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Abstract—The problems of forecasting the pollutant concentration in the atmosphere by means
of mathematical modeling remain one of the most relevant scientific areas. Such a conclusion
can be drawn from the analysis of scientific publications related to the problems of mathematical
modeling of complex processes of mass transfer in the atmosphere. In this regard, the aim of this
study is to develop a mathematical model for the transport and diffusion of emissions of polluting
particles of technogenic and natural origin and an effective numerical algorithm for solving the
problem with a high-order approximation in time and space variables. A feature of the proposed
mathematical apparatus is that, in addition to the main factors, the model takes into account the
phenomenon of the capture of aerosol particles by elements of vegetation in the land environment.
The solution algorithm is based on the method for splitting the original problem into physical
factors: advection, diffusion, and absorption of a substance in the air mass of the atmosphere.
Computational experiments were conducted using real meteorological parameters and data on
sources of atmospheric pollution. An analysis of the results of numerical calculations showed their
good agreement with the data of field measurements and the results obtained by other authors. Thus,
the adequacy of the developed mathematical model and the accuracy of the numerical algorithm
were sufficiently substantiated. In the course of experiments, the influence of the main factors
on the process of transfer and diffusion of particles of harmful substances in the atmosphere was
established. Particular attention was paid to the study of how the green cover on the terrain affects
the propagation of particle concentration fields; what portion of pollutants can be absorbed by
vegetation elements compared to other types of the underlying surface. The practical outcome of the
study is the possibility of developing recommendations to support decision-making on maintaining
the ecological balance of the environment in industrial regions and protecting it from the possible
negative impact of technogenic factors.
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1. INTRODUCTION

Initial-boundary value problems for first- and second-order differential equations have many applica-
tions in various fields of science and technology. There are many effective methods for solving differential
equations with initial boundary conditions [1–25]. One of the applications of differential equations with
initial boundary conditions is the study of environmental problems, which are becoming more relevant
every day.
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The growth in the number of industrial facilities over the past decades has caused an increase
in air pollution and, consequently, increased risks to public health. The World Health Organization
(WHO) estimates that air pollution causes more than 7.5 million premature deaths each year and is
therefore considered one of the world’s most dangerous environmental risks. Air pollution is a change
in the composition of pure natural air due to the ingress of impurities of various origins and states of
aggregation: organic, inorganic, gaseous, aerosol, etc. The most common anthropogenic sources of
pollutant emissions are transport, energy facilities, manufacturing enterprises, the construction sector,
housing and communal services, livestock and agricultural enterprises. Industrial enterprises of various
types act as the main sources of pollution of the atmosphere and plant complexes. The suppression of
tree species is significant not only near the source of pollution but also at considerable distances from it.
This is explained by the fact that a mixture of chemical components, the concentration of each of which is
small, has a greater effect on vegetation than one component with a high concentration. Simultaneous
soil acidification, air pollution, and climate change as a result of active anthropogenic impact on the
environment cause a negative effect on the plant complexes [26–28].

Among the inorganic substances of anthropogenic origin, emissions of nitrogen and sulfur oxides,
carbon monoxide and dioxide are especially harmful. As noted in [29], emissions of nitrogen and sulfur
oxides cause significant damage to vegetation. Note that in problems where it is explicitly possible to
single out physical processes, for example, the substance transfer in the wind direction and molecular
diffusion, it would be quite reasonable to use the method for splitting into physical processes at each time
layer. The idea of the splitting method is to reduce the original multidimensional problem to problems
of a simpler structure, which are then sequentially or in parallel solved by already-known numerical
methods [30]. This can be achieved in various ways, therefore, to date, a large number of different
difference schemes have been created. Information and communication technology (ICT) and digital
tools for air quality measurement have provided enormous data on environmental pollution, enabling
decision-makers to provide early warnings to citizens in urban areas [31]. In the last few years, we have
witnessed the development and emergence of affordable and powerful computational tools that support
machine learning processes [32]. The study in [33] proposed a comprehensive method for forecasting the
air quality index (AQI). The study focused on predicting hourly environmental concentrations of PM 2.5
and PM 10 using artificial neural networks. The calculation of the air quality index was performed
according to six pollutant criteria. Since there was a problem with incorrect or empty values in the
data sets, the authors used the missForest algorithm to fill in the missing data. Various aspects of
the problems of modeling the spread of harmful substances in the surface layer of the atmosphere
and calculating the concentration of emissions of impurities from sources of atmospheric pollution
were considered in [34–36]. A new mathematical model of aerodynamic processes was proposed
in [37]; it takes into account high air humidity, atmospheric pressure, temperature variability, and
other parameters typical of coastal areas. Parallel algorithms for solving these models were developed
and implemented in the form of programs for high-performance systems. The authors of article [38]
proposed a method for determining the average annual concentrations of PM 2.5 and ozone particles to
estimate the population morbidity. The determination of atmospheric air pollution at the global level was
conducted based on the integration of remote sensing data from satellites with the results of instrumental
measurements of the ground-based monitoring network and modeling pollutant dispersion processes in
the atmosphere. Using this technique, the authors obtained extensive information on air pollution by
PM2.5 and ozone particles over the vast territory. In [39–41], comprehensive studies of the process of
propagation of aerosol particles in the atmosphere were conducted, taking into account the orography
of the area and weather and climatic factors. For the numerical integration of the problem posed, the
authors used high-order finite-difference schemes of approximation and the method for splitting into
physical processes. The study in [42] is devoted to the construction of a mathematical model and a
numerical algorithm for the dispersion of impurities of any type in the meso-meteorological boundary
layer of the atmosphere. Particular attention was paid to the description of wind erosion since most of
the emissions in the Aral Sea occur due to the removal of salt and dust particles from the soil surface. A
series of computational experiments was performed using the developed mathematical apparatus. The
results obtained, illustrate the influence of various factors on the process of atmospheric dispersion. The
authors of [43–54] considered a mathematical model for research, forecasting, and making managerial
decisions on the process of the spread of harmful aerosol substances in the atmosphere. When obtaining
a mathematical model of the object, the main weather and climatic factors affecting the process of
transport and diffusion of harmful substances and the relief of the region under consideration were
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taken into account. Changes in wind direction and speed were calculated using the Navier–Stokes
equation for the function stream and vortex velocity variables. The proposed software was implemented
as the Borland C++ Builder software tool for conducting computational experiments. Based on the
above, the aim of this study is to build an efficient numerical algorithm based on the method for splitting
into physical processes with the second order of accuracy, taking into account the wind speed in three
directions, the deposition velocity of aerosol particles on the underlying surface, and the factor of particle
capture by vegetation elements.

2. STATEMENT OF THE PROBLEM

Let us consider a mathematical model for the propagation of aerosol particles in the atmosphere,
described by the complete equation of hydromechanics, taking into account the capture of pollutant
particles by vegetation elements

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
+ (w − wg)

∂θ

∂z
+ σθ + αθ = μ

∂2θ

∂x2
+ μ

∂2θ

∂y2
+

∂

∂z
(κ

∂θ

∂z
) + δi,j,kQ (1)

with initial and boundary conditions

θ|t=0 = θ0, (2)

−μ
∂θ

∂x
|x=0 = ξ(θE − θ), μ

∂θ

∂x
|x=Lx = ξ(θE − θ), (3)

−μ
∂θ

∂y
|y=0 = ξ(θE − θ), μ

∂θ

∂y
|y=Ly = ξ(θE − θ), (4)

−κμ
∂θ

∂z
|z=0 = (βθ − f0), κ

∂θ

∂z
|z=Lz = ξ(θE − θ). (5)

Here θ is the concentration of harmful substances in the atmosphere; t is the time; θ0 is the primary
concentration of harmful substances in the atmosphere; θE is the concentration entering through the
boundaries of the domain under consideration; (x, y, z) is the coordinate system; (u, v, ω) is the wind
speed in three directions; wg the particle deposition velocity; σ is the coefficient of absorption of harmful
substances in the atmosphere; α(z) is the coefficient characterizing the capture of particles by vegetation
elements; μ, κ are the diffusion and turbulence coefficients; Q is the source power; δ is the Dirac function;
ξ is the coefficient of mass transfer through the boundaries of the calculation domain; β is the coefficient
of particle interaction with the underlying surface; f0 is the stationary source of emission of harmful
substances from the underlying surface.

3. SOLUTION METHOD

Since problem (1)–(5) is described by a three-dimensional partial differential equation with the
corresponding initial and boundary conditions, it is difficult to find its exact solution in an analytical
form. At that, we note that in equation (1) two physical processes are clearly distinguished: the first
process is the substance transfer in the direction of movement of the atmospheric air mass; the second
process is the molecular diffusion of the substance in the atmosphere. Besides, the third process can
also be distinguished – the absorption of the substance by the air mass of the atmosphere, mainly due to
high humidity. Given this circumstance, it would be quite reasonable to use the method for splitting into
physical processes at each time layer. Therefore, to effectively solve the problem, we split it into physical
processes—the advection part and the diffusion part. For the numerical solution to problem (1)–(5) we
assume that the sought-for solution is a smooth function over the entire space. Using the additivity of
fundamentally different physical processes of transfer and diffusion of a substance in the atmosphere in
a small time interval tn � t � tn+1,we consider them as separate problems. The process of substance
transfer with its preservation along the trajectory is considered problem A:

∂θ1
∂t

+ u
∂θ1
∂x

+ v
∂θ1
∂y

+ (w − wg)
∂θ1
∂z

=
1

3
δi,j,kQ (6)
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with initial and boundary conditions

θ1|t=0 = θn3 , (7)

−μ
∂θ1
∂x

|x=0 = ξ(θE − θ1), μ
∂θ1
∂x

|x=Lx = ξ(θE − θ1), (8)

−μ
∂θ1
∂y

|y=0 = ξ(θE − θ1), μ
∂θ1
∂y

|y=Ly = ξ(θE − θ1), (9)

−κ
∂θ1
∂z

|y=0 = (βθ1 − f0), κ
∂θ1
∂z

|z=Lz = ξ(θE − θ1). (10)

The process of diffusion of a substance in the atmosphere without taking into account the absorption
of particles in the air mass is considered problem B:

∂θ2
∂t

= μ
∂2θ2
∂x2

+ μ
∂2θ2
∂y2

+
∂

∂z
(κ

∂θ2
∂z

) +
1

3
δi,j,kQ (11)

with initial and boundary conditions

θ2|t=0 = θn+1
1 , (12)

−μ
∂θ2
∂x

|x=0 = ξ(θE − θ2), μ
∂θ2
∂x

|x=Lx = ξ(θE − θ2), (13)

−μ
∂θ2
∂y

|y=0 = ξ(θE − θ2), μ
∂θ2
∂y

|y=Ly = ξ(θE − θ2), (14)

−κ
∂θ2
∂z

|z=0 = (βθ2 − f0), κ
∂θ2
∂z

|y=zz = ξ(θE − θ2). (15)

Taking into account the absorption and capture of particles of harmful substances in the atmosphere,
problem C has the following form

∂θ3
∂t

+ σθ3 + αθ3 =
1

3
δi,j,kQ (16)

with initial and boundary conditions

θ3|t=0 = θn+1
2 , (17)

−μ
∂θ3
∂x

|x=0 = ξ(θE − θ3), μ
∂θ3
∂x

|x=Lx = ξ(θE − θ3), (18)

−μ
∂θ3
∂y

|y=0 = ξ(θE − θ3), μ
∂θ3
∂y

|y=Ly = ξ(θE − θ3), (19)

−κ
∂θ3
∂z

|z=0 = (βθ3 − f0), κ
∂θ3
∂z

|y=zz = ξ(θE − θ3). (20)

Thus, after splitting the original problem into physical processes, we got three sub-problems (6)–
(10), (11)–(15), and (16)–(20), which can be solved independently of each other by the finite difference
method. However, here it must be emphasized that the solution to sub-problem A is the initial condition
for sub-problem B, the solution to sub-problem B serves as the initial condition for sub-problem C
and the solution to sub-problem C serves as the initial condition for sub-problem A at the next time
layer. From the formulation of the above sub-problems, it follows that the numerical solution to the
main problem is greatly simplified when it is split into physical properties and parameters. It should be
noted that the restriction of the integration step in terms of space variables and time is required when
solving problem A; this is due to the presence of derivatives of the sought-for first-order variables in
the equation for the transport of harmful substances in the atmosphere. Problems (6)–(10), (11)–(15),
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and (16)–(20) are solved using an implicit finite-difference scheme in time and with the second order of
accuracy in coordinates (20), replacing the continuous domain of the sought-for variables by the grid
domain with step Δx,Δy, and Δz:

Ωxyzt = (xi = iΔx, yi = jΔy, zk = kΔz, τn = nΔt),

i = 0, N, j = 0,M, k = 0, L, n = 0, Nt, Δt =
T

Nt
.

To ensure a high-order approximation in time and space variables and the stability of the calculation
process, we use an implicit finite-difference scheme for equation (6) in the Ox direction

1

2

θ
n+1/3
1,i,j,k − θn1,i,j,k

Δt/3
+

1

2

θ
n+1/3
1,i+1,j,k − θn1,i+1,j,k

Δt/3
+

(
u− |u|

4

)
θ
n+1/3
1,i+1,j,k − θ

n+1/3
1,i,j,k

Δx

+

(
u− |u|

4

)
θn1,i+1,j,k − θn1,i,j,k

Δx
+

(
u+ |u|

4

)
θ
n+1/3
1,i,j,k − θ

n+1/3
1,i−1,j,k

Δx
+

(
u+ |u|

4

)
θn1,i,j,k − θn1,i−1,j,k

Δx

+

(
v − |v|

2

)
θn1,i,j+1,k − θn1,i,j,k

Δy
+

(
v + |v|

2

)
θn1,i,j,k − θn1,i,j−1,k

Δy
+

(
wa − |wa|

2

)
θn1,i,j,k+1 − θn1,i,j,k

Δz

+

(
wa + |wa|

2

)
θn1,i,j,k − θn1,i,j,k−1

Δz
=

1

9
δi,j,kQ. (21)

Grouping similar terms in equation (21), we obtain a system of linear tridiagonal algebraic equations

a1,i,j,kθ
n+1/3
1,i−1,j,k − b1,i,j,kθ

n+1/3
1,i,j,k + c1,i,j,kθ

n+1/3
1,i+1,j,k = −c1,i,j,k. (22)

Here the coefficients of equation (22) are defined as follows

a1,i,j,k =
u+ |u|
4Δx

, b1,i,j,k =
|u|
2Δx

+
3

2Δt
, c1,i,j,k = −u− |u|

4Δx
− 3

2Δt
,

d1,i,j,k =

(
3

2Δt
− |u|

2Δx
− |v|

2Δy
− |wa|

2Δz

)
θn1,i,j,k + (

u+ |u|
4Δx

)θn1,i−1,j,k

+

(
3

2Δt
− u− |u|

4Δx

)
θn1,i+1,j,k +

v + |v|
2Δy

θn1,i,j−1,k −
v − |v|
2Δy

θn1,i,j+1,k

+
wa + |wa|

2Δz
θn1,i,j,k−1 −

wa − |wa|
2Δz

θn1,i,j,k+1 +
1

9
δi,j,kQ.

Next, we approximate boundary condition (8) for x = 0 with respect to Ox with the second order of
accuracy and obtain

−μ
−3θ

n+1/3
1,0,j,k + 4θ

n+1/3
1,1,j,k − θ

n+1/3
1,2,j,k

2Δx
= ξθE − ξθ

n+1/3
1,0,j,k . (23)

From relation (23), using the sweep method, we find the values of the sweep coefficients α1,0,j,k and
β1,0,j,k:

α1,0,j,k =
(4c1,1,j,k − b1,1,j,k)μ

(3c1,1,j,k − a1,1,j,k)μ+ 2Δξ
, β1,0,j,k =

d1,1,j,kμ+ 2Δxξc1,1,j,kθE
(3c1,1,j,k − a1,1,j,k)μ+ 2Δxξ

.

Similarly, we approximate the boundary condition (8) in direction Ox for x = Lx:

μ
θ
n+1/3
1,N−2,j,k − 4θ

n+1/3
1,N−1,j,k + 3θ

n+1/3
1,N,j,k

2Δx
= ξθE − ξθ

n+1/3
1,N,j,k.

Hence, we find the concentration value at the boundary of the Ox-axis for i = N :

θ
n+1/3
1,N,j,k =

2ΔxξθE − (β1,N−2,j,k + α1,N−2,j,kβ1,N−1,j,k − 4β1,N−1,j,k)μ

2Δxξ + (α1,N−2,j,kα1,N−1,j,k − 4α1,N−1,j,k + 3)μ
.
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The values of the concentration sequence θ
n+1/3
1,N−1,j,k, θ

n+1/3
1,N−2,j,k, ... , θ

n+1/3
1,0,j,k are determined by the

backward-sweep method by decreasing the ith sequence

θ
n+1/3
1,i,j,k = α1,i,j,kθ

n+1/3
1,i+1,j,k + β1,i,j,k, i = N − 1, 0, j = 1,M − 1, k = 1, L− 1.

Then, we perform similar actions in direction Oy and instead of equation (6), we obtain

ā1,i,j,kθ
n+2/3
1,N,j−1,k − b̄1,i,j,kθ

n+2/3
1,N,j−1,k + c̄1,i,j,kθ

n+2/3
1,N,j−1,k = −d̄1,i,j,k, (24)

where

ā1,i,j,k =
v + |v|
4Δy

, b̄1,i,j,k =
|v|
2Δy

+
3

2Δt
, c̄1,i,j,k = −v − |v|

4Δy
− 3

2Δt
,

d̄1,i,j,k =

(
3

2Δt
− |u|

Δx
− |v|

2Δy
− |wa|

Δz

)
θ
n+1/3
1,i,j,k +

u+ |u|
2Δx

θ
n+1/3
1,i−1,j,k −

u− |u|
2Δx

θ
n+1/3
1,i+1,j,k

+
v + |v|
4Δy

θ
n+1/3
1,i,j−1,k +

(
3

2Δt
− v − |v|

4Δy

)
θ
n+1/3
1,i,j+1,k

+
wa + |wa|

2Δz
θ
n+1/3
1,i,j,k−1 −

wa − |wa|
2Δz

θ
n+1/3
1,i,j,k+1 +

1

9
δi,j,kQ.

Hence, ᾱ1,i,0,k and β̄1,i,0,k are found by boundary conditions (9) for y = 0 as follows

ᾱ1,i,0,k =
(4c̄1,i,1,k − b̄1,i,1,k)μ

(3c̄1,i,1,k − ā1,i,1,k)μ+ 2Δyξ
, β̄1,i,0,k =

d̄1,i,1,kμ+ 2Δyc̄1,i,1,kξθE
(3c̄1,i,1,k − ā1,i,1,k)μ + 2Δyξ

.

Similarly, approximating boundary condition (9) with respect to Oy for y = Ly, we find the concentration
values at the boundary for j = M :

θ
n+2/3
1,i,M,k =

2ΔyξθE − (β̄1,i,M−2,k + ᾱ1,i,M−2,kβ̄1,i,M−1,k − β̄1,i,M−1,k)μ

2Δyξ + (ᾱ1,i,M−2,kᾱ1,i,M−1,k − 4ᾱ1,i,M−1,k + 3)μ
.

In equation (6), replacing differential operators by finite-difference operators in the direction of the Oz-
axis, we obtain

¯̄a1,i,j,kθ
n+1
1,N,j,k−1 − ¯̄b1,i,j,kθ

n+1
1,N,j,k + ¯̄c1,i,j,kθ

n+1
1,N,j,k+1 = − ¯̄d1,i,j,k,

where

¯̄a1,i,j,k =
wa + |wa|

4Δz
, ¯̄b1,i,j,k =

|wa|
2Δz

+
3

2Δt
, ¯̄c1,i,j,k = −wa − |wa|

4Δz
− 3

2Δt
,

¯̄d1,i,j,k =

(
3

2Δt
− |u|

Δx
− |v|

Δy
− |wa|

2Δz

)
θ
n+2/3
1,i,j,k +

u+ |u|
2Δx

θ
n+2/3
1,i−1,j,k −

u− |u|
2Δx

θ
n+2/3
1,i+1,j,k

+
v + |v|
2Δy

θ
n+2/3
1,i,j−1,k −

v − |v|
2Δy

θ1,i,j+1,k +
wa + |wa|

4Δz
θ
n+2/3
1,i,j,k−1

+

(
3

2Δt
− wa − |wa|

4Δz

)
θ
n+2/3
1,i,j−1,k +

1

9
δi,j,kQ.

Hence, ᾱ1,i,j,0 and β̄1,i,j,0 are determined by boundary conditions (10) for z = 0 as follows

¯̄α1,i,j,0 =
(4¯̄c1,i,j,1 − ¯̄b1,i,j,1)κ

(3¯̄c1,i,j,1 − ¯̄a1,i,j,1)κ− 2Δzβ¯̄c1,i,j,1
, ¯̄β1,i,j,0 =

¯̄d1,i,j,1κ+ 2Δz¯̄c1,i,j,1f0
(3¯̄c1,i,j,1 − ¯̄a1,i,1,k)κ− 2Δzβ¯̄c1,i,j,1

.

Boundary condition (10) is approximated by Oz for z = Lz and the concentration values at the boundary
for k = L are determined

θn+1
1,i,j,l =

2ΔzξθE − ( ¯̄β1,i,j,L−2 + ¯̄α1,i,j,L−2
¯̄β1,i,j,L−1 − ¯̄β1,i,j,L−1)κ

2Δzξ + (¯̄α1,i,j,L−2 ¯̄α1,i,j,L−1 − 4¯̄α1,i,j,L−1 + 3)κ
.
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To solve problem B, the process of diffusion of a substance in the atmosphere, taking into account the
absorption of particles in the air mass, we use an implicit finite-difference scheme of a high order of
approximation in time and space (21), and in direction Ox we obtain

a2,i,j,kθ
n+1/3
2,i−1,j,k − b2,i,j,kθ

n+1/3
2,i,j,k + c2,i,j,kθ

n+1/3
2,i+1,j,k = −d2,i,j,k. (25)

Here the coefficients of equation (25) are defined as

a2,i,j,k =
μ

Δx2
, b2,i,j,k =

2μ

2Δx2
+

3

2Δt
, c2,i,j,k = − μ

2Δx2
− 3

2Δt
,

d2,i,j,k =

(
3

2Δt
− μ

Δy2
− 2κk

Δz2

)
θn2,i,j,k −

3

2Δt
θn2,i+1,j,k +

μ

Δy2
θn2,i,j−1,k

− μ

Δy2
θn2,i,j+1,k +

κk−1

Δz2
θn2,i,j,k−1 −

κk+1

Δz2
θn2,i,j,k+1 +

1

9
δi,j,kQ,

α2,0,j,k and β2,0,j,k are found by the boundary conditions (13) for x = 0 as follows

α2,0,j,k =
(4c2,1,j,k − b2,1,j,k)μ

(3c2,1,j,k − a2,1,j,k)μ+ 2Δxξ
; β2,0,j,k =

d2,1,j,kμ+ 2Δxξc2,1,j,kθE
(3c2,1,j,k − a2,1,j,k)μ+ 2Δxξ

.

Similarly, we approximate the boundary condition (13) along the Ox direction for У = Lx, and find the
concentration value at the boundary of the Ox-axis for i = N :

θ
n+1/3
2,N,j,k =

2ΔxξθE − (β2,N−2,j,k + α2,N−2,j,kβ2,N−1,j,k − 4β2,N−1,j,k)μ

2Δxξ + (α2,N−2,j,kα2,N−1,j,k − 4α2,N−1,j,k + 3)μ
.

Then, we perform similar actions in directionOy and instead of equation (11), we obtain

ā2,i,j,kθ
n+2/3
2,i,j−1,k − b̄2,i,j,kθ

n+2/3
2,i,j,k + c̄2,i,j,kθ

n+2/3
2,i,j+1,k = −d̄2,i,j,k, (26)

where

ā2,i,j,k =
μ

Δy2
, b̄2,i,j,k =

2μ

2Δy2
+

3

2Δt
, c̄2,i,j,k = − μ

Δy2
− 3

2Δt
,

d̄2,i,j,k =

(
3

2Δt
− μ

Δx2
− 2κk

Δz2

)
θ
n+1/3
2,i,j,k +

μ

Δx2
θ
n+1/3
2,i−1,j,k +

μ

Δx2
θ
n+1/3
2,i+1,j,k +

3

2Δt
θ
n+1/3
2,i,j+1,k

+
κk−1

Δz2
θ
n+1/3
2,i,j,k−1 +

κk+1

Δz2
θ
n+1/3
2,i,j,k+1 +

1

9
δi,j,kQ.

Hence, ᾱ2,i,0,k and ᾱ2,i,0,k are found with boundary conditions (14) for y = 0 as follows

ᾱ2,i,0,k =
(4c̄2,i,1,k − b̄2,i,1,k)μ

(3c̄2,i,1,k − ā2,i,1,k)μ+ 2Δyα3
, β̄2,i,0,k =

d̄2,1,j,kμ+ 2Δyξc̄2,i,1,kθE
(3c̄2,i,1,k − ā2,i,1,k)μ + 2Δyξ

.

Similarly, approximating the boundary condition (14) with respect to Oy for y = Ly, we find the
concentration values at the boundary along the Oy-axis for j = M :

θ
n+2/3
2,i,M,k =

2ΔyξθE − (β̄2,i,M−2,k + ᾱ2,i,M−2,kβ̄2,i,M−1,k − 4β̄2,i,M−1,k)μ

2Δyξ + (ᾱ2,i,M−2,kᾱ2,i,M−1,k − 4ᾱ2,i,M−1,k + 3)μ
.

Similarly, replacing the differential operators in equation (11) by finite-difference operators in the
direction of the Oz-axis, we obtain

¯̄a2,i,j,kθ
n+1
2,i,j,k−1 − ¯̄b2,i,j,kθ

n+1
2,i,j,k + ¯̄c2,i,j,kθ

n+1
2,i,j,k+1 = − ¯̄d2,i,j,k,

where

¯̄a2,i,j,k =
κk−1

Δz2
, ¯̄b2,i,j,k =

2κk
Δz2

+
3

2Δt
, ¯̄c2,i,j,k =

κk+1

Δz2
− 3

2Δt
,

¯̄d2,i,j,k =

(
3

2Δt
− 2μ

Δx2
− 2μ

Δy2

)
θ
n+2/3
2,i,j,k +

μ

Δx2
θ
n+2/3
2,i−1,j,k +

μ

Δx2
θ
n+1/3
2,i+1,j,k
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+
μ

Δy2
θ
n+2/3
2,i,j−1,k +

μ

Δy2
θ
n+2/3
2,i,j+1,k +

3

2Δt
θ
n+2/3
2,i,j+1,k +

1

9
δi,j,kQ.

Next, we approximate the boundary condition (15) with respect to Oz for z = 0 and obtain the following

−κ
−3θn+1

2,i,j,0 + 4θn+1
2,i,j,1 − θn+1

2,i,j,2

2Δz
= βθn+1

2,i,j,0 − f0,

(
3κ−

¯̄a2,i,j,1κ
¯̄c2,i,j,1

− 2Δzβ

)
θn+1
2,i,j,0 =

(
4κ−

¯̄b2,i,j,1κ
¯̄c2,i,j,1

)
θn+1
2,i,j,1 +

¯̄d2,i,j,1κ
¯̄c2,i,j,1

− 2Δzf0,

θn+1
2,i,j,0 =

(4¯̄c2,i,j,1 − ¯̄b2,i,j,1)κ

(3¯̄c2,i,j,1 − ¯̄a2,i,j,1)κ− 2Δzβ¯̄c2,i,j,1
θn+1
2,i,j,1 +

¯̄d2,i,j,1κ+ 2Δz¯̄c2,i,j,1f0
(3¯̄c2,i,j,1 − ¯̄a2,i,j,1)κ− 2Δzβ¯̄c2,i,j,1

.

Using the sweep method, we find the values of the sweep coefficients ¯̄α2,i,j,0 and ¯̄β2,i,j,0 :

¯̄α2,i,j,0 =
(4¯̄c2,i,j,1 − ¯̄b2,i,j,1)κ

3¯̄c2,i,j,1 − ¯̄a2,i,j,1κ− 2Δzβ¯̄c2,i,j,1
, ¯̄β2,i,j,0 =

¯̄d2,i,j,1κ+ 2Δz¯̄c2,i,j,1f0
(3¯̄c2,i,j,1 − ¯̄a2,i,j,1)κ− 2Δzβ¯̄c2,i,j,1

.

We approximate the boundary condition (15) with respect to Oz for z = Lz and find the concentration
values at the boundary of the Oz-axis for k = L:

θn+1
2,i,j,L =

2ΔzξθE − ( ¯̄β2,i,j,L−2 + ¯̄α2,i,j,L−2
¯̄β2,i,j,L−1 − 4 ¯̄β2,i,j,L−1)κ

2Δzξ + (¯̄α2,i,j,L−2 ¯̄α2,i,j,L−1 − 4¯̄α2,i,j,L−1 + 3)κ
.

We proceed similarly when solving problem C:

1

2

θ
n+1/3
3,i,j,k − θn3,i,j,k

Δt/3
+

1

2

θ
n+1/3
3,i+1,j,k − θn3,i+1,j,k

Δt/3
+ σθ

n+1/3
3,i,j,k + αθ

n+1/3
3,i,j,k =

1

9
δi,j,kQ. (27)

Grouping similar terms into equation (27), we obtain a system of linear tridiagonal algebraic equations

a3,i,j,kθ
n+1/3
3,i−1,j,k − b3,i,j,kθ

n+1/3
3,i,j,k + c3,i,j,kθ

n+1/3
3,i+1,j,k = −d3,i,j,k. (28)

The coefficients of equation (28) are defined as follows

a3,i,j,k = 0, b3,i,j,k =
3

2Δt
+ σ + α, c3,i,j,k = − 3

2Δt
,

d3,i,j,k =
3

2Δt
θn3,i,j,k +

3

2Δt
θn3,i+1,j,k +

1

9
δi,j,kQ.

Then, with boundary conditions (18) at x = 0, α3,0,j,k and β3,0,j,k are found as follows

α3,0,j,k =
(4c3,1,j,k − b3,1,j,k)μ

(3c3,1,j,k − a3,1,j,k)μ+ 2Δxξ
, β3,0,j,k =

d3,1,j,kξ + 2Δxξc3,1,j,kθE
(3c3,1,j,k − a3,1,j,k)μ+ 2Δxξ

.

Similarly, we approximate the boundary condition (18) in direction Ox for x = Lx and determine the
concentration value at the boundary of the Ox-axis for i = N :

θ
n+1/3
3,N,j,k =

2ΔxξθE − (β3,N−2,j,k + α2,N−2,j,kβ3,N−1,j,k − 4β3,N−1,j,k)μ

2Δxξ + (α3,N−2,j,kα3,N−1,j,k − 4α3,N−1,j,k + 3)μ
.

Then, we perform similar actions in direction Oy and instead of equation (16), we get

ā3,i,j,kθ
n+2/3
3,i,j−1,k − b̄3,i,j,kθ

n+2/3
3,i,j,k + c̄3,i,j,kθ

n+2/3
3,i+1,j,k = −d̄3,i,j,k, (29)

where

ā3,i,j,k = 0, b̄3,i,j,k =
3

2Δt
+ σ + α, c̄3,i,j,k = − 3

2Δt
,

d̄3,i,j,k =
3

2Δt
θ
n+1/3
3,i,j,k +

3

2Δt
θ
n+1/3
3,i,j+1,k +

1

9
δi,j,kQ.
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Fig. 1. Dynamics of transfer and diffusion of aerosol particles in the atmosphere at Q = 1000 mg/m3; H = 50 m;
t = 1 h.

Fig. 2. Dynamics of transport and diffusion of aerosol particles in the atmosphere at Q = 1000 mg/m3; H = 50 m;
t = 4 h.

Hence, ᾱ3,i,0,k and β̄3,i,0,k are found by the boundary conditions (19) for y = 0 in the following way

ᾱ3,i,0,k =
(4c̄3,i,1,k − b̄3,i,1,k)μ

(3c̄3,i,1,k − ā3,i,1,k)μ+ 2Δyξ
, β̄3,i,0,k =

d̄3,i,1,kξ + 2Δxξc̄3,i,1,kθE
(3c̄3,i,1,k − ā3,i,1,k)μ + 2Δyξ

.

Similarly, approximating the boundary condition (19) with respect to Oy for y = Ly, we find the
concentration values at the boundary along the Oy-axis for j = M :

θ
n+2/3
3,i,M,k =

2ΔyξθE − (β̄3,i,M−2,k + ᾱ2,i,M−2,kβ̄3,i,M−1,k − 4β̄3,i,M−1,k)μ

2Δyξ + (ᾱ3,i,M−2,kᾱ3,i,M−1,k − 4ᾱ3,i,M−1,k + 3)μ
.

In equation (16), replacing the differential operators by finite-difference operators in the direction of the
Oz-axis, we obtain

¯̄a3,i,j,kθ
n+1
3,i,j,k−1 −

¯̄b3,i,j,kθ
n+1
3,i,j,k + ¯̄c3,i,j,kθ

n+1
3,i,j,k+1 = − ¯̄d3,i,j,k,

where

¯̄a3,i,j,k = 0, ¯̄b3,i,j,k =
3

2Δt
+ σ + α, ¯̄c3,i,j,k = − 3

2Δt
,

¯̄d3,i,j,k =
3

2Δt
θ
n+2/3
3,i,j,k +

3

2Δt
θ
n+2/3
3,i,j+1,k +

1

9
δi,j,kQ.
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Fig. 3. Dynamics of transport and diffusion of aerosol particles in the atmosphere at Q = 1000 mg/m3; H = 50 m;
t = 12 hours.

Fig. 4. Dynamics of transport and diffusion of aerosol particles in the atmosphere at Q = 1000 mg/m3; H = 50 m;
t = 24 h.

Further, ᾱ3,i,j,0 and β̄3,i,j,0 are found by the boundary conditions (20) for z = 0 as follows

¯̄α3,i,j,0 =
(4¯̄c3,i,j,1 − ¯̄b3,i,j,1)κ

(3¯̄c3,i,j,1 − ¯̄a3,i,j,1)κ− 2Δzβ¯̄c3,i,j,1
, ¯̄β3,i,j,0 =

¯̄d3,i,j,1κ+ 2Δzξ¯̄c3,i,j,1f0
(3¯̄c3,i,j,1 − ¯̄a3,i,j,1)κ− 2Δzβ¯̄c3,i,j,1

.

Boundary condition (20) is approximated by Oz for z = Lz and we find the concentration values at the
boundary of the Oz-axis for k = L

θn+1
3,i,j,L =

2ΔzξθE − ( ¯̄β3,i,j,L−2 + ¯̄α3,i,j,L−2
¯̄β3,i,j,L−1 − 4 ¯̄β3,i,j,L−1)κ

2Δzξ + (¯̄α3,i,j,L−2 ¯̄α3,i,j,L−1 − 4¯̄α3,i,j,L−1 + 3)κ
.

So, a numerical algorithm was developed for solving the problem of transport and diffusion of aerosol
particles in the boundary layer of the atmosphere; it can be used to study and predict the concentration
of pollutants in industrial regions based on computational experiments.

4. RESULTS

Within the framework of this study, an object-oriented software and tool complex were developed,
which include a number of related software tools developed using modern, most widely used technolo-
gies, such as the Python programming language, Django frameworks, Django-rest-framework, sets of
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Fig. 5. Dynamics of transport and diffusion of aerosol particles in the atmosphere at Q = 1000 mg/m3; H = 50 m;
t = 48 h.

visualization libraries OSM, OWM, Googlemaps, numpy, pandas, scipy, matplotlib, requests, folium,
bs4, etc. Computational experiments were conducted to study the process of transfer and diffusion of
harmful substances in the atmosphere, taking into account the non-homogeneity and roughness of the
earth’s surface: vegetation cover, forest belts, and high-rise residential and industrial facilities.

To conduct a comprehensive study of the process of pollutant spread in the atmosphere, computa-
tional experiments were performed with real weather and climatic factors obtained online. As follows
from the results of the numerical calculations, the dynamics of changes in the concentration of harmful
substances in the atmosphere significantly depends on the wind speed in the surface layer of the
atmosphere (Fig. 1). At critical values of wind speeds, changes in the concentration of harmful
substances in the atmosphere mainly occur due to the transfer of atmospheric air mass in the surface
layer, while the height of the source of harmful substances indirectly affects the transfer distance. The
area covered by the concentration of harmful substances in the atmosphere significantly depends on the
velocity direction of the air mass of the atmosphere (Fig. 2).

From the dynamics of the transfer of pollutants in the atmosphere, it is seen (Figs. 3–5) that,
depending on the change in the direction and speed of the wind, the concentration of pollutants in
the atmosphere and the area of their transfer change over time. The numerical calculations performed
showed that another significant factor affecting the change in the concentration of pollutants in the
surface layer of the atmosphere is the vegetation cover and the coefficient of absorption of harmful
substances in the atmosphere, which depend on the time of year and time of day.

5. CONCLUSIONS

A mathematical model (1)–(5) and an efficient numerical algorithm were developed based on the
method for splitting into physical processes with the second order of accuracy in space variables (6)–
(29). It takes into account the wind speed in three directions and the rate of deposition of aerosol particles
on the underlying surface, as well as the capture of particles by vegetation elements, which plays a
significant role in the dynamics of the process.To check the adequacy of the developed mathematical
tool, computational experiments were conducted, the results of which were compared with field data. A
comprehensive analysis of the processes of atmospheric pollution of a real production facility located in
the Tashkent region of Uzbekistan was performed. It can be seen from the Figs. 2–5, that the change
in the concentration of aerosols in the atmosphere depends significantly on the actual change in wind
speed by day, the coefficient characterizing the capture of particles by vegetation elements, the horizontal
diffusion coefficient, and the vertical turbulence coefficient. The concentration of pollutants in the surface
layer of the atmosphere changes over time depending on the actual wind speed. With an increase in
wind speed, the concentration of pollutants around the source does not accumulate, and the area of
distribution of pollutants increases with time Fig. 1. The results obtained in the form of software can
be successfully used to monitor the spread of harmful substances in the atmosphere. As numerical
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calculations have shown, at the moderate wind and calm, the concentration of harmful substances
around the source accumulates at a distance of 280 to 350 m. At the same time, the concentration
of harmful substances in the atmosphere will increase with increasing source power. With an increase
in the intensity of aerosol sources and horizontal components of the wind speed, the area of pollutant
transfer in the atmosphere increases.
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