MUHNCTEPCTBO HAYKUM U BBICHIEI'O OBPA3OBAHUA P®
YOUMCKUI YHUBEPCUTET HAYKI 1 TEXHOJIOT T

HAYYHO-OBPA3OBATE/ILHBINT MATEMATUYECKIN [TEHTP
I[TPUBOJI2ZKCKOI'O ®EJEPAJIBHOI'O OKPYTA

VUHCTUTYT MATEMATUKU
C BBIYUCJ/IUTE/IBHBIM HEHTPOM Y®UIl PAH

MATEPHMAJIBI ME2KJIVHAPO/JTHON
HAYYHOMN KOH®EPEHIINN
«YOPUNMMCKAS OCEHHAA MATEMATUNYECKAA ITTKOJIA — 2024»
Tom 1
r. Yda, 2 oxrsabps — 5 okrsabps 2024 r.

CEKIIUN:
«CHEKTPAJILHASI TEOPUS OIIEPATOPOB»
«KOMIIJIEKCHBII 1 ®YHKIIMOHAJJbHBII AHAJIN3»
«HEJINMHENHBIE YPABHEHU A »

Yda
AsTepHa
2024



PROPERTIES OF THE A(z)-HARMONIC MAJORANT
B.E. Husenov, F.Sh. Rahmonova
b.e.husenov@buxdu.uz, feruzarakhmonova@mail.ru

VJIK 517.544

We consider A(z)—analytic functions in the case when A(z) is an an-
tianalytic function. Here we will introduce A(z)-harmonic majorants
and we will show their properties.
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Let A(z) be an antianalytic function, i.e. 22 = 0 in the convex domain
D C C; moreover, let |A(z)] < ¢ < 1 for all z € D. The function f(z) is
said to be A(z)-analytic in the domain D if for any z € D, the following

equality holds:
of _ of
57 = AR5, (1)

We denote by O4(D) the class of all A(z)-analytic functions defined
in the domain D.
According to, the function ¢ (a,2) =z —a+ [ A(7)dr is an A(z)-
v(a,2)
analytic function.

The following set is an open subset of arbitrary convex domain D:

L(a,r)=<|¢¥(a,2)|=|z—a+ / A(r)dr| <r
v(a;2)

For sufficiently small r > 0, this set compactly lies in D (we denote this
fact by L(a,r) CC D) and contains the point a. This set L(a,r) is called
the A(z)-lemniscate centered at the point a. The lemniscate L(a,r) is a
simply - connected set (see [1]).

Let f = u + iv.

Theorem 1. (see [3]). The real part of the A(z)-analytic functions of
f(z) € Oa(D) satisfies equation

0 1 ou
= g (e (0005 -5 ) )+

+% <1_71‘A|2 ((1+ A2 )7 —2A§Z>> ~0 (2)

in the domain of D.
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In connection with Theorem 1, it is natural to define the A(z)-harmonic
function as follows.

Definition 1 (see [3]). A double differentiable function v € C*(D), wu :
D — R is called A(z)—harmonic in the D domain if the D domain if it
satisfies the differential equation (2).

The class of A(z)-harmonic functions in the domain of D is denoted
as ha(D). Thus, the real part and hence the imaginary part, of the A(z)-
harmonic function in the domain of D.

Theorem 2 (see [2], on the mean of A(z)-harmonic function in
lemniscate). Let D be a conver domain. Then if u(z) is an A(z)-harmonic
function in lemniscate L(a,r) C D, then for any p < r take place

u(a)zﬁ / w(€)|de + A(€)dé|.

[¥(a,8)|=p

Using the averaging operator (3), we can determine A(z)-subharmonic
functions.

Definition 2 (see [2]). The function u(z) : D — [—00,00) is called
A(z)-subharmonic in the domain D C C if it is semi-continuous from
above, limu(w) < wu(z), Vz € D and the inequality of average 1s valid:

w—z

u(a) <

u(Q)]d¢ + A(¢)dc|»

[¥(a,Q)|=r

1
2rr

for any fized point a € D and for any lemniscate L(a,7) CC D, where
r > 0.

The class A(z)-subharmonic in the domain of D functions is denoted
by sha(D).

To do this, we need the concepts of harmonic majorants of subharmonic
functions.

Definition 3. Let v(z) € sha(L(a,r)). Then A(z)-harmonic in
lemniscate L(a,r) function u(z) € ha(L(a,r)) is called the A(z)-harmonic
magjorant of v, if v(z) < u(z), Vz € L(a,r). Note that if v(z) € sha(D)
and L(a,r) CC D, then the solution of the Dirichlet problem

w(z) € ha(L(a,7)), w(2)lor(a,r) = v(2)|oL(a,r)

is the A(z)—harmonic majorant of the function v(z), w(z) > v(z), Vz €
L(a,r).

Note that if v(z) € sha(D) and L(a,r) CC D, then the solution of the
Dirichlet problem w(z) € ha(L(a,7)), w(2)|on(a,ry = v(2)|oL(a,r) is the
A(z)~harmonic majorant of the function v(z), w(z) >v(z), Vz € L(a,r).
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Theorem 3. In order to the A(z)-subharmonic function v(z) €
sha(L(a,r)) in lemniscate L(a,7) has a harmonic majorant u(z) €
ha(L(a,r)), u(z) > w(z), it is necessary and sufficient that the

family of integrals [ |v(z)||dz + A(z)d2| 18 uniformly bounded, i.e.
9L(a,p)

sup{ J v(z)|dz+A(z)d2’} < oo-

P<T 9L (a,p)

Theorem 4. Let u(z) € ha(L(a,r)) be such that [ |u(z)||dz +
OL(a,p)

A(z)dz| is uniformly bounded, sup{ J |u(z)||dz+A(z)d2} < oo-
p<r | 9L(a,p)

Then u(z) s represented as the difference of two positive A(z)-harmonic

functions, u(z) = u1(z) — u2(2), where u1(z) > 0, u2(2) > 0.
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