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ESTIMATES OF AAA(((zzz)))-HARMONIC AND AAA(((zzz)))-ANALYTICAL FUNCTIONS

B.E. Husenov1,M.K. Hamidova1

1Bukhara State University, Muhammad Ikbal str. 11, Bukhara, 200118,
husenovbehzod@mail.ru, muattar8265@icloud.com

Introduction. Let A(z) be an antianalytic function, i.e. ∂A
∂ z = 0 in the convex domain D ⊂ C;

moreover, let |A(z)|⩽ c < 1 for all z ∈ D, where c =const. The function f (z) is said to be A(z)-analytic
in the domain D if for any z ∈ D, the following equality holds:

∂ f
∂ z̄

= A(z)
∂ f
∂ z

(1)

We denote by OA(D) the class of all A(z)-analytic functions defined in the domain D.
According to, the function ψ(a,z) = z−a+

r

γ(a,z)
A(τ)dτ is an A(z)-analytic function. The following

set is an open subset of arbitrary convex domain D:

L(a,r) = {|ψ(a,z) |< r} .

For sufficiently small r > 0, this set compactly lies in D (we denote this fact by L(a,r)⊂⊂ D) and
contains the point a. This set L(a,r) is called the A(z)-lemniscate centered at the point a. The lemniscate
L(a,r) is a simply - connected set (see [1]).

Let f = u+ iv.

Theorem 1. (see [3]). The real part of the A(z)-analytic functions of f (z)∈ OA(D) satisfies equation

∆Au =
∂

∂ z

(
1

1−|A|2

(
(1+ |A|2)∂u

∂ z̄
−2A

∂u
∂ z

))
+

∂

∂ z̄

(
1

1−|A|2

(
(1+ |A|2)∂u

∂ z
−2Ā

∂u
∂ z̄

))
= 0 (2)

in the domain of D.

In connection with Theorem 1, it is natural to define the A(z)-harmonic function as follows.

Definition 1 (see [3]). A double differentiable function u ∈ C2(D), u : D → R is called A(z)−
−harmonic in the D domain if the D domain if it satisfies the differential equation (2).

The class of A(z)-harmonic functions in the domain of D is denoted as hA(D).
Theorem 1 (see [2], on the mean of A(z)-harmonic function in lemniscate). Let D be a convex

domain. Then if u(z) is an A(z)-harmonic function in lemniscate L(a,r)⊂ D, then for any ρ< r take place

u(a) =
1

2πρ

w

|ψ(a,ξ)|=ρ

u(ξ)
∣∣dξ+A(ξ)dξ̄

∣∣. (3)

Theorem 2 (see [3], analogue of the Poisson formula for A(z)-harmonic functions). If the function
ω(ζ) is continuous on the boundary of the lemniscate L(a,r), then the function

u(z) =
1

2πr

w

|ψ(a,ζ)|=r

ν(ζ)
r2 −|ψ(a,z)|2

|ψ(ζ,z)|2
∣∣dζ+A(ζ)dζ̄

∣∣ (4)

is the solution of the Dirichlet problem in L(a,r), i.e. u(z) ∈ hA(L(a,r))∩C (L̄(a,r)) : u(z)|∂L(a,r) = ν(ζ),

where P(z,ζ) = r2−|ψ(a,z)|2
|ψ(ζ,z)|2 .
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Formula (4) are called an analogue of the Poisson formula for A(z)-harmonic functions.
Using the averaging operator (3), we can determine A(z)–subharmonic functions.
Definition 2. (see [2]). The function u(z) : D → [−∞;∞) is called A(z)–subharmonic in the domain

D ⊂C if it is semi-continuous from above, lim
w→z

u(w)⩽ u(z), ∀z ∈ D and the inequality of average is valid:

u(a)⩽
1

2πr

w

|ψ(a,ζ)|=r

u(ζ)
∣∣dζ+A(ζ)dζ̄

∣∣,
for any fixed point a ∈ D and for any lemniscate L(a,r) ⊂⊂ D.

Now, we define the concepts of angular and radial limits of A(z)-analytic functions in lemniscate
L(a,r)⊂⊂ D. The lemniscate L(a,r) is a simply connected domain with a real analytic boundary, then
according to Riemann’s theorem there exists a conformal map χ(z) : U → L(a,r), which is also conformal
in some neighborhood of closure Ū . Let χ maps the boundary point λ ∈ ∂U to the boundary point
ζ ∈ ∂L(a,r). Then the curve γζ has the property that it connects points a,ζ and is perpendicular to all lines
of level ∂L(a,ρ) = {|ψ(a,z)|= ρ},0 < ρ⩽ r. In the theory of A(z)-analytic functions, the curve γζ = χ(τλ)
plays the role of the radial direction, and the image of the angle χ(<) plays the role of the angular set at the
point ζ ∈ ∂L(a,r). We will denote this angle by <=< ζ. The limit f ∗(ζ) = lim

z→ζ,z∈γζ
f (z) is called the radial

limit, and f ∗<(ζ) = lim
z→ζ,z∈<ζ

f (z) is the angular limit of the function f (z) at the point ζ ∈ ∂L(a,r) (see [4]).

For a boundary measurable subset of lemniscates M ⊂ ∂L(a,r), the A(z)-harmonic measure
ω(z,M,L(a,r)) is determined very simply by the Poisson formula. If

ℵM(ζ) =

{
−1, if ζ ∈ M,

0, if ζ ∈ ∂L(a,r)\M

is a characteristic function of the set M ⊂ ∂L(a,r), then according to Poisson’s formula A(z)-harmonic
measure

ω(z,M,L(a,r)) =
1

2πr

w

|ψ(a,ζ)|=r

P(z,ζ)ℵM(ζ)
∣∣dζ+A(ζ)dζ̄

∣∣.
Note that the A(z)-harmonic measure ω(z,M,L(a,r)) is an A(z)-harmonic function inside the

lemniscate,

ω(z,M,L(a,r)) ∈ hA(L(a,r)),−1 ⩽ ω(z,M,L(a,r))⩽ 0.

Theorem 3. The function ω(z,M,L(a,r)) either does not vanish anywhere ω(z,M,L(a,r)) < 0,
or is identically equal to zero, ω(z,M,L(a,r))≡ 0. ω(z,M,L(a,r))≡ 0 if and only if the boundary set
M ⊂ ∂L(a,r) has zero measure, mesM = 0.

The following theorem is very important in the qualitative estimates of A(z)-analytic functions.
Theorem 4. Let M ⊂ ∂L(a,r) be a measurable boundary set of positive measure, mesM > 0. Then

for almost all points ζ0 ∈ M there is a radial limit ω∗ (ζ0,M,L(a,r)
)
= −1.
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