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germs of plane curves and the corresponding links. There exists no conceptual proof of this
relation. All proofs consist of independent computation of the both sides and comparison
of the results.

One can consider the complex plane as the complexification of the real one. This way
one can consider algebraic links in the three-sphere S3

ε with the additional structure: the
complex conjugation. In this setting, there are at least two versions of the Poincaré series.
There is a problem to define an analogue (or analogues?) of the Alexander polynomial in
this setting and to compare it with the Poincaré series.
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Let A(z) be an antianalytic function, i.e. ∂A
∂z

= 0 in the convex domain D ⊂ C;
moreover, let |A(z)| ≤ c < 1 for all z ∈ D, where c =const. The function f(z) is said to
be A(z)–analytic in the domain D if for any z ∈ D, the following equality holds:

∂f

∂z̄
= A(z)

∂f

∂z
(17)

We denote by OA(D) the class of all A(z)–analytic functions defined in the domain
D.

According to, the function

ψ (a, z) = z − a+

∫
γ(a,z)

A(τ)dτ

is an A(z)–analytic function.
The following set is an open subset of arbitrary convex domain D :

L (a, r) = {|ψ (a, z) | < r} .

For sufficiently small r > 0, this set compactly lies in D (we denote this fact by L(a, r) ⊂⊂
D) and contains the point a. This set L(a, r) is called the A(z)–lemniscate centered at
the point a. The lemniscate L(a, r) is a simply - connected set (see [2]).

Initially, we introduce the Nevanlinna class for A(z)–analytic functions.
Let L(a, r) ⊂⊂ D and f(z) ∈ OA(L(a, r)). This function belongs to the class

Nevanlinna NA if its mean

1

2πρ

∫
|ψ(a,z)|=ρ

ln+ |f(z)||dz + A(z)dz̄| (18)
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is uniformly bounded, sup
ρ<r

{
1

2πρ

∫
|ψ(a,z)|=ρ

ln+ |f(z)||dz + A(z)dz̄|

}
< +∞.

Now, we define the concepts of angular and radial limits of A(z)–analytic functions in
lemniscate L(a, r) ⊂⊂ D. The radial limits of the function f(z) at some point ζ ∈ ∂L(a, r)
is denoted as f ∗(ζ), and the angular limits is denoted as f ∗

<(ζ).
In the classical case of the disk U = {|w| < 1} ⊂ Cw, the limit by the radius τζ =

{w = tζ}, 0 ≤ t ≤ 1, ζ ∈ ∂U of the function φ(w),

φ∗(ζ) = lim
w→ζ,w∈τζ

φ(w)

is called the radial limit, and the limit by the angle <⊂ U , leaving the point ζ ∈<, is
called the angular limit,

φ∗
<(ζ) = lim

w→ζ,w∈<ζ

φ(w).

Since lemniscate L(a, r) is a simply connected domain with a real analytic boundary, then
according to Riemann’s theorem there exists a conformal map χ(z) : U → L(a, r), which is
also conformal in some neighborhood of closure Ū . Let χ maps the boundary point λ ∈ ∂U
to the boundary point ζ ∈ ∂L(a, r). Then the curve γζ has the property that it connects
points a, ζ and is perpendicular to all lines of level ∂L(a, ρ) = {|ψ(a, z)| = ρ}, 0 < ρ ≤ r.
In the theory of A(z)–analytic functions, the curve γζ = χ(τλ) plays the role of the radial
direction, and the image of the angle χ(<) plays the role of the angular set at the point
ζ ∈ ∂L(a, r). We will denote this angle by <=<ζ . The limit f ∗(ζ) = lim

z→ζ,z∈γζ
f(z) is called

the radial limit, and f ∗
<(ζ) = lim

z→ζ,z∈<ζ

f(z) is the angular limit of the function f(z) at the

point ζ ∈ ∂L(a, r) (see [3]).
Theorem 1. Any function f(z) ∈ NA(L(a, r)) is represented as a ratio of two bounded

functions,

f(z) =
f1(z)

f2(z)
, f1(z), f2(z) ∈ OA(L(a, r)), |f1(z)|, |f2(z)| ≤ C <∞, ∀z ∈ L(a, r).

As is known, the bounded A(z)–analytic function in lemniscate L(a, r) has radial (angular)
limits f ∗(ζ) almost everywhere on the boundary ∂L(a, r) (see [3]). From Theorem 1 we
have a stronger statement:

Corollary 1. A function of class f(z) ∈ NA(L(a, r)) has radial(angular) limits f ∗
<(ζ)

almost everywhere on the boundary ∂L(a, r).
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