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MATHEMATICS

UDC 517.958

SOLVABILITY OF AN INTEGRO DIFFERENTIAL HEAT EQUATION WITH
NONLOCAL INITIAL-BOUNDARY CONDITION

Atoev Dilshod Dilmurodovich,
PhD student, Bukhara State University
dilshod_atoyev@mail.ru

Abstract. This paper studied a nonlocal initial-boundary problem for an integro — differential heat
equation on the rectangular domain. First, we introduce a definition of a classical solution and then the
original problem is reduced to an equivalent problem. After that, we investigate spectral problem for
equivalent problem. Using the Fourier method, the equivalent problem is reduced with the nolinear Volterr
— Fredgholm equivalent integral equation. Finally, the local existence and unigueness result is proven.

Keywords: integro-differential equation, integral inequality, nonlocal initial and nonlocal boundary
problem, integral equation.

PASPEHIMMOCTD UHTET'PO-JTUPPEPEHIIMAJIBHOI'O TEIIVIOBOTI'O YPABHEHU S
C HEJIOKAJIBHBIM HAYAJIBHO-TPAHUYIHBIM YCJIOBUEM

Annomayua. B oannoii cmamve u3y4anacb HelOKANbHAA HAYANbHO-KPAesds 3a0aya Os unmezpo-
oughghepernyuanbHo20 ypasHeHus menionpogooOHOCmU 8 NpsamoyeonbHol obdracmu. CHayana msl 8800UM
onpeoenenue Kiaccuiecko2o peuwleHus, a 3amem UCXoOHyio 3a0aiy c600um K sxkeusarenmuou. Ilocne smozo
uccneoyem Cnekmpanbhyio 3a0ayy 04 sxkeusanrenmuou 3aoaqu. C nomowpio memooa Pypve 5K6uaNeHmHas
3a0a4a c600UMCs K HEIUHENHOMY IKEUBATIEHMHOMY UHMESPANIbHOMY VpasHeHuio Boremeppa—®@pedzonvma.
Haxoney, 0okazan 10KanvHblll pe3yismam cyujecmso8anus u eOUHCMEEeHHOCH.

Kniouesvie cnosa: unmezpo-oudghepenyuanvnoe ypasmenue, unmezpanbHoe — HepaABEHCMEO,
HeNOKANbHASA HAYATIbHASL U HELOKANbHAS KPaesas 3a0add, UHmezpanbHoe ypasHetue.

NOLOKAL TARZIDAGI BOSHLANG’ICH - CHEGARA SHARTI BILAN
INTEGRO DIFFERENSIAL ISSIQLIK TENGLAMASINING YECHISH QOBILIYATI

Annotatsiya. Ushbu maqolada to'rtburchak sohada integr-differentsial issiqlik tenglamasi uchun
nolokal boshlang'ich-chegaraviy masala o'rganilgan. Birinchidan, biz klassik yechimning ta'rifini kiritamiz
va keyin qo’yilgan masalaga ekvivalent masalaga kelamiz. Shundan so'ng, biz ekvivalent masala uchun
spektral masalani tekshiramiz. Furye usulidan foydalanib, ekvivalent masala nochizigli Volterr - Fredgolm
ekvivalent integral tenglamaga olib kelinadi. Nihoyat, masala yechimining mavjudligi va yagonaligi
isbotlanadi.

Kalit so'zlar: integro-differensial tenglama, nolokal boshlang'ich va nolokal chegaraviy masala,
integral tenglama, integral tengsizlik.

Introduction and setting up the problem. During the past decades, the topic of integro-differential
equations which are combination of differential and integral has attracted many scientists and researchers
due to their applications in many areas; see, for example, [1-6]. The study of this type of problem is driven
not only by a theoretical interest, but also by the fact that several phenomena in engineering, physics and life
sciences can be modelled in this way. Specific problems occur in thermodynamics in thermoelasticity [7] [8]
[9], heat transfer [10] [11] [12] and plasma physics [13]. The above-mentioned articles focus on the
problems described in terms of parabolic equations. However, there are some problems dealing with the
dynamics of the ground waters which are described in terms of hyperbolic equations [14].

Problems with nonlocal conditions for partial differential equations have been studied by many
authors. Various statements of inverse problems ondetermination of thermal coefficient in one dimensional
heat equation were studied in [15,16,17]. It is important tonote that in the papers [15,16] the time-dependent
thermal coefficient is determined from nonlocal overdetermination condition data. Besides, in [19-21] the
kernels of the integro-differential heat equations are determined in the case of nonlocal boundary conditions.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/6 (111) 7
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The paper is organized as follows. In Section 2, the eigenvalues and eigenfunctions of the auxiliary
spectral problem and some of their properties are introduced by applying the Fourier method to the problem
(1.1) - (1.3). In Section 3, the existence and uniqueness of the solutionof the auxiliary problem (1.1) - (1.3) is
proved.

Let T > 0,1 > 0 be fixed numbers and Dy; = {(x,t): 0 < x < [,0 < t < T}. Consider the problem of
determining of function u(x, t) such that they satisfy the equation

t

Up — Uy = f k(t —tulx,t)dr, (x,t) € Dy, (1.1)
the nonlocal initial condition ’
u(x,0) + du(x,T) = p(x), x €[0,1], (1.2)
the boundary conditions
u,(0,t) — hu(0,t) = Y, (t), u,(,t) + hu(l,t) = ,(t), t €[0,T], (1.3)
(9" (0) = he(0) = 1 (0) + 5Y1(T), @' (D) + hop(D) = p2(0) + 51, (T)) (1.4)

here § = 0,h > 0 is a given number, ¢ (x), w(x), k(t),Y,(t), Y, (t) are given functions of x € [0,1]
and t € [0, T].

Definition. The function u(x,t) is said to be a classical solution. Of problem (1.1) — (1.3), if the
function u(x, t) € €21 (Dy;)NC°(Dy,) satisfy the following conditions.

1) The function u(x, t) and its derivatives u, uy, U, & continuous in the domain D;.

2) Equation (1.1) and conditions (1.2) — (1.3) are satisfied in the classical sense.

Let ¢™(0, 1) be the class of m times continuously differentiable with all derivatives up to the m —th
order (inclusive) in (0,1) functions. In the case m = 0 this space coincides with the class of continuous
functions. C™J(Dy,) is the class of m times continuously differentiable with respect to x and j times
continuously differentiable with respect to ¢t all derivatives in the domain D, functions.

2. Auxilary problem and spectral problem

If you require that the function

v(x,t) = (arx + B)Y1() + (ax + BP,()), 0<x<l 0<t<T,

satisfied the boundary conditions (1.3) of the boundary value problem (1.1), (1.2), (1.3), then the

coefficients a4, B4, a,, B, are determined uniquely:
1+ hl 1 1
o P T e e 2T v P TRy

The solution to the boundary value problem (1.1), (1.2), (1.3) can be sought in the form

ulx,t) =9(x,t) +v(x,t), 0<x<l, 0<t<T

where 9(x, t) is the new unknown function, and v(x, t) has been defined. For function 9(x, t), we get
the following problem

441

t
O = Oy + f k(-0 1)+ v D))dt—ve(x,t) 0<x<l 0<t<T, (2.1)
0
homogeneous boundary candition
9,(0,t) —h9(0,t) =0, 9,(L,t) + h9(l,t) =0, (2.2)
intial condition
I(x,0)+ 8, T)=¢"(x), 0<x<], (2.3)
where
@*(x) = p(x) — [v(x,0) + §v(x, T)]. (2.4)

We shall seek the 9(x, t) of the problem (2.1 — 2.3) in the form

86 t) = ) XpCOTH(0)
n=0

We arrive at the following Sturm-Liouville problem

X"(x)+22X(x) =0, 0<x<I (2.5)
X'(0) — hX(0) = 0, (2.6)
X' + hx () = . 2.7)

From the general solution of equation (2.5)
X, (x) = CicosAx + Cysinix,

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/6 (111) 8
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MATHEMATICS
satisfying the boundary condition (2.6), we obtain:
h —
X(x, 1) = Cz{z cosAx + sinAx} = C,X(x, 7). (2.8)

Substituting (2.8) into the boundary condition (2.7) we obtain:

aX(x, ) — 0X(x, 1)  —
— + hX (%, D}yey = Cof . + hX (%, D}e=; = O,

since C, # 0, otherwise (2.8) would be a trivial solution, then

X (x, A _

{ *x,4) +hX(x, A}z =0 (2.9)
After substituting an explicit expression

A
X(x,A) = 7 cosAx + sinAx
(2.9) is transformed into equation (2.8)

1/1 h
ctgil =3(5-3)
Ay - are the roots of the equation and X,,(x) = sin(4,x + 6,,) - eigenfunctions of this boundary value

problem
An
0, = arctg W
where X,(x) are the eigenfunctions of the boundary value problem. This equation can be
approximately solved graphically [21].
The squared norm of the eigenfunction X, (x) is equal to

L (22 + h®)1 + 2h
Il X, (x) 1= fosmz(/lnx + 6,)dx = 2007 1 72)

3. Solvability of the auxiliary problem
The solution of equation (2.1) with the nonlocal initial condition (2.2) and the boundary conditions

(2.3) satisfies the relation
T rl T
I(x,t) = <D(x,t)—f fGO (x,f,T+t—r)f k (a)9(¢, 1 — a)dadédT +
e or . 0 (3.1)
G(xét— k()91 — a)dadédr,
+'[0f0 (x,&,t T)J;) ()9, T — a)dadédr

where

l T L T
d(x,t) = -[ Go (x,&, )" (&)dE —f f Go (x,&, T+ t—‘l,’)f k(a)v(¢é 1 — a)dadédr —
0 o Jo 0
t rl T T rl
—f f G(x,f,t—r)f k(a)v(f,r—a)dadfdr+f f Go (x, &, T+t —1)v (¢, T)dEdT +
0 Jo 0 0o Jo

£~
+J;) J;G(x,f,t—r)vt(f,r)dfdr,

[oe]

X, (x)X
CrEtn=y —“I(I ) ’;l(f) o720
n= n
Xn ()X, (6) 1 22
— — —An(T+t-1)
Gox,$, T+t =1) Z I X, I 1+ 6e2m° ’

n=
where G(x,é&,t,t) is the Green function of the initial-boundary problem for one-dimensional heat

equation.
Remark 1. The integral of the Green function does not exceed C:

1 1
f Go (x,&,t)dé < f G (x,&,t)dé <C,x€[0,l],t €[0,T],C = const.
0 0

Theorem 1. Let w(t) € C[0,T] and k=0 be a real constant.
Let a(t,s),c(t,s) € C[0,T]; a(t,s) are nondecreasing in t for each s € I and

[oe]
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t S T N
w<k +f a(t, s)f c(s,0)w(o)dods +f a(t, s)f c(s,0)w(o)dads (3.2)
0 0 0 0
fort el If
t S o
q(t) = f a(t, s)f c(s,0)exp <f E (o, E)df) dods < 1, (3.3)
0 0 0
for t € I, where
3
B =a(t) | c oo, 3.4)
for (t,¢é) € D, then
k t
w(t) < ) exp <f0 E (¢, E)df), (3.5)

fort € 1.
Proof Let k > 0 and fixany T € I, then for 0 < t < T, from (3.2) we have

w<k+ fo A(Ts) fo ¢ (5, )w(0)dods + fo () fo ¢ (5, 0)w(0)dods. (3.6)

Define a function z(t, T), t € [a, T] by the right hand side of (3.6). Then for w(t) < z(t,T); z(t,T) >
00<t<T;

26T) =k + fo W (T,s) fo ¢ (5, (o)dods + fo s fo ¢ (s, (o)dods 3.7)
z(0,T) =k + jTa (T,s) fsc (s,0)w(o)daods, (3.8)
and ’ ’
t t
2(6T) = a(T, ) f ¢ (t,0)do < a(T, t) f ¢ (t,0)z(0, T)do. (3.9)
From (3.9) and using the fact that z(t, Tts) is nondecreasing in t, ?t is easy to observe that
ZZ((Z;:)) < a(t,T)J;) c(t,0)do, (3.10)
fort € [0,T]. By setting t = ¢ in (3.10) and integrating it with respect to ¢ from 0 to T we get
z(T,T) < z(0,T)exp <fTa (T, &) fEC (¢, a)dadf). (3.11)
Since T is arbitrary, from (3.11), (3.8) (\)Nith T replgced by t we have fort € I,
z(t,t) < z(0,t)exp <ftE (¢, f)dg"), (3.12)
0
z(0,t) =k + fta (t,s) fsc (s,0)w(o)dods. (3.13)
Using (3.12) in w(t) < zo(t) we ge('g
w(t) < z(0,t)exp (ftE (¢, f)d{) , (3.14)
for t € I. Using (3.14) on the right handoside of (3.13) and in view of (3.3), it is easy to observe that
z(0,t) < ‘ (3.15)

1-— fota (t,s) fosc (s, a)exp(fOUE (0,8)dédods)’
O
Theorem 2. Let (t) € C[0,T],¢*(x) € C[0,1], (1(), 2(t)) € C1[0,T] , (¢'(0) — hep(0) =
Y1(0) + 5y, (T), @' (D) + heo(l) =,(0) + 61/)2(T)), 6 = 0, are satisfied. Then there exists a number
T* € (0,T) such that there exists a unique solution 9(x,t) € C%1(Dy;) n C+°(Dy,;) of the integral equation
(2.11), where T* is satisfying following inequality
CllkNT?"™MT <1, |kl= trer%gl%g]lk(t)l.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/6 (111) 10
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MATHEMATICS

Proof. Denote by 9(t) the maximum of the modulus of the function u(x, t) over x € [0, ] for each
fixed t € [0, T].

9(t) : = max |9(x, t)|.
x€[0,1]
Then we have the inequaliy

t T T T
9(t) < b, +f0 cfo k()| |5(r—a)|dadr+f0 cfo k()] [9(x — @)|dadx.

Hence, by the virtue of Theorem 2, we obtain the estimate for all T satisfying the inequality C k ||
T2e||k||T <1
Py
e WIT —C k|IT?"
Let problem (1.1 - 1.4) have two solutions 9;,9,,9; # 9,. We denote their differences by W = 9; —
9,. We rewrite (2.1) — (2.3) problem for W

9] <

t
Wt:Wxx+jk(t—r)W(x,r)dr 0<x<l 0<t<T, (3.16)

0
W,(0,t) —hW(0,t) =0, W,(l,t) + h(W(,t) =0, 0<t<T, (3.17)
W(x,0)+W(kxT)=0 0<x<l. (3.18)

Applying the formula (3.1) to problem (3.16) — (3.18), we obtain the integral equation for
determining W:

T rl T
W(x,t) = —j j Go (x, ¢, T+t —1) f k(a)W(,t — a)dadédr +
0 Y0 0 (319)

t rl T
+ fo fo GOoEt—1) fo k (@)W (T — a)dadédr.

Denote by W (t) the maximum of the modulus of the function W (x,t) over x € [0, ] for each fixed
te[0,T].
W(t) : = max |[W(x, t)|.
x€[0,1]

Then we have the inequality
t T T T
W ()| SJ Cf |k(a)||W(T—a)|dadT+f Cf |k(a)||W(T—a)|dadT.
o Jo o Jo

Which, by Theorem 2, implies that [W (t)| < 0 for t € [0, T]. Hence, we also have W (x,t) = 0, in
Dy, .. 9, = 9,. The proof of the theorem is complete.
O

Conclusion. In this work, it is studied a nonlocal initial-boundary problem for an integro — differential
heat equation on the rectangular domain. First, we are introduced a definition of a classical solution and then
the original problem is reduced to an equivalent problem. After that, we investigated spectral problem for
equivalent problem. Using the Fourier method, the equivalent problem is reduced with the nolinear Volterr
— Fredgholm equivalent integral equation. Finally, the local existence and uniqueness result is proven.
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