022
With conditions (40) in equation (44), using the results given in [16, 17], we obtain
e 2 N 1 1
‘fz(va)|Wz(m> (Th) H = (1 Y C)L) i =i X1X3 Z ®
A=1 (2m N) k20 (2 k20 (45)
3y 2 8Y 200 Y 2 2y &
(27'CN 4 k#0 k4 2717N (27N)° k£0 k6 2 N k£0 k4 (27I'N 2 k£0 k2
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Here we took into account that the sums

N 2

N . 2 (A
Z C;LeZka( Z C/; >627[lkx( )
A=1 A=1

k3 ’ Z ko ’ and Z

k40 k0

2
)

M=
3]
3
g

A=1

>

k£0
reach their minimum values, equal to
I W L W D
N S k87 N S kO N4 e N2k¢0k2

respectively, when nodes x4 of the quadrature formula (1) are equidistant and all coefficients Cl/l are equal to each
other, i.e.

’ 1 (1 1 1 1 A A
C/'L:N,Cé >:N é) N AF)—Nandx( ):N7)~:1,N (46)

Now we will consider the right side of (45) as a function of four variables x;,x2,x3,x4 and denote it by y (x,x2,x3,x1),
ie.

2
N
1 ,el
y(x17x27x37-x4) = 17 Z Cl) +7-x1 Z TR X1X3 Z
< A=1 (2 aN)® k;éOkS (2 N)° k;éok() (47)
Loyl
+ *2 Z X2 42 42
QrN)* 2 @ (27TN 6 k0 Ko 2 aN)* k;éok4 (27FN 2 k20 e

Then from the necessary condition for extremum, from (47) we obtain a system of equations with four unknowns
X1,X2 and X3,X4.

! 1
y (xlax27x37x4):_2(1_x1 Xy [ 0
X1 8 k;)kS 2 N) k;)k6

20 Y

/
yxz (x17x27x37x4)

42](4 7

(27N)° k¢ok6 (2zn)* 20
Yy (X1,%2,%3,%4) = (27v)° X Z wt 2x3 Z a=-0 (48)
k20 k20
Yy (X1,2,X3,X4) = 4 2k§6k4 ( 254 Z k2 0,

After some simplifications, we obtain from (48)

X1 X3 7
( (2nN8,§E)k8> 27:1\/6 ,§0k6
1 (27rN
%Y 5= X4 Z ,
2ok Z = e
i (49)
1 (22N) 1
27N} Y — — —1 =0
| () k;)kz Y% ik 7
K0,
1 1
X3 X1 Z —.
27N?) Y L ko
( )k;éo ¥ kA0
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Solving system (49) and introducing some transformations, we successively determine x{,x,x3 and x4 , i.e.

L
k0
x| = 5 ,x =0
1 1 1 1 1
7_’_7 — —_ -
k§0 KT 2m)SNs k);'o # k§0 # <k§0 k6>
and
k);;ok%
X3 = 5 , X4 = 0 (50)
N2 |y bt Ll h k- &
(27) oK @rNE \ (Zo K ok K70 <
r_1 ‘2 _1 /B _ 1 TN .
Letc, =q.¢, =yandc,” =x.¢;” =y (A =1,N) then from (36) and (46), it follows that
cil=cr=..=cn=7", cs” :cél) =.. :c1<J> =) and Csz) :céz) =.. 201(\3> =02, 053) = cg‘%) =.. :cj(\?) =c003),
Hence
N N N N
x| = AZ ¢, =N°, x :; CEL) =N and x3 = ,12 c;) =N, xy = AZ c;) = NG, (51)
— —1 -1 =1

Substituting (50) into (51) we find the optimal coefficients of quadrature formulas of Hermite type in the following
form (1)

L
0= il L) (52)

2
Nlyis 1 [yiyi_ [y
k§o KT mNe k§0 ¥ k);'o ¥ k§0 ¥

and
®
K
C0(2> _ k#0 5 , C0(3) -0 (53)
2 RA D M R N e
(27) Py AN CE NN Wer et K70 %

which is what was required to be proved.
Note that similar problems were solved in [18, 19].

CONCLUSION

The quality of the quadrature formula is characterized by the norm of the error functional.

This formula is a function of unknown coefficients and nodes. Therefore, for computational practice, it is appro-
priate to be able to calculate the norm of the error functional and estimate it. Finding the minimum of the norm of the
error functional with respect to ¢; and x() is the task of investigating a function of many variables on an extremum.

Values ¢; and x(*), realizing this minimum, determine the optimal formula. We considered the optimal quadrature
formula to be the one in which, for a given number of nodes, the error functional has the minimum norm.

The following problems solved:

1. The norm of the error functional of quadrature formulas in the space B is calculated.

2. The optimal quadrature formula, i.e. quadrature formula with the minimum norm of the error functional in B is
constructed.
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