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UDC 517.958 
  

SOLVABILITY OF AN INTEGRO DIFFERENTIAL HEAT EQUATION WITH  

NONLOCAL INITIAL–BOUNDARY CONDITION 

 

Atoev Dilshod Dilmurodovich, 
PhD student, Bukhara State University  

dilshod_atoyev@mail.ru  

 

Abstract. This paper studied a nonlocal initial-boundary problem for an integro – differential heat 

equation on the rectangular domain.  First, we introduce a definition of a classical solution and then the 

original problem is reduced to an equivalent problem. After that, we investigate spectral problem for 

equivalent  problem.  Using the Fourier method, the equivalent problem is reduced with the nolinear Volterr 

– Fredgholm equivalent integral equation. Finally, the local existence and uniqueness result is proven.  

Keywords: integro-differential equation, integral inequality, nonlocal initial and nonlocal  boundary 

problem, integral equation. 

 

РАЗРЕШИМОСТЬ ИНТЕГРО-ДИФФЕРЕНЦИАЛЬНОГО ТЕПЛОВОГО УРАВНЕНИЯ 

С НЕЛОКАЛЬНЫМ НАЧАЛЬНО-ГРАНИЧНЫМ УСЛОВИЕМ 

 

Аннотация. В данной статье изучалась нелокальная начально-краевая задача для интегро-

дифференциального уравнения теплопроводности в прямоугольной области. Сначала мы вводим 

определение классического решения, а затем исходную задачу сводим к эквивалентной. После этого 

исследуем спектральную задачу для эквивалентной задачи. С помощью метода Фурье эквивалентная 

задача сводится к нелинейному эквивалентному интегральному уравнению Вольтерра–Фредгольма. 

Наконец, доказан локальный результат существования и единственности. 

Ключевые слова: интегро-дифференциальное уравнение, интегральное неравенство, 

нелокальная начальная и нелокальная краевая задача, интегральное уравнение. 

 

NOLOKAL TARZIDAGI BOSHLANG’ICH - CHEGARA SHARTI BILAN  

INTEGRO DIFFERENSIAL ISSIQLIK TENGLAMASINING YECHISH QOBILIYATI 

 

Annotatsiya. Ushbu maqolada to'rtburchak sohada integr-differentsial issiqlik tenglamasi uchun 

nolokal boshlang'ich-chegaraviy masala o'rganilgan. Birinchidan, biz klassik yechimning ta'rifini kiritamiz 

va keyin qo‘yilgan masalaga ekvivalent masalaga kelamiz. Shundan so'ng, biz ekvivalent masala uchun 

spektral masalani tekshiramiz. Furye usulidan foydalanib, ekvivalent masala nochiziqli Volterr - Fredgolm 

ekvivalent integral tenglamaga olib kelinadi. Nihoyat, masala yechimining mavjudligi va yagonaligi 

isbotlanadi. 

Kalit so'zlar: integro-differensial tenglama, nolokal boshlang'ich va nolokal chegaraviy masala, 

integral tenglama, integral tengsizlik. 

 

Introduction and setting up the problem. During the past decades, the topic of integro-differential 

equations which are combination of differential and integral has attracted many scientists and researchers 

due to their applications in many areas; see, for example, [1-6]. The study of this type of problem is driven 

not only by a theoretical interest, but also by the fact that several phenomena in engineering, physics and life 

sciences can be modelled in this way. Specific problems occur in thermodynamics in thermoelasticity [7] [8] 

[9], heat transfer [10] [11] [12] and plasma physics [13]. The above-mentioned articles focus on the 

problems described in terms of parabolic equations. However, there are some problems dealing with the 

dynamics of the ground waters which are described in terms of hyperbolic equations [14]. 

Problems with nonlocal conditions for partial differential equations have been studied by many 

authors. Various statements of inverse problems ondetermination of thermal coefficient in one dimensional 

heat equation were studied in [15,16,17]. It is important tonote that in the papers [15,16] the time-dependent 

thermal coefficient is determined from nonlocal overdetermination condition data. Besides, in [19-21] the 

kernels of the integro-differential heat equations are determined in the case of nonlocal boundary conditions. 

https://buxdu.uz
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The paper is organized as follows. In Section 2, the eigenvalues and eigenfunctions of the auxiliary 

spectral problem and some of their properties are introduced by applying the Fourier method to the problem 

(1.1) - (1.3). In Section 3, the existence and uniqueness of the solutionof the auxiliary problem (1.1) - (1.3) is 

proved.  

Let         be fixed numbers and     *(   )            +  Consider the problem of 

determining of function  (   ) such that they satisfy the equation 

       ∫  
 

 

(   ) (   )      (   )                                                       (   ) 

the nonlocal initial condition 

 (   )    (   )   ( )     ,   -                                                                  (   ) 
the boundary conditions 

  (   )    (   )    ( )     (   )    (   )    ( )     ,   -                           (   ) 

(  ( )    ( )    ( )     ( )     ( )    ( )    ( )     ( ))                         (   ) 

here    ,    is a given number,  ( )  ( )  ( )   ( )   ( ) are given functions of   ,   - 
and   ,   -. 

Definition. The function  (   ) is said to be a classical solution. Of problem (1.1) – (1.3), if the 

function  (   )      (   )     (   ) satisfy the following conditions. 

1) The function  (   )  and its derivatives           a continuous in the domain    . 

2) Equation (1.1) and conditions (1.2) – (1.3) are satisfied in the classical sense.    

Let   (   ) be the class of   times continuously differentiable with all derivatives up to the   th 

order (inclusive) in (   ) functions. In the case     this space coincides with the class of continuous 

functions.     (   ) is the class of   times continuously differentiable with respect to   and   times 

continuously differentiable with respect to   all derivatives in the domain     functions. 

2. Auxilary problem and spectral problem 

If you require that the function 

 (   )  (      )  ( )  (      )  ( ))                          
satisfied the boundary conditions (1.3) of the boundary value problem (1.1), (1.2), (1.3), then the 

coefficients             are determined uniquely: 

   
 

    
      

    

(    ) 
     

 

    
     

 

 (    )
       

The solution to the boundary value problem (1.1), (1.2), (1.3) can be sought in the form 

 (   )   (   )   (   )                                           
where  (   ) is the new unknown function, and  (   ) has been defined. For function  (   )  we get 

the following problem 

       ∫  
 

 

(   )( (   )   (   ))     (   )                                    (   ) 

homogeneous boundary candition 

  (   )    (   )        (   )    (   )                                        (   ) 
intial condition 

 (   )    (   )    ( )                                                             (   ) 
 

where 

  ( )   ( )  , (   )    (   )-                                                   (   )   
  We shall seek the  (   ) of the problem (       ) in the form 

 (   )  ∑   ( )  ( ) 

 

   

                          

We arrive at the following Sturm-Liouville problem 

  ( )     ( )                                                                        (   ) 

  ( )    ( )                                                                                          (   ) 

  ( )    ( )                                                                                             (   ) 

From the general solution of equation (   ) 

  ( )                   

https://buxdu.uz
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satisfying the boundary condition (   ), we obtain: 

 (   )    *
 

 
           +     (   )                                                  (   ) 

Substituting (   ) into the boundary condition (   ) we obtain: 

*
  (   )

  
   (   )+      *

  (   )

  
   (   )+                          

since     , otherwise (   ) would be a trivial solution, then 

*
  (   )

  
   (   )+                                                                                 (   ) 

After substituting an explicit expression 

 (   )  
 

 
                                                                                                   

(   ) is transformed into equation (   ) 

      
 

 
(

 

 
 

 

 
)                                                                                              

   - are the roots of the equation and    ( )     (      ) - eigenfunctions of this boundary value 

problem 

        
  

 
                                 

where   ( ) are the eigenfunctions of the boundary value problem.  This equation can be 

approximately solved graphically [21]. 

The squared norm of the eigenfunction   ( ) is equal to 

   ( )    ∫  
 

 

   (      )   
(  

    )    

 (     
 )

                          

3. Solvability of the auxiliary problem 
The solution of equation  (   ) with the nonlocal initial condition (   ) and the boundary conditions 

(   ) satisfies the relation 

 (   )   (   )  ∫ ∫   

 

 

 

 

(         ) ∫  
 

 

( ) (     )       

 ∫ ∫  
 

 

 

 

(       ) ∫  
 

 

( ) (     )       

                         (   ) 

where 

 (   )  ∫   

 

 

(     )  ( )   ∫ ∫   

 

 

 

 

(         ) ∫  
 

 

( ) (     )       

 ∫ ∫  
 

 

 

 

(       ) ∫  
 

 

( ) (     )       ∫ ∫   

 

 

 

 

(         )  (   )                              

 ∫ ∫  
 

 

 

 

(       )  (   )     

 

 (       )  ∑
  ( )  ( )

    

 

   

    (   )  

  (         )  ∑
  ( )  ( )

    

 

   

 

       
 ( )

    
 (     )  

where  (       ) is the Green function of the initial-boundary problem for one-dimensional heat 

equation. 

Remark 1. The integral of the Green function does not exceed C: 

∫   

 

 

(     )   ∫  
 

 

(     )       ,   -   ,   -          

Theorem 1. Let  ( )   ,   - and     be a real constant. 

Let  (   )  (   )   ,   -  (   ) are nondecreasing in   for each     and 

https://buxdu.uz
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    ∫  
 

 

(   ) ∫  
 

 

(   ) ( )     ∫  
 

 

(   ) ∫  
 

 

(   ) ( )                               (   ) 

for    . If 

 ( )  ∫  
 

 

(   ) ∫  
 

 

(   )   4∫  
 

 

(   )  5                                                           (   ) 

for    , where 

 (   )   (   ) ∫  
 

 

(   )                                                                               (   ) 

for (   )   , then 

 ( )  
 

   ( )
   4∫  

 

 

(   )  5                                                                (   ) 

for    . 

Proof Let     and fix any    , then for      , from (   ) we have 

    ∫  
 

 

(   ) ∫  
 

 

(   ) ( )     ∫  
 

 

(   ) ∫  
 

 

(   ) ( )                              (   ) 

Define a function  (   )   ,   - by the right hand side of (   ). Then for  ( )   (   )  (   )  
         

 (   )    ∫  
 

 

(   ) ∫  
 

 

(   ) ( )     ∫  
 

 

(   ) ∫  
 

 

(   ) ( )                             (   ) 

 (   )    ∫  
 

 

(   ) ∫  
 

 

(   ) ( )                                                        (   ) 

and 

  (   )   (   ) ∫  
 

 

(   )    (   ) ∫  
 

 

(   ) (   )                            (   ) 

From (   ) and using the fact that  (   ) is nondecreasing in  , it is easy to observe that 

  (   )

 (   )
  (   ) ∫  

 

 

(   )                                                                            (    ) 

for   ,   -. By setting     in (3.10) and integrating it with respect to   from   to   we get 

 (   )   (   )   4∫  
 

 

(   ) ∫  
 

 

(   )    5                                                     (    ) 

Since   is arbitrary, from (    )  (   ) with   replaced by   we have for    , 

 (   )   (   )   4∫  
 

 

(   )  5                                                                             (    ) 

 (   )    ∫  
 

 

(   ) ∫  
 

 

(   ) ( )                                                                               (    ) 

Using (3.12) in  ( )   ( ) we get 

 ( )   (   )   4∫  
 

 

(   )  5                                                                             (    ) 

for    . Using (    ) on the right hand side of (3.13) and in view of (3.3), it is easy to observe that 

 (   )  
 

  ∫  
 

 
(   ) ∫  

 

 
(   )   (∫  

 

 
(   )      )

                                                   (    ) 

□ 

Theorem 2.  Let ( )   ,   -   ( )   ,   - (  ( )   ( ))    ,   - , (  ( )    ( )  

  ( )     ( )     ( )    ( )    ( )     ( ))      are satisfied. Then there exists a number 

   (   ) such that there exists a unique solution  (   )      (   )      ( ̅  ) of the integral equation 

(2.11), where    is satisfying  following inequality 

                            
  ,   -

| ( )|                        

https://buxdu.uz
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Proof.  Denote by  ( ) the maximum of the modulus of the function  (   ) over   ,   - for each 

fixed   ,   -. 

 ( )      
  ,   -

| (   )|                                

Then we have the inequaliy 

 ( )     ∫  
 

 

∫ | ( )|
 

 

| (   )|     ∫  
 

 

∫ | ( )|
 

 

| (   )|        

Hence, by the virtue of Theorem 2, we obtain the estimate for all   satisfying the inequality     
           

| |  
  

             
                           

Let problem (    –     ) have two solutions              We denote their differences by      
    We rewrite (   )  (   ) problem for   

       ∫  
 

 

(   ) (   )                                            (    ) 

  (   )    (   )        (   )    (   )                                     (    ) 

 (   )    (   )                                                             (    ) 

Applying the formula (   ) to problem (    )  (    ), we obtain the integral equation for 

determining    

 (   )   ∫ ∫   

 

 

 

 

(         ) ∫  
 

 

( ) (     )       

 ∫ ∫  
 

 

 

 

(       ) ∫  
 

 

( ) (     )       

                         (    ) 

Denote by  ( ) the maximum of the modulus of the function  (   ) over   ,   - for each fixed 

  ,   -. 

 ( )      
  ,   -

| (   )|  

Then we have the inequality 

| ( )|  ∫  
 

 

∫ | ( )|
 

 

| (   )|     ∫  
 

 

∫ | ( )|
 

 

| (   )|      

Which, by Theorem 2, implies that | ( )|    for   ,   -. Hence, we also have  (   )   , in 

   , i.e.      . The proof of the theorem is complete.       

  □ 

 

Conclusion. In this work, it is studied a nonlocal initial-boundary problem for an integro – differential 

heat equation on the rectangular domain.  First, we are introduced a definition of a classical solution and then 

the original problem is reduced to an equivalent problem. After that, we investigated spectral problem for 

equivalent  problem.  Using the Fourier method, the equivalent problem is reduced with the nolinear Volterr 

– Fredgholm equivalent integral equation. Finally, the local existence and uniqueness result is proven. 

 

REFERENCES: 

 

1. Nakhushev A. M., Equations of mathematical biology (in Russian), Moscow, Visshaya Shkola, 1995. 

2. Aliev Z. S., Mehraliev Y. T., An inverse boundary value problem for a second-order hyperbolic 

equation with nonclassical boundary conditions, Dokl. Math. 90(2014), No. 1, 513 - 517. 

https://doi.org/10.1134/S1064562414050135 ;  

3. Kozhanov A. I., Pul‘kina L. S., On the solvability of boundary value problems with a nonlocal 

boundary condition of integral form for multidimensional hyperbolic equations, Differ. Equ. 42(2006), No. 9, 

1166 - 1179. https://doi.org/10.1134/S0012266106090023 ; 

4. Pul‘kina L. S., Savenkova A. E., A problem with a nonlocal with respect to time condition for 

multidimensional hyperbolic equations, Izv. Vyssh. Uchebn. Zaved. Mat. 2016, No. 10, 41-52.  

5. Pulkina L. S.; Boundary-value problems for a hyperbolic equation with nonlocal conditions of the I 

and II kind, Russian Mathematics 56(2012), No 4, 62-69. 

https://buxdu.uz

https://doi.org/10.1134/S1064562414050135
https://doi.org/10.1134/S0012266106090023


MATHEMATICS  

 

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/6 (111)  12 

 

6. Azizbayov E. I., Mehraliyev Y. T., Solvability of nonlocal inverse boundary-value problem for a 

secondorder parabolic equation with integral conditions, Electron. J. Differential Equations 2017, No. 125, 

1-14. 

7. Day, W. (1982) A Decreasing Property of Solutions of Parabolic Equations with Applications to 

Thermoelasticity. Quarterly of Applied Mathematics, 40, 468-475. https://doi.org/10.1090/qam/693879 

8. Day, W. (1983) Extensions of a Property of the Heat Equation to Linear Thermoelasticity and Other 

Theories. Quarterly of Applied Mathematics, 41, 319-330. https://doi.org/10.1090/qam/678203 

9. Fairweather, G. and Saylor, R.D. (1991) The Reformulation and Numerical Solution of Certain 

Nonclassical Initial-Boundary Value Problems. SIAM Journal on Scientific and Statistical Computing, 12, 

127-144. https://doi.org/10.1137/0912007 

10. Bouziani, A. (1996) Mixed Problem with Boundary Integral Conditions for a Certain Parabolic 

Equation. Journal of Applied Mathematics and Stochastic Analysis, 9, 323-

330.https://doi.org/10.1155/S1048953396000305 

11. Bouziani, A. (1999) On a Class of Parabolic Equations with a Nonlocal Boundary Condition. 

Academie Royale de Belgique. Bulletin de la Classe des Sciences, 10, 61-77. 

https://doi.org/10.3406/barb.1999.27977 

12. Bouziani, A. (1997) Strong Solution for a Mixed Problem with Nonlocal Condition for a Certain 

Pluriparabolic Equations. Hiroshima Mathematical Journal, 27, 373-390. 

https://doi.org/10.32917/hmj/1206126957 

13. Samarskii, A. (1980) Some Problems in Differential Equations Theory. Differential Equations, 16, 

1221-1228. 

14. Nakhushev, A. (1982) On Certain Approximate Method for Boundary-Value Problems for 

Differential Equations and Its Applications in Ground Waters Dynamics. Differentsialnye Uravneniya, 18, 

72-81. 

15. Ivanchov M.I., Inverse problems for the heat-conduction equationwith nonlocal boundary 

condition, Ukrain. Math. J. 45(8) (1993),pp. 1186-1192. 

16. Ivanchov M.I. and Pabyrivska N.V., Simultaneous determinationof two coefficients of a parabolic 

equation in the case of nonlocaland integral conditions, Ukrain. Math. J. 53(5) (2001), pp. 674-684. 

17. Liao W., Dehghan M., and Mohebbi A., Direct numerical methodfor an inverse problem of a 

parabolic partial differential equation,J. Comput. Appl. Math. 232 (2009), pp. 351-360.  

18. Cannon J.R., Lin Y., and Wang S., Determination of a controlparameter in a parabolic partial 

differential equation, J. Austral.Math. Soc. Ser. B. 33 (1991), pp. 149-163.  

19. Durdiev D. K., Jumaev J., and Atoev D., ―Convolution kernel determining problem for an integro-

differential heat equation with nonlocal initial-boundary and overdetermination conditions,‖Journal of 

mathematical sciences, vol. 271(1), pp. 56–65, 2023. DOI:10.1007/s10958-023-06263-x 

20. Durdiev D. K., Jumaev J., and Atoev D., ―Inverse problem on determining two kernels in integro-

differential equation of heat flow,‖ Ufa Mathematical Journal, vol. 15(2), pp. 119–134, 2023. 

DOI: https://doi.org/10.13108/2023-15-2-119 

21. Durdiev D. K., Jumaev J., and Atoev D., ―Kernel determination problem in an integro-differential 

equation of parabolic type with nonlocal condition,‖ Vestnik Udmurtskogo Universiteta. Matematika. 

Mekhanika. Kompyuternye nauki, vol. 33(1), pp. 90–102, 2023, ISSN: 1. DOI: 10.35634/vm230106 

  

  

https://buxdu.uz

http://dx.doi.org/10.1007/s10958-023-06263-x
https://doi.org/10.13108/2023-15-2-119



