
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

6/2025 

Е-ISSN 2181-1466 

 

 

 

9 7 7 2 1 8 1 1 4 6 0 0 4 

ISSN 2181-6875 

 

 

 

9 7 7 2 1 8 1 6 8 7 0 0 4 

6
/2

0
2
5

 



MUNDARIJA   ***    СОДЕРЖАНИЕ ***     CONTENTS 

MATEMATIKA ***  MATHEMATICS ***   МАТЕМАТИКА  

Joʻrayeva N.O., 

Oʻktamova F.Sh. 

Logarifmik tengsizliklar va ularni yechish metodikasi 

 

4 

 

Мамадалиев Н., 

Абдуолимова Г.M., 

Шарипова С.Т. 

Метод разрешающих функций для решения задачи 

преследования с интегральными ограничениями на 

управления игроков 

 

9 

Сатторов Э.Н., 

Пулатов О.У. 

Теорема фока-куни для двумерного гравитационного поля 

в ограниченной области 

13 

Орипов Д. Д. Нелокальная начально-краевая задача для уравнения, 

вырождающегося на границе области, в частных 

производных высокого четного порядка 

 

19 

Жураев Ш.И., 

Отажонова С.Ш. 

Распространение волн в двухслойной вязкоупругой среде 27 

Сатторов Э.Н., 

Актамов Х.С. 

Аналог теоремы фока-куни для магнитного потенциала в 

двумерной ограниченной области 

34 

Hasanov I.I., 

Rasulova N.N., 

Aslonova Sh.S. 

Bessel tenglamasi uchun shturm–liuvill masalasining ayrim 

chegaraviy holatlarda yechimlarini o‘rganish 

 

38 

Qarordinov S.R. Bessel funksiyalari haqida umumiy ma’lumot va bessel 

operatoriga qo‘yilgan koshi masalasi 

45 

Kurdashov Sh.M. Real rational parametrization of an algebraic curve 52 

Husenova J.T. To‘rt o‘lchamli qo‘zg‘alishga ega fridrixs modeli sonli 

tasvirini tadqiq qilish 

56 

Faxridinova M.F. Xorazmiy asarlarida geometrik tafakkur manbalari 61 

Xasanov A.B., 

Ermamatova F.E. 

Chegaralanmagan soha uchun bir jinsli boʻlmagan koshi–

riman sistemasi yechimining integral koʻrinishi 

65 

Husenov B.E. Generalization Smirnov’s theorem for A(z)-analytic function 71 

Maxammadzokirov Sh.Sh. About one matrix equation in integral form 77 

Muhammadjonova M.A. Kesilgan oktaedr qirralari bo’ylab uch quvlovchi va bir 

qochuvchining tutish differensial o’yini 

 

82 

Nematova P.N. Stoxastik kubik matritsalar uchun koʻpaytma amali 88 

Muzaffarova D.B. Dulac-cherkas functions for planar systems equivalent to the 

brusselator model 

92 

Насиров У.Ф., 

Худайбердиев О.Ж., 

Норов Ғ.М. 

Определение коэффициента запаса устойчивости центра 

тяжести горного массива 

 

 

96 

Jo‘raqulov A.J. Taqsimotlarning to‘lqin fronti haqida 102 

FIZIKA ***  PHYSICS ***   ФИЗИКА 

Есенжол Д.Қ., 

Шарипов М.З., 

Сакипов К.Е. 

Требования к конструкциям перемешивающих устройств 

для биогазовых установок 

 

107 

Ахметов С.К., 

Шарипов М.З., 

Сакипов К.Е. 

Использования современных средств автоматизации в 

биогазовых установок 

 

112 

Ахмедов А., 

Абдуллуев О. 

Нелинейные уравнение движения упруго подвещенного 

твердого тела переменной мяссы 

118 



MATHEMATICS  

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2025/6 (123)  71 

 

UDC 517.544.7 

 

GENERALIZATION SMIRNOV’S THEOREM FOR A(z)-ANALYTIC FUNCTION 

 

Husenov Behzod Erkin ugli, 

PhD, Assosiative Professor 

b.e.husenov@buxdu.uz 

 

Abstract. We consider ( )A z − analytic functions in case when ( )A z  is antianalytic function. The 

paper introduces some classes for ( )A z − analytic functions. Also, a generalized Smirnov theorem for 

( )A z − analytic functions is proved and a corollary of this theorem is formulated.   

Key words: ( )A z − analytic function, ( )A z − lemniscate, class ,p

AE  C  classes of domains. 

 

SMIRNOVNING A(z)-ANALITIK FUNKSIYA UMUMIY TEOREMASI 

 

Annotatsiya. Ushbu maqolada ( )A z  funksiyani antianalitik bo‘lgan holda ( )A z − analitik 

funksiyalarni qaraymiz. Bu maqolada ( )A z − analitik funksiyalar uchun ba’zi sinflar kiritilgan. 

Shuningdek, ( )A z − analitik funksiyalar uchun Smirnov umumlashgan teoremasi isbotlangan va bu 

teoremaning natijasi ham keltirilgan. 

Kalit so‘zlar: ( )A z − analitik funksiya, ( )A z − lemniskata, 
p

AE  sinfi, sohalarning C  sinfi. 

 

ОБОБЩЕНИЕ ТЕОРЕМЫ СМИРНОВА ДЛЯ A(z)-АНАЛИТИЧЕСКОЙ ФУНКЦИИ 

 

Аннотация. Мы рассматриваем ( )A z − аналитические функции в случае, когда ( )A z  

антианалитическая функция. В работе вводится некоторых классов для ( )A z − аналитических 

функций. Также, доказывается обобщённая теорема Смирнова для ( )A z − аналитических функций 

и сформулировать следствие эта теорема.   

Ключевые слова: ( )A z − аналитическая функция, ( )A z − лемниската, класс ,p

AE  C  классов 

областей.  

 

Introduction. 

1.1. A(z)-analytic functions. Let ( )A z  be antianalytic function in the domain D Ј  and there  

is a constant 1c   such that | ( ) |A z c  for all .z D  The  function ( )f z  is said to be 

( )A z − analytic in the domain D  if for any ,z D  the following equality  holds:    

( ) . (1)
f f

A z
z z

 
=

 
 

We denote by ( )AO D  the class of all ( )A z − analytic functions defined in the domain .D  

Since an  antianalytic function  is infitely  smooth,  then ( ) ( )AO D C D  (see [1]).  In this case, 

the following takes place: 

Theorem 1 (see [3], analogue of Cauchy integral theorem). If ( ) ( ),Af O D C D I  where 

D Ј  is a domain with smooth ,D  then 

( )( ) ( ) 0.
D

f z dz A z dz


+ =  
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^ 

Now we assume that the domain D Ј  is convex, and D   is a fixed point in it. Since the 

function ( )A z  is analytic, the integral 

( ),

( ) ( )
z

I z A d
 

 =   

is independent of the path of integration; it coincides with the antiderivative '( ) ( ).I z A z=  

Consider the function 

( )

( ),

1 1
, ,

2 ( )
z

K z
i z A d

 


   

= 
− + 

 

where ( ), z   is a smooth curve which connects the points , z D   (see [5]). 

Theorem 2 (see [5]). ( ),K z   is an  ( )A z − analytic function  outside  of the  point 

,z =  i.e. ( ) ( ), \{ } .AK z O D   Moreover,  at z =  the function  ( ),K z   has a simple pole. 

Remark 1 (see [5]).  If a simply connected domain D Ј  is not convex, then the function 

( ), ( )z z I z  = − +  

although  well defined  in ,D  may  have  other  isolated  zeros  except :  ( ), 0z  =  for  

except 1 2{ , , ,...}.z P    =  Consequently, ( ),AO D   ( ), 0z  =  when z P  and 

( ),K z   is an ( )A z − analytic function  only in \ ,D P  it has poles at the points of .P   Due to 

this fact we consider the class of ( )A z − analytic functions  only in convex domains. 

According to [5], Theorem 1.2, the function ( ), z   is an ( )A z − analytic function. The 

following set is an open subset of :D  

 ( , ) : ( , ) .L a r z D a z r=    

For  suffiently  small 0r   this  set  compactly  lies in D  (we denote  it  by ( , )L a r D )  

and contains  the  point .a  The  set ( , )L a r  is called an ( )A z − lemniscate centered  at  the  point 

.a   The lemniscate ( , )L a r  is a simply-connected set (see [5]). 

Theorem 3 (see [4], Cauchy’s integral formula). Let D Ј  be a convex domain and 

G D  be an  arbitrary subdomain  with a  smooth  or  piecewise  smooth .G  Then  for  any  

function ( ) ( )( ) ,Af z O G C G I  the following formula holds: 

( ) ( ) ( )( )( ) , , . (2)
G

f z K z f d A d z G    


= +    

1.2. Angular limits and Hardy classes for A(z)-analytic functions. Let  

( , )L a r D   and  ( )( ) ( , ) .Af z O L a r   We define the  concepts  of angular  and  radial limits  

of ( )A z − analytic functions  in lemniscate  ( , ).L a r  The  radial  limits of the function ( )f z  at  

some point ( , )L a r   are denoted  as ( )*f   and the angular  limits are denoted  as ( )f 

  

(see [7]).  

In  the  classical  case  of the  disk  1 ,wU w=    the  limit  by  the   ,w t = =  

0 1,t   U   of the function  ( ),g w  

( )*

,
lim ( )

w w
g g w

 


→ 
=  
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is called the radial limit, and the limit by the angle ,U  ending at the point ,U   is 

called the angular limit, 

( )
,

lim ( ).
w w

g g w




→ 
=  

Since lemniscate ( , )L a r  is a simply connected  domain  with  a real analytic  boundary, then  

according  to Riemann’s  theorem  there  exists  a conformal  map ( ) : ( , ),z U L a r →  which is also 

conformal  in some neighborhood  of closure .U  Let   maps  the  boundary point U  to the 

boundary point ( , ).L a r   Then the curve ( )   =  has the property that it connects points 

,a    and is perpendicular to all lines of level ( )  , ( , ) ,L a a z   = =  0 .r   In the 

theory of ( )A z − analytic functions,  the  curve   plays the  role of the  radial  direction,  and  the 

image  of the  angle  ( )  plays  the  role of the angular  set  at  the  point ( , ).L a r   We will 

denote this angle by .=   The  limit  ( )*

,
lim ( )

z z
f z f

 


→ 
=   is called  the  radial  limit,  and is 

the angular limit of the function  ( )f z  at the point ( , )L a r   (see [7]). 

Now we will show the smoothness of the boundary of lemniscate  ( ), .L a r  For this, we take 

automorphism ( )1( ) : ,z L a r U − →  by Riemann’s theorem. Let there be some neighborhood  

( ) , ,iV a re    = =   for  0.   Also has ( )1 V U −    and ( )1

0 0 .U  − =   

Further, there  is a diffeomorphism ( )  1ln : 1;1 .i V  −= − → −  This diffeomorphism represents 

all boundary points  of the differentiability of the function 
*( )f   and ( )f 

  (see [8]).  

Next, we introduce the Hardy class for ( )A z − analytic functions: 

Definition 1 (see [7]). The Hardy class ,p

AH  0p   for ( )A z − analytic functions is the set 

of all functions  ( )f z  such that  its averages 

( , )

1
( ) ( ) (3)

2

p

a z

f z dz A z dz
 


=

+  

are uniformly bounded for ,r   i.e. 

( , )

1
sup ( ) ( ) .

2

p

r
a z

f z dz A z dz


 


=

+    

Let us define a class of bounded functions  

( )( ) ( )( )
( )

 
,

, ( ) , : sup ( ) .A A
z L a r

H L a r f z O L a r f z



 
=    
 

 

The norm in ( )( ),AH L a r
 is defined as 

( )
 

,

sup ( ) .
z L a r

f f z


=   

1.3. The Fatou’s theorems and Cauchy’s integral formula for Hardy class 
1 .AH  Now, we will 

consider the Fatou’s theorem for the class of functions 
1 .AH   

Theorem 4 (see [7], the Fatou’s theorem for the class of functions 
1

AH ). If ( )1( ) ( , ) ,Af z H L a r  

then the angular limit  

( )*

,
lim ( )

z z
f f z




→ 
=S

S
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exists and is finite for almost all ( , ),L a r   except, perhaps, the points of some set E  of 

measure zero. 

The following statements follow from Theorem 4: 

Theorem 5 (see [7]). If ( )1( ) ( , ) ,Af z H L a r  then ( ) ( )* 1 ( , ) .Af L L a r    As r →  

( ) ( ) ( )
( )

*

( , ) ,

( ) (4)
a z a r

f z dz A z d z f d A d
   

   
= =

+ → +   

and  

( )*

( , )

( ) ( ) 0. (5)
a z

f z f dz A z dz
 


=

− + →  

According to Cauchy integral formula (2) for lemniscates ( , )L a r  

( ) ( )
( )

( )( )
,

1
( ) , .

2
a

f z f K z d A d
i
  

    


=

= +  

we conclude that 

( ) ( )
( )

( )( )*

,

1
( ) , . (6)

2
a r

f z f K z d A d
i
 

    


=

= +  

This is the Cauchy integral formula for functions of 
1 .AH  

We show a boundary uniqueness theorem for the Hardy class 
1 :AH  

Theorem 6 (see [7]). Let ( )1( ) ( , ) .Af z H L a r  Suppose that for some set ( , )M L а r   of 

positive measure ( )* 0,f  =  .M   Then ( ) 0.f z   

Analysis results. First, we will introduce one more class. Let ( , )L a r D  be bounded by a 

rectifiable Jordan curve .l  

Definition 2. A function ( )f z  ( )A z − analytic in the lemniscate ( , ),L a r  belongs to class ,pE  

0,p   if there exists a sequence of rectifiable curves nl  converging to l  and such that  

0, ( ) ( ) . (7)

n

p

l

M f z dz A z dz M  +   

The functions of this class were introduced by V.I.Smirnov and we will designate them as .p

AE  

The bounded Jordan rectifiable curves for which the logarithm of the modulus of the derivative of the 

function that gives a conformal mapping of the boundary lemniscate onto these domains is represented by the 

Poisson integral, we will call domains of class C  (Smirnov). 

Now we formulate Smirnov's theorem for ( )A z − analytic functions: 

Theorem 7. Let ( )f z  belong to class 
p

AE  in the lemniscate ( , )L a r  of classes ;C  then if the 

function ( )*f S  - the modulus of the angular boundary values of the function ( )f z  is summable on the 

boundary ( , )L a r  to the power of q p  i.e. the integral is  

1 1

( , )

0, ( ) ( ) ,
q

L a r

M f z dz A z dz M


  +   

then ( )f z  belongs to class .q

AE   
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Proof. Let us consider function ( )( )
1

( ) ( ) '( ) pF w f w w =  in lemniscate 

( ) : , ,w w b R   where ( )b a=  is the center. As shown from the above, if ( )f z  belongs to class 

p

AE  in lemniscate ( , )L a r  of class ,C  then for function ( )( )f z  the provision (4) is satisfied. But then 

for function ( )F w  (4) also holds. Indeed,  

( )
1

ln ( ) ( ) ln ( ) ( ) ln '( ) ( ) ,q

E E E

F z dz A z dz F z dz A z dz z dz A z dz + + ++  + + +  
 

since 
1'( ) ,Aw H   and for function ( )( )f z  (4) holds, then at ( ) ,E   ( , )E L a    

and 0 ,r   

1

ln ( ( )) ( ) , ln '( ) ( ) .
2 2

q

E E

F z dz A z dz z dz A z dz
 

 + ++  +    

And we get that  

ln ( ) ( ) .
E

F z dz A z dz + +   

By the condition of Theorem  

( ) ( )*

1

( , )

ln .
L a r

f d A d M   +



+  S
 

whence  

( ) ( )*

1

( , )

ln .
L a r

f d A d M   +



+  S
 

This shows that the function ( )F   is summable to the boundary ( ) ,b w r =  to the power 

,q  since ( ) ( )( ) ( )' .
qq

F f    =  

For function ( )F w  (4) holds, but then from condition  

( )
( )

( )2 2

,

0, .
q

b w R

M F d A d M


   
=

  +   

it follows that ( )F w  belongs to class 
p

AH  in domain ( ) : , .w w b R   Therefore,  

( )
( ) 1

2 1

,

( ) ,0 ,
q

b w R

F w dw A w dw M R R
 =

+     

whence  

( )
( )

( ) ( ) ( )
( )

2

( , ) , ,

( ) ( ) ( ) ' ( ) ,
qq q

L a b R b R

f z dz A z dz f d A d F d A d M
    

          
 = =

+ = + = +   

 

which means that ( )f z  belongs to class 
q

AE  in the domain ( , ).L a r  In the case where the domain 

( , ),L a r  bounded by a straight-rectifiable curve ,  is not a domain of class ,C  we have seen that it is 

always possible to construct a function ( )f z  belonging in domain ( , )L a r  to class 
1 ,AE  whose boundary 

values are almost everywhere on the boundary ( , )L a r  equal in absolute value to one, and not included in 

class 
p

AE  for 1,p   i.e. the theorem just proved is not true in such domains. 

From this theorem the following corollary follows: 
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Corollary 1. If ( )f z  belongs to class 
p

AH  and ( )*
q

f S  is a summable function, then ( )f z  

belongs to class .q

AH  

Conclusion. The theory of 
pH  and 

pE  spaces has  its origins  in discoveries made forty or fifty 

years ago by  such  mathematicians  as G.H.Hardy,  I.I.Privalov, F. and M. Riesz, V.I.Smirnov. Most of this 

early work is  concerned with  the properties  of  individual functions  of  class  
pE  and is classical in spirit. 

Smirnov's theorem was proved in the simple case for ( )A z − analytic functions in [6]. In this paper we 

generalized this theorem. 
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