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INVERSE PROBLEM OF DETERMINING THE KERNEL IN AN INTEGRO-

DIFFERENTIAL EQUATION OF PARABOLIC TYPE WITH NONLOCAL 

CONDITION 
1Durdiev D.K., 1 Jumaev  J.J.,2 Atoev D.D.  

V.I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan, 
2Bukhara State University, Bukhara, Uzbekistan 

Let 𝑇 >  0 be fixed number and 𝐷𝑇  =  {(𝑥, 𝑡) ∶  0 <  𝑥 <  𝑙, 0 <  𝑡 ≤  𝑇}. 
Consider the inverse problem of determining of functions 𝑢(𝑥, 𝑡), 𝑘(𝑡) such that it 

satisfies the equation 

𝑢𝑡  −  𝑢𝑥𝑥  =  ∫ 𝑘(𝑡 − 𝜏)𝑢(𝑥, 𝜏)𝑑𝜏
𝑡

0
,     (𝑥, 𝑡) ∈  𝐷𝑇 ,       (1) 

with the nonlocal initial condition 

𝑢(𝑥, 0) + 𝛿𝑢(𝑥, 𝑇) = 𝜑(𝑥),   𝑥 ∈ [0, 𝑙], 𝛿 = 𝑐𝑜𝑛𝑠𝑡,    (2) 
the boundary conditions 

𝑢|𝑥=0  = 𝑢|𝑥=𝑙 = 0,        𝜑(0) = 𝜑(𝑙) = 0, 𝑡 ∈ [0, 𝑇],       (3) 
and the additional condition 

∫ 𝜔(𝑥)𝑢(𝑥, 𝑡)𝑑𝑥
1

0
=  ℎ(𝑡),       (4) 

Here 𝛿 ≥ 0 is given number, 𝜑(𝑥), 𝜔(𝑥), ℎ(𝑡) are given functions of 𝑥 ∈ [0, 𝑙] and 𝑡 ∈ [0, 𝑇]. 
Let 𝐶𝑚(0; 𝑙) be the class of m times continuously differentiable with all 

derivatives up to the 𝑚− th order (inclusive) in (0; 𝑙) functions. In the case 𝑚 = 0 

this space coincides with the class of continuous functions. 

Theorem. Let conditions (𝜑(𝑥),𝜔(𝑥)) ∈ 𝐶2 (0, 𝑙) , ℎ(𝑡) ∈ 𝐶2[0, 𝑇], 

∫ 𝜔(𝑥)(𝑥)𝑑𝑥
𝑙

0
= ℎ(0) +  𝛿ℎ(𝑇),    𝜑(0) = 𝜑(𝑙) = 0, ℎ0 = ℎ(0) ≠ 0,   𝛿 ≥  0, 𝜔(0) = 𝜔(𝑙) = 0 be 

satisfied. Then there exists sufficiently small number 𝑇∗ ∈ (0, 𝑇) that the solution to the problem (1) −
(4) in the class of functions 𝑢(𝑥, 𝑡) ∈ 
𝐶2,1 (𝐷𝑇∗), 𝑘(𝑡) ∈ 𝐶

1[0; 𝑇∗] exist and unique, where 𝐷𝑇∗ = {(𝑥, 𝑡)|𝑥 ∈ (0, 𝑙), 𝑡 ∈  [0, 𝑇
∗]} (𝐶𝑚,𝑘(𝐷𝑇)) 

is the class of 𝑚 times continuously differentiable with respect to x and k times continuously differentiable 

with respect to 𝑡 all derivatives in the domain 𝐷𝑇 functions) 

 In this work, the solvability of a nonlinear inverse problem for integro-differential heat equation 

with nonlocal conditions was studied. Firstly we investigated solvability direct problem, Therefor (1) −
(3) problem replaced equivalent of integral equation by Fourier method. Then used to approximation 

series method, existence and uniqueness theorem of direct problem solution is proven. The inverse 

problem was considered for determining the kernel k(t) included in the equation (1) with integral 

observation (4) of the solution of this system with the initial and boundary conditions (2), (3). 
Conditions for given functions are obtained, under which the inverse problem have unique solutions for a 

sufficiently small time interval. 

REFERENCES 

1. Z. S. Aliev , Y. T. Mehraliev, An inverse boundary value problem for a second-order hyperbolic 

equation with nonclassical boundary conditions, Dokl. Math. 90(2014), No. 1, p. 513-517 

2. E. I. Azizbayov , Y. T. Mehraliyev, Solvability of nonlocal inverse boundary value problem for a 

second-order parabolic equation with integral conditions, Electron. J. Differential Equations 2017, 

No. 125, pp. 1-14.  

3. D. G. Gordeziani, G. A. Avalishvili, On the constructing of solutions of the 

nonlocal initial boundary value problems for one-dimensional medium oscillation 

equations (in Russian), Mat. Model. 12(2000), No. 1, 94 -103.  

 

A MULTI-DIMENSIONAL DIFFUSION COEFFICIENT DETERMINATION 

PROBLEM FOR THE TIME-FRACTIONAL EQUATION 
1Durdiev D.K., 2Rahmonov A.A., 3Mirzaev B.R.  

1Bukhara Branch of the Institute of Mathematics at the Academy of Sciences of the Republic of 

Uzbekistan, Bukhara, Uzbekistan, 
2V.I. Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan 

3Jizzakh State Pedagogical Institute, Jizzakh, Uzbekistan. 

In this paper, we consider a multi-dimensional inverse problem for a fractional diffusion equation. 

The inverse problem is reduced to the equivalent integral equation. For solving this equation, the 

Schauder principle is applied. The local existence and uniqueness results are obtained. 
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Consider the 𝑛 ≥  2−dimensional fractional diffusion equation defined by 

( 𝐷𝑡
𝛼𝑢)0

𝐶  (𝑥, 𝑡) − ∆𝑢 + 𝑞(𝑥)𝑢 = 𝑓(𝑥, 𝑡),     in   𝑅𝑇
𝑛  (1) 

where 0 < 𝛼 < 1, ( 𝐷𝑡
𝛼𝑢)0

𝐶  (𝑥, 𝑡) is the Gerasimov-Caputo fractional derivative, defined by: 

( 𝐷𝑡
𝛼𝑢)0

𝐶 (𝑥, 𝑡) =
1

Г(1 − 𝛼)
∫
𝑢𝜏(𝑥, 𝜏)

(𝑡 − 𝜏)𝛼
𝑑𝜏,

𝑡

0

 

Δ −Laplacian respect to the variable 𝑥 = (𝑥1,𝑥2, … , 𝑥𝑛), 𝑅𝑇
𝑛 = {(𝑥, 𝑡): 𝑥 ∈ 𝑅𝑛, 0 < 𝑡 ≤ 𝑇} and 𝑓 (𝑥, 𝑡) is 

given function. 

It is natural from the physical point of view to consider a usual Cauchy problem, with the initial 

condition 

𝑢(𝑥, 0) =  𝛷(𝑥),      on    𝑅𝑛     (2) 

where 𝛷(𝑥) is given. 

Our main problem is formulated as follows: 

Inverse problem. Find the function 𝑞(𝑥), 𝑥 ∈ 𝑅𝑛  in (1), if the solution to  

Cauchy problem (1), (2) satisfies 

∫ 𝑢(𝑥, 𝑡)𝜒(𝑡)𝑑𝑡 = 𝑔(𝑥),          𝑥 ∈ 𝑅𝑛,
𝑇

0
   (3) 

where 𝜒(𝑡), 𝑔(𝑥) are given. 

In the present paper, we establish sufficient condition under which the solution of the inverse 

problem (1) - (3) exists and is unique. For the case 𝛼 = 1, closely related results were obtained in [1]. 

REFERENCES 

1.  V.L. Kamynin. The inverse problem of determining the lower-order coefficient in parabolic 

equations with integral observation, Mathematical Notes, 2013, vol. 94, 2, pp. 205-213. 

 

AN EXISTENCE THEOREM FOR AN INITIAL-BOUNDARY VALUE PROBLEM FOR 

THE EQUATION OF FORCED VIBRATIONS OF A BEAM WITH A BASE STIFFNESS 

COEFFICIENT 

Durdiev U.D. 
Bukhara State University, Bukhara, Uzbekistan 

We consider the following beam oscillation equation: 

 𝑢𝑡𝑡 + 𝑎
2𝑢𝑥𝑥𝑥𝑥 + 𝐿(𝑥)𝑢 = 𝐺(𝑥, 𝑡), (1) 

where 𝐿(𝑥) − bad coefficient, 𝐺(𝑥, 𝑡) − external force, 𝑢(𝑥, 𝑡) ∈ 𝐶𝑥,𝑡
4,2(𝐷̅). 

Equation (1) is considered in the rectangular domain  𝐷 = {(𝑥, 𝑡):  0 < 𝑥 < 𝑙, 0 < 𝑡 < 𝑇},  
where 𝑙 is beam length, 𝑇 is time interval, with initial  

 𝑢|𝑡=0 = 𝜑(𝑥),    𝑢𝑡|𝑡=0 = 𝜓(𝑥),    𝑥 ∈ [0, 𝑙] (2) 

and boundary conditions  

 
𝑢(0, 𝑡) = 𝑢𝑥(0, 𝑡) = 0,        (seal),
𝑢𝑥𝑥(𝑙, 𝑡) = 𝑢𝑥𝑥𝑥(𝑙, 𝑡) = 0,      (free end)      0 ≤ 𝑡 ≤ 𝑇.

 (3) 

The purpose of this paper is to prove the existence of a solution 𝑢(𝑥, 𝑡) ∈ 𝐶4,2(𝐷), satisfying 

equalities (1)-(4) for given numbers 𝑎, 𝑙, 𝑇 and sufficiently smooth functions 𝐿(𝑥), 𝐺(𝑥, 𝑡), 𝜑(𝑥), 𝜓(𝑥). 
Lemma 1. If the functions 𝜑(𝑥), 𝜓(𝑥), 𝐺(𝑥, 𝑡) satisfy conditions  

𝜑(𝑥) ∈ 𝐶6[0, 𝑙], 𝜑(0) = 𝜑′(0) = 𝜑′′(𝑙) = 𝜑′′′(𝑙) = 𝜑𝐼𝑉(0) = 𝜑𝑉(0) = 0, 
𝜓(𝑥) ∈ 𝐶4[0, 𝑙], 𝜓(0) = 𝜓′(0) = 𝜓′′(𝑙) = 𝜓′′′(𝑙) = 0, 

𝐺(𝑥, 𝑡) ∈ 𝐶(𝐷̅) ∩ 𝐶𝑥
4(𝐷), 𝐺(0, 𝑡) = 𝐺′(0, 𝑡) = 𝐺′′(𝑙, 𝑡) = 𝐺′′′(𝑙, 𝑡) = 0, 0 ≤ 𝑡 ≤ 𝑇 

then the following representations hold:  

 𝜑𝑛 =
𝜑𝑛
(6)

𝑑𝑛
6 ,      𝜓𝑛 =

𝜓(4)

𝑑𝑛
4 ,      𝑔𝑛(𝑡) =

𝑔𝑛
(4)
(𝑡)

𝑑𝑛
4 , (4) 

where  

 𝜑𝑛
(6)
=

{
 
 

 
 

1

∥𝑋𝑛∥
∫
𝑙

0
𝜑𝑛
(6)
(𝑥) (𝑎𝑛𝑐ℎ𝑑𝑛 (𝑥 −

𝑙

2
) + 𝑏𝑛sin𝑑𝑛 (𝑥 −

𝑙

2
)) 𝑑𝑥,   𝑛 = 2𝑘 − 1,

1

∥𝑋𝑛∥
∫
𝑙

0
𝜑𝑛
(6)
(𝑥) (𝑐𝑛𝑠ℎ𝑑𝑛 (𝑥 −

𝑙

2
) − 𝑓𝑛cos𝑑𝑛 (𝑥 −

𝑙

2
)) 𝑑𝑥,   𝑛 = 2𝑘,

 

 𝜓𝑛
(4)
= ∫

𝑙

0
𝜓(4)𝑌𝑛(𝑥)𝑑𝑥,      𝑔𝑛

(4)
(𝑡) = ∫

𝑙

0
𝐺(4)(𝑥, 𝑡)𝑌𝑛(𝑥)𝑑𝑥. 

Theorem 1. If the functions 𝜑(𝑥), 𝜓(𝑥), 𝐺(𝑥, 𝑡) satisfy the conditions of the lemma 1, then there 

exists a unique solution to the problem (1)–(3) and it is determined by the sum of the series: 




