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Let C be a nonempty closed convex subset of complete CAT(0) space and T : C → C be a
mapping. Let x1 ∈ T be arbitrary and the sequence generated iteratively by

cn = T n((1− ρn)xn ⊕ ρnT nxn),

bn = T n(T ncn),

an = T n(T nbn),

xn+1 = T nan, n ≥ 1. (1)

Let (X , d) be a metric space and f : X → (∞,∞] be a proper and convex function. One of the
major problems in optimization is to find x ∈ X such that

f(x) = min
y∈X

f(y). (2)

The set of minimizers of f is denoted by arg miny∈X f(y).
We provide the following modified proximal point approach for nearly asympotically quasi-
nonexpansive mappings in CAT(0) spaces utilising the iteration process defined by Asifa et
al. :

x1 ∈ C

vn = arg min
c∈C

(
L(c) +

1

2λn
d2(c, xn)

)
,

un = arg min
b∈C

(
G(b) +

1

2ϕn
d2(b, vn)

)
,

cn = ((1− ρn)xn ⊕ ρnT nun),

bn = T n(T ncn),

an = T n(T nbn),

xn+1 = T nan, n ≥ 1. (3)

The proposed problem is illustrate convergence outcomes of the proposed process under
several moderate conditions based on previous work.

REFERENCES



АКТУАЛЬНЫЕ ПРОБЛЕМЫ АЛГЕБРЫ И АНАЛИЗА, ТЕРМЕЗ-2025 85

1.A. Tassaddiq, W. Ahmed, S. Zaman, A. Raza, U. Islam and K. Nantomah A
Modified Iterative Approach for Fixed Point Problem in Hadamard Spaces. Journal of Function
Spaces, 2024(2024) 10
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Lemma. Assume that a complete CAT(0) space Z has a nonempty closed and convex subset
D. The single-valued nonexpansive mappings are denoted by Ti : D → D; the multi-valued
nonexpansive mappings are denoted by Si : D → CB(D) for i = 1 : 3 and G, h : D → (−∞,∞]
are two proper convex and lower semi-continuous functions. Suppose that

Ω = U(T1) ∩ U(T2) ∩ U(T3) ∩ U(S1) ∩ U(S2) ∩ U(S3) ∩ arg min
y∈D

G(y) ∩ arg min
ζ∈D

h(ζ) 6= ∅

and Siq = {q}, i = 1 : 3 for q ∈ Ω. For u1 ∈ D, let the sequence {uk} is generated in the following
manner: 

sk = arg min
y∈D

[G(y) + 1
2λk

d2(y, uk)],

vk = arg min
ζ∈D

[h(ζ) + 1
2σk

d2(ζ, sk)],

ϕk = %kuk ⊕ ςkv′k ⊕ γkv′′k ,
Ψk = ψkuk ⊕ κkv′′′k ⊕ φkT1uk,

uk+1 = δkuk ⊕ ηkT2uk ⊕ ξkT3Ψk, for all k ∈ N.

(1)

where {%k}, {ςk}, {γk}, {ψk}, {κk}, {φk}, {δk}, {ηk} and {ξk} are sequences in (0, 1) such that

0 < a ≤ {%k}, {ςk}, {γk}, {ψk}, {κk}, {φk}, {δk}, {ηk}, {ξk} ≤ b < 1,

%k + ςk + γk = 1, ψk + κk + φk = 1, δk + ηk + ξk = 1, (2)

for all k ∈ N and {λk} is a sequence such that λk ≥ λ > 0 for all k ∈ N and some λ. Then, the
subsequent claims are true:
(i) lim

k→∞
d(uk, q) exists for all q ∈ Ω;

(ii) lim
k→∞

d(uk, sk) = 0; lim
k→∞

d(sk, vk) = 0;

(iii) lim
k→∞

dist(uk,Siuk) = 0, i = 1, 2, 3;

(iv) lim
k→∞

d(uk,Tiuk) = 0, i = 1, 2, 3;

(v) lim
k→∞

d(uk, Jλuk) = 0, lim
k→∞

d(uk, Jσuk) = 0.

Theorem. assume that a complete CAT(0) space Z has a nonempty closed and convex subset
D. The single-valued nonexpansive mappings are denoted by Ti : D → D; the multi-valued
nonexpansive mappings are denoted by Si : D → CB(D) for i = 1 : 3 and G, h : D → (−∞,∞]
are two proper convex and lower semi-continuous functions. Consider that

Ω = U(T1) ∩ U(T2) ∩ U(T3) ∩ U(S1) ∩ U(S2) ∩ U(S3) ∩ arg min
y∈D

G(y) ∩ arg min
ζ∈D

h(ζ) 6= ∅


