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Abstract—The problems of the oscillatory flow of a viscoelastic fluid in a flat channel for a given har-
monic oscillation of the fluid flow rate are solved on the basis of the generalized Maxwell model. The
transfer function of the amplitude-phase frequency characteristics is determined. These functions
make it possible to evaluate the hydraulic resistance under a given law, the change in the longitudinal
velocity averaged over the channel section, as well as during the flow of a viscoelastic fluid in a non-
stationary flow, and allow determining the dissipation of mechanical energy in a nonstationary flow
of the medium, which are important in the regulation of hydraulic and pneumatic systems. Its real part
allows determining the active hydraulic resistance, and the imaginary part is reactive or inductance of
the oscillatory flow.
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INTRODUCTION

Of practical interest is the study of pulsating viscoelastic flows in a flat channel and a cylindrical pipe
under the influence of harmonic oscillations of the pressure gradient or when harmonic oscillations of
fluid flow are superimposed on the flow. In [1], the motion of a viscoelastic fluid along a long pipe under
the action of an oscillatory pressure gradient was studied. The distinctive features of this motion are shown
in comparison with the corresponding motion of a Newtonian fluid. The inertia-free oscillatory flow of a
viscoelastic fluid in a round infinite pipe under the influence of an oscillatory pressure gradient was stud-
ied in [2], which showed that in an oscillating flow the longitudinal velocity profiles are symmetrical and
there is a significant phase shift between the pressure gradient and velocity. In pulsating flows, there was
in fact no phase shift, and the axial velocity varied asymmetrically relative to its average over the period of
oscillation. Laminar oscillatory flows of Maxwell and Oldroyd-B viscoelastic fluids were studied in [3],
which demonstrates many interesting features that are absent in the flows of Newtonian fluids. The results
of study [3] show that in the inertialess regime, when Re 1, the properties of the flow depend on three char-
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acteristic lengths: the wavelength A ; the decay length of viscoelastic shear waves x, = (2—\)} , where v is

W,
the kinematic viscosity and @, is the oscillation frequency; and the characteristic transverse dimension of
the system a. In this regard, the lengths are accordingly divided into three scales and three independent

dimensionless groups: tf (viscosity before relaxation time), De (relaxation time before the period of oscil-

lation), and X (viscosity coefficient). At the same time, the oscillatory regions of the flow are divided into

two systems corresponding to “wide” (i > 1| and “narrow” (i < 1) systems. In wide systems, oscilla-
Xo Xo

tions are limited to near-wall flows, and in the central core, to inviscid flows. In narrow systems, shear

waves cross the entire system and also its center, ultimately leading to constructive resonances that lead to
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a sharp increase in the amplitude of the velocity profile. In [4], unsteady flows of a viscoelastic fluid were
analyzed using the Oldroyd-B model in a round infinite cylindrical pipe under the influence of a time-
dependent pressure gradient in the following cases: (a) the pressure gradient changes with time in accordance
with the exponential law; (b) the pressure gradient changes according to harmonic laws; and (c) the pressure
gradient is constant. In all cases, the formulas were obtained for the distribution of velocity, fluid flow rate,
and other hydrodynamic quantities in a pulsating flow. Based on the Maxwell model, the problem of non-
stationary oscillatory flow of a viscoelastic fluid in a round cylindrical pipe was considered in [5]. The for-
mulas for determining the dynamic and frequency characteristics were obtained. With the help of numer-
ical experiments, the influence of the oscillation frequency and the relaxation properties of the liquid on
the tangential shear stress on the wall was studied. It was shown that the viscoelastic properties of the fluid,
as well as its acceleration, are the limiting factors for the use of the quasi-stationary approach. In recent
decades, electrokinetic phenomena, including electroosmosis, flow potential, electrophoresis, and sedi-
mentation potential, have attracted much attention and have many applications in micro- and nanochan-
nels. In this regard, in [6], the electrokinetic flow of viscoelastic fluids in a flat channel under the influ-
ence of an oscillatory pressure gradient was studied. It is assumed that the motion of the liquid occurs lam-
inarly and unidirectionally; in this regard, the motion of the liquid is in a linear mode. Surface potentials
are considered small, so the Poisson—Boltzmann equation is linearized. Resonant behavior appears in the
flow when the elastic properties of the Maxwellian fluid predominate. The resonance phenomenon
enhances electrokinetic effects, and at the same time, the efficiency of electrokinetic energy conversion
increases. In the works listed above, the field of fluid velocities was mainly investigated under various
modes of change in the pressure gradient. Changes in the tangential and normal stresses that arise during
motion have been studied relatively little. In most cases, in hydrodynamic models of nonstationary flows,
fluids were replaced by a sequence of flows with a quasi-stationary distribution of hydrodynamic quanti-
ties. However, the structures of nonstationary flows differ from the structure of stationary flows, and in
such cases such a replacement must be justified in each specific case. At present, the question of the legit-
imacy of studying the quasi-stationary characteristics for determining the field of shear stresses in nonsta-
tionary flows of viscous and viscoelastic fluids is far from being resolved. Naturally, under such conditions
there is a need to use hydrodynamic models of nonstationary processes that take into account time-depen-
dent changes in the hydrodynamic characteristics of the flow. It should be noted that in the general case,
hydrodynamic characteristics in pipeline transport cannot be determined from characteristics that corre-
spond to stationary flow conditions. In this paper, we study the oscillatory flow of a viscoelastic fluid using
the generalized Maxwell model in a flat channel when harmonic oscillations of fluid flow are superim-
posed on the flow. The transfer function of the amplitude-phase frequency characteristics is determined.
Using this function, the change in hydrodynamic resistance during an oscillatory flow of an elastic-vis-
cous fluid is analyzed depending on the dimensionless oscillation frequency.

1. PROBLEM SETTING AND SOLUTION METHOD

Let us consider the problem of slow oscillatory flow of a viscoelastic incompressible fluid between two
stationary parallel planes extending in both directions to infinity. Let us denote the distance between the
walls by 24. The Ox axis runs horizontally in the middle of the channel along the flow. The Oy axis is
directed perpendicular to the Ox axis. The flow of viscoelastic fluid occurs symmetrically along the axis
of the channel. The differential equation of motion of a viscoelastic incompressible fluid in terms of
stresses has the following form [7—10]:

Ju_ _dp 0t (1)

where u is the longitudinal velocity, p is the pressure, p is the density, 7T is the tangential stress, and 7 is the
time.

The rheological equations of state of a liquid are taken in form of the generalized Maxwell equation [3, 6]:

T=T,+7T, rsz—nsg—i, l%+rp=—npg—;’. 2)

Here, A is the relaxation time, T, is the tangential stress of the Newtonian fluid, © ,» 1 the tangential stress
of the Maxwellian fluid, 7 is the tangential stress of the solution, 1, is the dynamic viscosity of a Newto-
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nian fluid, and n, is the dynamic viscosity of the Maxwellian fluid. The equality between the dynamic vis-
cosities is satisfied [3, 6]:

nO = ns +np;

where 1), is the dynamic viscosity of the solution. Substituting (2) into the equation of motion (1) for the
fluid velocity, we obtain

a)au_ a)ap ( Nou . o
1+ A== =—(1+A=|E 1+ A=]2=2 -—. 3
p( A ar (+ ol T T at)8y2+np8y2 )

We consider that the oscillatory flow of a viscoelastic fluid occurs due to a given harmonic oscillation

of the fluid flow rate or the longitudinal velocity averaged over the channel cross-section
0 = aycoswr = Reage'™, (u) = a,cosot = Re a.e”,
where a, and g, are, respectively, the amplitude of the fluid flow rate and the amplitude of the longitudi-
nal velocity averaged over the channel cross-section. In this case, the flow occurs symmetrically along the
channel axis, and the no-slip condition is satisfied on the channel wall, i.e., the longitudinal velocity on
the channel wall is zero. Then the boundary conditions reads
u=0aty=h, a—M:Oaty:O. 4)
dy

Due to the linearity of Eq. (3), the longitudinal velocity, pressure, and shear stress on the wall can be

written as follows:

u(y,1) = Rewy(n)e™,  p(x,1) = Re pi(x)e'™, 1) = Reie™. (5)
Substituting (5) into Eq. (3), we obtain
2 . -1 -1
dy Mo 1+ioA ut 1+ioh ox
Here,
x=2 oz oxiz-D Ty
Mo Mo Mo Mo

The fundamental solutions to Eq. (6) without the right-hand side are the functions

3/2 3/2
cos (Z h(xo W) y) , sin (Z h% N@iw) yj )

. 172
n(im)=(ﬂ) o= [P,
1+ ioAX s

and the solution to the inhomogeneous part has the form

L(_ apl(-x)).

Here,

pi® ox
Thus, the general solution to Eq. (6) reads
u(y) = C, cos (i3/ 20N(i) X) +C,sin (f/ 20, ®) X) + L(— Mj. (7)
h hl  piw ox
To determine constant coefficients, we use the boundary conditions (4):
3/2 3/2
W) _ ¢ 7% i) sin (ﬁ/ 2oc0n(im)l) + ¢, % i) cos (i3/ 201 ) X). (8)
dy h h h h
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At y = 0 relation (8) has the form

i3/2
O:C2

Oy .
).
P n@iw)

It is easy to find C, = 0 from here. Provided that 4, = 0 at y = &, from (7) we determine

c =—-L (_apl(x)) 1 _
pio\  dx cos(i3/2(x0n(iu)))

As a result, to determine the speed, we have

ul(y) = . ax .3/2 (9)

! () cos (i3/ 2(X0T](i(l)) %)
- 1—
plw( ) cos (z Ocon(iu)))

where o, By is the Womersley vibration number (dimensionless vibration frequency) and v, is the kine-
Vo
matic viscosity of the solution.

Using the equation

T](i(l)) — 2110 aI"l(.y)
N 9 |,
we find the shear stress on the wall
3 3
?on(iw) sin (i 2ocon(i(o)]
1) = —h(—a—P)L (10)
ox

2 3
" cos (izocon(iu))]

Having integrated both sides of formula (9) over the variable y ranging from —4 to 4, we find the for-
mulas for the fluid flow rate:

3
sin (i 2o m(im)
1 —

3 3 . (11)
(i 2oc0n(iw)j cos (i 204011(1'03)]

Taking into account Q, = 24 <u1> in formula (11), we find the longitudinal velocity averaged over the chan-
nel cross-section

Ql =2h L(_apl(x)j

pi® ox

3
5 sin {izocon(ico)j
; _ 1 Pl(x)j
U (i) = ——| —22X) j ,
(i) piw( dx S S D
2on(iw) [cos| I2ayn(io) (12)
pi(o:i%)hz%):iocﬁz—g.

Then formula (12), taking into account (10), takes the form

3 3
30, N(i®) cos(i?o,N(iw) — sin [i 2oc(m(io))j

30\ 3
(z‘QaOJ sin (izocon(iw)]
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Using (13), for the shear stress on the wall we determine the transfer function

. h T(iw)
W, = —"1 14
() 3N uy (i) (4

Taking into account (14), from Eq. (13) we obtain

3\? 3
i? | sin| fon(io)
h wlw)

o _ : . ; =y +Bi. (15)
31, (uy (i) 3 [[ izdon(iw)j cos (ﬂam(im) —sin [ﬂocon(i(o)JD

The transfer function (15) is sometimes called the amplitude-phase frequency response. These functions
make it possible to estimate the hydraulic resistance for a given law of change in the longitudinal velocity
averaged over the channel cross-section. Its real part allows determining the active hydraulic resistance,
and its imaginary part allows determining the reactivity or inductance of the oscillatory flow.

W, ., (i®) =

2. CALCULATION RESULTS AND ANALYSIS

The hydrodynamic resistance during oscillatory flow in Newtonian and also viscoelastic flows is deter-
mined by the ratio of the pressure gradient to the average velocity; sometimes, this ratio is called the
“impedance” of the flow. The ratio of pressure gradient to average speed is found from formula (12):

dp _
(_a_x) 1 sin(Ml—iMl)

R (w(iw)) ioc(z)( - (M, — iM)cos (M, —iM

-1
)J =R +il,. (16)

Here, R, = % is the hydrodynamic resistance of a Newtonian fluid at a stationary flow. Separating the
real and imaginary parts of formula (16), we determine the total hydrodynamic resistance R and induc-
tance L:

K (47 + BY)
(4 +B)

B (Al2 + Bf)
AL+ B

2> 25

K|~

where
A = AM, + BM,, B, = AM, — BM,,
A, = (A} +B!)- AC—-BD, B,=(BC—-AD),
C =sinM,cosh M,, D =—cosM,sinh M,;
_%

A =sinM,sinhM,, B =cosM,coshM,, M, = \/551, M, = %

51:51+52, 52=§1—62, *;_:\/G1+G2i=61+c_;2i=
\n*(i)
G, =G} +G; cos%, G, =G +G; Sin%’ n=0,1

0= arctan@ 1 _ I+ De’X,0 + iDeod(1 — X,)
Gl n*(l(l)) 1+ D62X12a401

529

= Gl + G2i,

G _ 1+ De’X,04 G _ Deoi(1-X))
1 22 40 27 2v2 4°
1+ De’ X o 1+ De’ X0
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. 2
N*(io) = L1 SO VS S 1= X+ 2 1 . =1+’D6X1(;‘0, Ny Moy
N Ml+iDeq, 1+ iDeo, 1+ iDeo n n

x, = oz xiz -y
n n

De = 7»_112’ op = Qp,
ph \%

The results of studying Eq. (16) for a Newtonian fluid are presented in many works [7, 9, 10]. Figure 1
shows the dependence of hydrodynamic resistance on the dimensionless oscillation frequency o,,, when
the elastic number is De = 0.05 and at different concentrations of Newtonian fluid in the solution.

In the graph of Fig. 1 at X =1 changes in the total hydrodynamic resistance of a Newtonian fluid in
an oscillatory flow are presented, coinciding with the results of other researchers [7, 9]. From this graph

it can be seen that, with an increase in the dimensionless oscillation frequency o, the total hydrodynamic
resistance of a Newtonian fluid increases monotonically. Curves 2—5 shown in Fig. 1 characterize the
change in hydrodynamic resistance in the oscillatory flow of an viscoelastic fluid with a low elastic Deb-
orah number, with the addition of its Newtonian fluid. Indeed, curves 2—5 differ little from curve /. This
means that in this case, instead of the hydrodynamic resistance of an elastic-viscous fluid, the hydrody-
namic resistance of a Newtonian fluid can be taken. However, with an increase in the elastic Deborah
number, a significant difference is observed between the hydrodynamic resistance of an viscoelastic fluid
and a Newtonian fluid. This difference is shown in Figs. 2—4 with increasing values of the elastic Deborah
number. Starting from the elastic Deborah number De = 0.5, a decrease in the hydrodynamic resistance
is observed depending on the concentration of the Newtonian fluid (curves 3—5 in Fig. 3). When there is
no Newtonian fluid in a solution, then the solution has viscoelastic properties. In such cases, in an oscil-
latory flow, the hydrodynamic resistance of a viscoelastic fluid changes in an oscillatory manner depend-
ing on the dimensionless oscillation frequency ¢, and it increases with increasing elastic Deborah num-
ber (curves 5 in Figs. 2—4). The content of Newtonian fluid in the solution smoothes out the oscillatory
mode of change in hydrodynamic resistance (curves 3 and 4 in Figs. 2—4). In the general case, during
oscillatory flow of a viscoelastic fluid, the hydrodynamic resistance decreases as much as possible in the

R/3

1.5

A LW N~

1.3

1.1

1.1

Fig. 1. Hydrodynamic resistance over dimensionless oscillation frequency o, at different concentrations of Newtonian
fluid for De = 0.05.
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Fig. 2. Hydrodynamic resistance over dimensionless oscillation frequency o, at different concentrations of Newtonian
fluid for De = 0.5.

Fig. 3. Hydrodynamic resistance over dimensionless oscillation frequency o, at different concentrations of Newtonian
fluid for De =1.

range of values 1 < o, < 3 of the dimensionless vibration frequency and then increases as this frequency
increases. The resulting effect makes it possible to estimate the hydrodynamic resistance for a given law of
change in the longitudinal velocity averaged over the channel cross-section, as well as for a viscoelastic
fluid in a nonstationary flow. Thus, it is possible to determine the dissipation of the mechanical energy of
the medium, which is important in regulating hydraulic and pneumatic systems.
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Fig. 4. Hydrodynamic resistance over dimensionless oscillation frequency o, at different concentrations of the Newto-
nian fluid for De = 2.

CONCLUSIONS

The problems of oscillatory flow of a viscoelastic fluid in a flat channel for a given harmonic oscillation

of fluid flow are solved based on the generalized Maxwell model. The transfer function of the amplitude-
phase frequency response is determined. Using this function, the dependence of the hydrodynamic resis-
tance on the dimensionless oscillation frequency was studied for various values of the elastic Deborah
number and the concentration of the Newtonian fluid. It is shown that in the oscillatory flow of a visco-
elastic fluid, the hydrodynamic resistance decreases depending on the Deborah number. As this number
increases, the decrease becomes even more pronounced. This effect makes it possible to estimate the
hydrodynamic resistance for a given law of change in the longitudinal velocity averaged over the channel
cross-section, as well as for the flow of a viscoelastic fluid in a nonstationary flow, which allows determin-
ing the dissipation of the mechanical energy of the medium, which is important in regulating hydraulic
and pneumatic systems.
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