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We consider A(z)–analytic functions in the case when A(z) is an an-
tianalytic function. Here we will introduce A(z)–harmonic majorants
and we will show their properties.
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Let A(z) be an antianalytic function, i.e. ∂A
∂z

= 0 in the convex domain
D ⊂ C; moreover, let |A(z)| ≤ c < 1 for all z ∈ D. The function f(z) is
said to be A(z)�analytic in the domain D if for any z ∈ D, the following
equality holds:

∂f

∂z̄
= A(z)

∂f

∂z
(1)

We denote by OA(D) the class of all A(z)�analytic functions de�ned
in the domain D.

According to, the function ψ (a, z) = z − a+
∫

γ(a,z)

A(τ)dτ is an A(z)�

analytic function.
The following set is an open subset of arbitrary convex domain D:

L (a, r) =

|ψ (a, z) | =

∣∣∣∣∣∣∣z − a+

∫
γ(a,z)

A(τ)dτ

∣∣∣∣∣∣∣ < r

 .

For su�ciently small r > 0, this set compactly lies in D (we denote this
fact by L(a, r) ⊂⊂ D) and contains the point a. This set L(a, r) is called
the A(z)�lemniscate centered at the point a. The lemniscate L(a, r) is a
simply - connected set (see [1]).

Let f = u+ iv.

Theorem 1. (see [3]). The real part of the A(z)�analytic functions of
f(z) ∈ OA(D) satis�es equation

∆Au =
∂

∂z

(
1

1− |A|2

(
(1 + |A|2)∂u

∂z̄
− 2A

∂u

∂z

))
+

+
∂

∂z̄

(
1

1− |A|2

(
(1 + |A|2)∂u

∂z
− 2Ā

∂u

∂z̄

))
= 0 (2)

in the domain of D.
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In connection with Theorem 1, it is natural to de�ne theA(z)�harmonic
function as follows.

De�nition 1 (see [3]). A double di�erentiable function u ∈ C2(D), u :
D → R is called A(z)−harmonic in the D domain if the D domain if it
satis�es the di�erential equation (2).

The class of A(z)�harmonic functions in the domain of D is denoted
as hA(D). Thus, the real part and hence the imaginary part, of the A(z)�
harmonic function in the domain of D.

Theorem 2 (see [2], on the mean of A(z)�harmonic function in
lemniscate). Let D be a convex domain. Then if u(z) is an A(z)�harmonic
function in lemniscate L(a, r) ⊂ D, then for any ρ < r take place

u(a) =
1

2πρ

∫
|ψ(a,ξ)|=ρ

u(ξ)
∣∣dξ +A(ξ)dξ̄

∣∣, (3)

Using the averaging operator (3), we can determine A(z)�subharmonic
functions.

De�nition 2 (see [2]). The function u(z) : D → [−∞,∞) is called
A(z)�subharmonic in the domain D ⊂ C if it is semi-continuous from
above, lim

w→z
u(w) ≤ u(z), ∀z ∈ D and the inequality of average is valid:

u(a) ≤ 1

2πr

∫
|ψ(a,ζ)|=r

u(ζ)
∣∣dζ +A(ζ)dζ̄

∣∣,
for any �xed point a ∈ D and for any lemniscate L(a, r) ⊂⊂ D, where
r > 0.

The class A(z)�subharmonic in the domain of D functions is denoted
by shA(D).

To do this, we need the concepts of harmonic majorants of subharmonic
functions.

De�nition 3. Let v(z) ∈ shA(L(a, r)). Then A(z)�harmonic in
lemniscate L(a, r) function u(z) ∈ hA(L(a, r)) is called the A(z)�harmonic
majorant of v, if v(z) ≤ u(z), ∀z ∈ L(a, r). Note that if v(z) ∈ shA(D)
and L(a, r) ⊂⊂ D, then the solution of the Dirichlet problem

ω(z) ∈ hA(L(a, r)), ω(z)|∂L(a,r) = v(z)|∂L(a,r)

is the A(z)�harmonic majorant of the function v(z), ω(z) ≥ v(z), ∀z ∈
L(a, r).

Note that if v(z) ∈ shA(D) and L(a, r) ⊂⊂ D, then the solution of the
Dirichlet problem ω(z) ∈ hA(L(a, r)), ω(z)|∂L(a,r) = v(z)|∂L(a,r) is the
A(z)�harmonic majorant of the function v(z), ω(z) ≥ v(z), ∀z ∈ L(a, r).
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Theorem 3. In order to the A(z)�subharmonic function v(z) ∈
shA(L(a, r)) in lemniscate L(a, r) has a harmonic majorant u(z) ∈
hA(L(a, r)), u(z) ≥ v(z), it is necessary and su�cient that the
family of integrals

∫
∂L(a,ρ)

|v(z)|
∣∣dz + A(z)dz̄

∣∣ is uniformly bounded, i.e.

sup
ρ<r

{ ∫
∂L(a,ρ)

|v(z)|
∣∣dz +A(z)dz̄

∣∣} <∞.

Theorem 4. Let u(z) ∈ hA(L(a, r)) be such that
∫

∂L(a,ρ)

|u(z)|
∣∣dz +

A(z)dz̄
∣∣ is uniformly bounded, sup

ρ<r

{ ∫
∂L(a,ρ)

|u(z)|
∣∣dz +A(z)dz̄

∣∣} < ∞.

Then u(z) is represented as the di�erence of two positive A(z)�harmonic
functions, u(z) = u1(z)− u2(z), where u1(z) > 0, u2(z) > 0.
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