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Lemma. Assume that a complete CAT(0) space Z has a nonempty closed and convex subset
D. The single-valued nonexpansive mappings are denoted by Ti : D → D; the multi-valued
nonexpansive mappings are denoted by Si : D → CB(D) for i = 1 : 3 and G, h : D → (−∞,∞]
are two proper convex and lower semi-continuous functions. Suppose that

Ω = U(T1) ∩ U(T2) ∩ U(T3) ∩ U(S1) ∩ U(S2) ∩ U(S3) ∩ arg min
y∈D

G(y) ∩ arg min
ζ∈D

h(ζ) 6= ∅

and Siq = {q}, i = 1 : 3 for q ∈ Ω. For u1 ∈ D, let the sequence {uk} is generated in the following
manner: 

sk = arg min
y∈D

[G(y) + 1
2λk

d2(y, uk)],

vk = arg min
ζ∈D

[h(ζ) + 1
2σk

d2(ζ, sk)],

ϕk = %kuk ⊕ ςkv′k ⊕ γkv′′k ,
Ψk = ψkuk ⊕ κkv′′′k ⊕ φkT1uk,

uk+1 = δkuk ⊕ ηkT2uk ⊕ ξkT3Ψk, for all k ∈ N.

(1)

where {%k}, {ςk}, {γk}, {ψk}, {κk}, {φk}, {δk}, {ηk} and {ξk} are sequences in (0, 1) such that

0 < a ≤ {%k}, {ςk}, {γk}, {ψk}, {κk}, {φk}, {δk}, {ηk}, {ξk} ≤ b < 1,

%k + ςk + γk = 1, ψk + κk + φk = 1, δk + ηk + ξk = 1, (2)

for all k ∈ N and {λk} is a sequence such that λk ≥ λ > 0 for all k ∈ N and some λ. Then, the
subsequent claims are true:
(i) lim

k→∞
d(uk, q) exists for all q ∈ Ω;

(ii) lim
k→∞

d(uk, sk) = 0; lim
k→∞

d(sk, vk) = 0;

(iii) lim
k→∞

dist(uk,Siuk) = 0, i = 1, 2, 3;

(iv) lim
k→∞

d(uk,Tiuk) = 0, i = 1, 2, 3;

(v) lim
k→∞

d(uk, Jλuk) = 0, lim
k→∞

d(uk, Jσuk) = 0.

Theorem. assume that a complete CAT(0) space Z has a nonempty closed and convex subset
D. The single-valued nonexpansive mappings are denoted by Ti : D → D; the multi-valued
nonexpansive mappings are denoted by Si : D → CB(D) for i = 1 : 3 and G, h : D → (−∞,∞]
are two proper convex and lower semi-continuous functions. Consider that

Ω = U(T1) ∩ U(T2) ∩ U(T3) ∩ U(S1) ∩ U(S2) ∩ U(S3) ∩ arg min
y∈D

G(y) ∩ arg min
ζ∈D

h(ζ) 6= ∅
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and Siq = {q}, i = 1 : 3 for q ∈ Ω. For u1 ∈ D, let the sequence {uk} is generated by (1),
where {%k}, {ςk}, {γk}, {ψk}, {κk}, {φk}, {δk}, {ηk} and {ξk} are sequences in (0, 1) such that
it satisfies (2) and {λk} is a sequence such that λk ≥ λ > 0 for all n ∈ N and some λ. In turn,
the sequence {uk} ∆-converges to a point in Ω.
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This work presents a proposition that plays an important role in proving the boundary
Schwarz lemma for the matrix ball and characterizes properties related to smooth boundary
points.

Let Cn[m × m] be the set of all Z = (Z1, . . . Zn) vectors, consist of Zq(q = 1, 2, ..., n) ∈
C[m×m] matrices of orders m. For any Z,W ∈ Cn[m×m], the inner product defined as

〈Z,W 〉 = Z1W
∗
1 + ...+ ZnW

∗
n

where W ∗ is transpose complex conjugate of W and for any A,B ∈ C[m,m], the inner product
is given by

(A,B) =

m∑
i=1

m∑
j=1

aijbij ,

where A = (aij)m×m and B = (bij)m×m. The matrix ball of type I, denoted by Bm,n, is defined
as

Bm,n = {Z ∈ Cn[m×m] : I − 〈Z,Z〉 > 0} (1)

where I is the unit square matrix of order m, and the inequality sign means that the left-hand
side is positive definite[1].

Now, let us introduce the following notation

LZ =

n∑
q=1

ZqZ
∗
q , Z = (Z1, . . . , Zn) ∈ Cn[m×m]

It is easy to verify that LZ is self-adjoint, and using this, we can rewrite (??) as follows

Bm,n = {Z ∈ Cn[m×m] : I − LZ > 0}.


