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Asymptotically Optimal Lattice Cubature Formulas with a
Regular Boundary Layer in the Space H,, (Q)

Ozodjon Jalolov®
Bukhara State University, 11, M.Ikbol str., Bukhara 200114, Uzbekistan
) Corresponding author: o_jalolov@mail.ru, o.i.jalolov@buxdu.uz

Abstract. The so-called functional approach turned out to be very efficient in the study of various issues arising in the theory of
approximate integration and partial differential equations and related branches of analysis.

The essence of this approach (if we confine ourselves to the example of a boundary value problem for a differential equation) is
that the differential equation with the boundary conditions is implemented as an operator acting in a specially selected functional
space; the required information is obtained from the properties of this operator.

S.L. Sobolev developed an algorithm for constructing cubature formulas, which he called formulas with a regular boundary layer.
He proved the asymptotic optimality of these formulas and the upper-bound estimate of the norm of the error functional in space
Uj' (Q), setting the principal term.

The purpose of this study is to obtain a lower estimate (i.e., a lower bound) for any error functional of lattice cubature formulas
for spaces H,”,L (Q) and determine the asymptotical optimality of cubature formulas with a regular in the sense of Sobolev boundary

layer in space Hj (Q2).

INTRODUCTION

S.L. Sobolev in [1, 2, 3] developed an algorithm for constructing cubature formulas, which he called formulas with a

regular boundary layer in space U} (Q). The same result was obtained in spaces Hj () in [4, 51; in [6], the validity

of similar results for spaces Hf,l (Q) was stated. When estimating the norm of the error functional of such formulas,

the researchers used the explicit form of the extremal function of periodic functional 4w (x) = 1 —h"Y. 6 (x — hHY) in
Y

these spaces and the Hilbert property of such spaces. In the case of Banach spaces, the study of the behavior of such
formulas is a very difficult task. In [7], the best approximation of the integral over the period of periodic functions
of several variables was considered using a finite sum - a linear combination of function values at points of a given
regular lattice. Similar results were obtained in the S.L. Sobolev space (see [8, 9, 10, 11, 12, 13, 14]).
1) Notation and preliminary information.
E, is the n-dimensional real Euclidean space of points x = (x1,X2,...,%,), ¥y = (V1,Y2,+ s Yn)» 2= (21,22, -,Zn), - -+
o, B3,7,... are the vectors with integer coordinates o, B;, v =0,£1,£2,...(i=1,2,..n), |a|=0+0+....4+ 0.
The iiner product of n-dimensional vectors x and y is denoted by

Xy =X1y1 +X2Y2 + ... +XpYn.

C denotes the space of continuous functions with the norm

£ (C] = max |£(x)

F is the Fourier transform operator,

FIf())(E) = [ f(x)e TS dx = [ f(x1,...,xp)e 2 EE1H408) dx) | dx,.
Ep Ey

FUF)](E) = [ f(x)e 2m5 dx, where i = /—1.
Eﬂ
For absolutely integrable functions f(x) and ¢(x), the convolution is defined as:

90 = [ flx=y)ody

Ey

In what follows, we use the basic concepts of the theory of generalized functions [15].
The space S is taken as the space of basic functions, consisting of infinitely differentiable functions decreasing to

n
infinity with all derivatives faster than any negative power of [x| =, / ¥ x7.
i=1

International Scientific and Practical Conference on “Modern Problems of Applied Mathematics and Information Technology (MPAMIT2022)”
AIP Conf. Proc. 3004, 060028-1-060028-13; https://doi.org/10.1063/5.0199854
Published by AIP Publishing. 978-0-7354-4876-6/$30.00

060028-1

2581110 ¥20¢ YdielN €2



Spaces of generalized function over S, as usual, are denoted by S’ [15]. The action of the generalized function £(x)
on the main function f(x) is denoted by < #(x), f(x) > .
Let H be the matrix of order n X n , detH = 1. Ordinary function f(x) defined in E, is called a periodic function
i} Il
with the leading matrix of periods H(h(") ,...h(") (H-periodic), if for any B € Z"

fx+HB) = f(x),

where each period W% k=1,2,...,nis a column vector:

o
1 g
) — |
A
K

Consider the space of points E,; we identify all points differing by vectors Hf3, B € Z". Z" is the set of all vectors
with integer coordinates. The resulting manifold of equivalent points is an n-dimensional torus 8. We call this torus
the fundamental domain for periodic functions. With several cuts, such a torus can be turned into a simply connected
region, and in different ways. One of the ways leads to a parallelepiped. Any domain mapped uniquely to the entire
torus we call a fundamental domain in E,. Denoting the characteristic function of the points of domains Qg by &g, (x),
we write the necessary and sufficient conditions for Qg to be the fundamental domain in E,, in the following form:

Z 890(x+Hﬁ) =1.

pezn

Thus, a connection between matrix H and domain Qy, is, generally speaking, multi-valued.
Here, from fundamental domains defined by matrix H, we consider only a parallelepiped.
If u (x) is a generalized or ordinary H-periodic function, and ¢(x) € C*, is H - periodic function, then

<u(0).0() >« [utvpx)ax
Qp

2) The spaces ), (Q).

Let u(x) be a continuous line, whose growth is not higher than the power law. The space H [’“f (Qp) is defined as the
space of H - periodic generalized functions with the norm
1
P

p
Ieolg o) | - {Qf a2 | dx}

for1 < p <eo .
1£(0)1Hp (Q0) || = sup {7 | u(Hy )}

for p = oo.

Obviously, the space H} (Qo) is isometrically isomorphic to space L, (o).

3) Weight functions.

Let 1 < p < 0. Denote by B(n, p) (see [16]) the class of functions u(&) = u(&;, &, ..., &) € C such that for some
constant m = m(U)

uf (& +m)/u(@) < n(1+P)""

is true for any n € E, and the same is true for u~!(&). It follows from the definition that functions u(&), u='(&) are

m/2

multipliers in the space S, i.e., (&) (&) € S once @(&) € S since (&) € €= and u=' (&), 1 (&) < (141&12)™7,
which follows from ) € Le.
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4) The space H}, (E,).
We say that the generalized function u(x) € S’ belongs to space H ,‘f (Ep) if
v(x) = FH{u(E)Fu(x))(§)} (x) € Lp(En)-

Introducing the norm

[ue) H2E (En) | = [V ()| (En)

we get a space isometrically isomorphic to space L, (E,).
5) Space Hjy (Q).
Let © be a bounded domain with a sufficiently good boundary dQ in E,. Denote the closure of the set Ci’ () in

, u(x) € HY(E,)

0
norm ||.|Hp (Ey) || by H » (Q) and introduce the space

0 _
H;I;l ('Q') = H[‘;L (En)/Hg(En\Q)
with the norm

Hu(x)\H H —1anu (x)|HY (E )f

,ulx) € HY(Q),

where the lower bound is taken over all extensions of the element u(x) € Hj (Q) up to the element u(x) € Hj) (E,,).
Then H}, (Q) becomes a Banach space.

STATEMENT OF THE PROBLEM

1) Cubature formulas.
Cubature formulas are formulas of the following form:

N
[ fax =Y Gk (1)
] P

Here Q is a bounded domain with a fairly good boundary 9, C; are the coefficients (or weights), x*) are the nodes,
N is the number of nodes.

Here we consider cubature formulas with nodes located on the lattice {go+AY; v € Z"}, where g is the fixed
vector and 7y runs through all Z" - the set of integer vectors, A denotes matrix detA # 0.

To the cubature formula (1), we assign the functional

N
() = [ fwdx— Y Cur), @
Q A=1

the so-called error functional.
This functional corresponds to the generalized function

N
((x) = ea(x) = ) C18(x—xM), (3)
P

where €q (x) is the characteristic function of domain Q, 0 (x — )EW) is the delta function concentrated at point x(*).
2) Cubature formulas in the space of periodic functions H ,ﬁl (Qo)-
It is known that the optimal formula in these spaces has the following form:

/ s Cuf (k).
0</l <N;
i=1,2,..,n
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where Qq is the unit cube, & > 0, is the small parameter, N = h™", i.e. N = m;ig, C) = Cp are constant. Their

expressions are determined, but not given here. Note that the formula is called optimal when the norm of the error
functional is the least:

icnlf (| [AE (Q0)]-

The norm of the error functional of the optimal cubature formula has the following form:

1

0 - 27i(1.x) a
¢(x)[H}," (Q0) Z LTy dx p . (4)
It is also known that the formula of rectangles
/ f@dx~n Y f(hd) (5)
o) 0§A.,'<N,‘
0 i=12,.n

is asymptotically optimal, i.e. the ratio of the norm of the cubature formula of rectangles to the norm of the optimal
cubature formula tends to 1 as 7 — 0.
The norm of the error functional of the cubature formula of rectangles has the following form:

1
q

ezm(y,x) g
dx (6)

[tectolrs" @) =4 [|E
Q

iZo(h1y)
0

We are interested in the extremal function of the error functional of the cubature formula of rectangles in the space
H[’“f (Qp), i.e. the function on which the maximum value of the error functional is reached. The extremal function of
the error functional of the cubature formula of rectangles £,..(x) has the following form:

q—1

e2mih™! (v.%) £2mi(rx) ' o2mi(Y.x)
) = L u(y) | S y) szgny;) u(hTy) 7
This function is k-periodic in each variable. The following function
2y |17 27i(7.X)
u(x) = ;;)m gn);) ~Ty) (8)

is also h-periodic in each variable (hE, where E is the identity matrix) or H = hE-periodic function.

In [16], an upper bound was obtained for the norm of the error functional with regular in the sense of S.L. Sobolev
boundary layer in spaces Hj (Q).

The main task of this study is to obtain a lower estimate (i.e., a lower bound) for any error functional of lattice
cubature formulas for spaces H ,ﬁl (Q):

q

ezm(y,x) q o
dx ¢ [L+o(1)] < |[£(x)|HL " (Q)]] 9)

Z(hi”

Zo u(h=1y)

_ =

(mesQ)

/

Cope (X)| HE ™ (Q) H < ||e(x)|H} (Q) || it suffices to show a lower bound for the functional of the optimal cubature

Since

formula, i.e. for £, (x). A function

in—1 q
e2mih (7.x)

L2 (¥,%)

u(x) = (10)

sign ) —————
y;) u(h='y)
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is an extremal function of the functional
e2mih ™ (1)

< 7,7]“()‘.)>Qa f('x) € i (QU>

This functional takes zero values in the subspace of constants of space I:,,(Qo)— the space of periodic functions
summable with power p over the cube. Therefore, it reaches its maximum value in subspace L, (€), i.e. on functions
£10] with zero coefficients.
Therefore, u(x) has the following form:

u(x) = Y afyle?m i 0 (11)
1#0

where a[y] = [ u(x)e2 ™ tIgx  [0] = 0.
Qo
The function u.(x), (like h-periodic one), can be represented as a Fourier series:

Al - 27 (1)
Uoo (X) = ZW,%[O] =0 (12)

Us(X) is a continuous function.

LOWER BOUND FOR THE NORM OF THE ERROR FUNCTIONAL OF LATTICE
CUBATURE FORMULAS IN HY(Q)

In [6] and [16], an upper bound was obtained for the norm of the error functional with regular in the sense of Sobolev
boundary layer in spaces H;’ (Q), i.e. the inverse inequality to inequality (9) for the error functional of cubature
formulas ¢,.;; (x) with a boundary layer regular in the sense of Sobolev. In this article, the authors obtain a lower
bound for an arbitrary error functional of lattice cubature formulas in spaces H, ,’;l (Q).

Theorem 1. Let 1 < p < oo, (&) € B, , and u(—&) = u(§) then for any error functional of lattice cubature

formulas in spaces H,‘f (Q) the following estimate (see. [6, 16]) is valid

1
q

ezm(y,x) q
dx 'y [1+0(1)]. (13)

HE(x)\Hﬁ*(Q)H > (mesQ)é / %W

The proof is based on three lemmas. Since the norm of the error functional of the optimal lattice cubature formula
satisfies the following inequality

[[€op () H™ (@) < [ HE" ()]

then it is suffice to prove the theorem for the error functional of the optimal cubature formula.
Let us build a function that will allow us to get a lower bound. For simplicity, without loss of generality, we assume

that u(0) =
To do this, consider the following function

;}u ST —C(h) = u(x) — C(h)
1

— iy
where C(h) = y);,o )

We construct the following function ¥ (x) = v(x) % [2 (x)- €y (x)} )
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where Q' is the domain of the sets of all cubes with edges of length h that intersect with Q. Let us pose another
condition on domain Q- the quantity O(h) is the measure of the boundary layer of the thickness divisible by % . This
condition is also posed when obtaining an upper bound for the norm of the error functional with a regular boundary
layer.

Let us estimate norm 9 (x) in Hj (Q):

=

[oe L@ = [ 17 11(E)- 0| dx
En

~
==

I
— ﬁ
—
K
. 1
=
e
S~—
t‘
—
e
S~—
~
=o
=
m
:o\
=
.
>
-

. 1
= [1ut) —co sl /\ Wx g +ic)]- (mese)’
Q/
1
/ i (v |77 e 0[] el ( Q)']( o(h))
= -sign Yy ——————— + mes. 1+
Q/ )/7&0 I"'(h ’}/) 'y?é() “(h71Y)
o2min () |7 ’ 1
- Z/ T ) dxt +1C)|- (mes@)" (1+0(h)
ﬁGBQhB ¥#0
1
S2i(Y%) P A
- h”/ | +1c(w)] - (mes)” (14 0(h))
BeB g, 170
| 1
. p eZni(y,x) b , %
- ﬁBh /gou(h]v) dxt +1C)|- (mes)" (1+0(h)
S QO Y-

1
P

2mi(y.x) |4 .
© dx y +|C(h)|- (mesQ )

-1

==

(14+0(h)).

Here B is the set of such § for which all cubes €, 5 intersect with domain Q:

QupNQ = and Q5 = {x: hf <xp <h(Be+1)}.
The following lemma is true
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Lemma 1. The following equality holds

To prove Lemma 1, we use the following lemmas.
First, we consider Lemma 2.
Lemma 2. The following equality is true

O a(x) = alyl 2 (1)
v = T ot ch)

Proof. Let ¢(x) € S then using Parseval’s equality and bearing in mind that F~! {ﬁ&é — h}/)} =

obtain

< o) * 1t (x), p(x) >=< F[o(x) =1 (x))(€), Flp(x)](€) >
—< Flo))(&) « Flu(x)](€), Flo(x)] (€) >

. L [Z a(y)F [ezmhfl(%x)} _F[C(h)]l , Flo(®)](&) >

¥#0
—< ﬁé) XY #06( ~1) - ﬁé) CWB(E), Flp)](€) >
Y-
=< ¥ gy 096 )~ 5, Flo]6) >
y#0
—~<L u[ﬁfyfg) R0 _ (), p(x) >,
Y-

this proves Lemma 2.
We introduce notation

Al e2mih™" (v.%)
Uoo(x) = Z W = v(x) *u(x)

1#0

and
ezm'/rl (y,x)

= u(hly) ~Clk)

Functions u.(x) and I?tm(x) are extremal functions for the functional
1—h"Y 8(x—hy).
Y

Then, we prove the following lemma
Lemma 3. The following equality holds for the functional 1 — W'Y, 8 (x — hy)
Y

L2mih ™ (v.%)

[1 —%h"ﬁ(x—hy)] *0(x) = ;67“(}’_17) )

060028-7
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o2mih = (y.x)
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we

(18)
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Proof. Let ¢ € S. Then, using Parseval’s equality, we have, firstly

vo(;

<F

(&), Flp)](€) >=< ¥.5 (5 ~7).0() >
Y

Y o0y Y)] (&), Flo(hy))(6) >

Y

= <Y 8(y—7),0(hy) >=<h"F
Y

=<} 8(=7),Flo(hy)l(&)>.
7

Since

Flo(hy)|(§) = / o (hy)e?™dy =h™" / 0(2)e2™ 5 dz =h"Flo(2)](h'E).
E, E,

‘We obtain

<F

ys(; y)] &), Flp())(§) >= " < L8 (=), Flp()(h™'y) >
Y Y
=i < Y8 (3 =7) Flo@@n " >=< X8 (3 =7) Flo)) >

Y 14

From this equality follows

Then we obtain

<F

1=) 18 (x—h )] (&), Flo()](&) >=<1-K"Y 8 (x—hy),p(x) >
Y Y

=< 1—25(%—0,@()6) >S=h'<1-Y 8(y-7),0(hy)>
Y Y

=W <F ll —25@—1’)] (&), Flo(hy))(§) >=h" < 8(8) =) 8(§ ), Flo(hy)](§) >
Y Y

=1"< Y, 8(E~7), Flphy))(&) >=r"< Y 8(&~7), M "Flp(2))(h'&) >

¥#0 170

=< Y 8-, Flo@I(h'§) >=1"< Y §(x—hy), Flp(2))(x) >
v#0 1#0

=< Y s(x—h""y), h"Flo(2)](x) >
v#0

Hence

F

I—Zh”S(x—hY)] €)=Y 8(x—n"'y)
Y

r#0

060028-8
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With (21), we obtain
< |} —Zh"5 (xh}/)] * D (x), 0(x) >
Y

=<F ll —Y S (x—h )] (&)-Flo@))(6), Flox)] (&) >
Y

1 ezmlrl (7,%)

= —hly) — X = — ., 0(x) >.
_<7;)6(§ h }/) [.L( )’F[(p( )}(5)> <7;) ,u(h_l')/) ,(P( )>

This equality implies the proof of Lemma 3.

(22)

0
Since functions ue(x) and 4. (x) are extremal functions for the functional 1 — 4"} 6 (x — hy), then using Lemma 3

Y
we have

< 1—h"Zﬁ(x—hy),um(x)>g0 =< 1—Zh”S(x—h}/)7v(x)*u(x)>go

Y Y
ezm'/fl (7,x)
=< [1= L H8(—i) [ x0(0)uw)>0, =< | L S | u(x)>0,
770 v#0 w(nty)
e2mih™! (v.%) e2mih™! (v.%) -1 e2mih™! (v,%) e2mih™! (v,%) 4
=< — , — sign y —————>0 :/ —| dx.
y;) u(h='y) y% u(h='y) ;a p(h=ty) = o lv70 w0 '7)
Equality (23) proves that
g ezm(%x) q
1—h"Y 8 (x—hy)|[H* (Qo :/ —_—
L=l @) | = [|¥ o

Qq

Now let us prove another equality:

A=Y (x—hy), () >0y =< L) >0y~ < K'Y 8 (x— hY), lua(x) >0,
Y Y

_ / hoo(x)dx = —C(h).
Qo

0 :
Here we have taken into account that 4« (hy) =0 and | uw(x)dx =0.

Qo
With equality
<1=H'Y S (x—hy), Ha(x)>0, =< 1 1" 8 (x— hY), 1(x) >0y
Y Y
we obtain
o2mi(r) [
—C(h) = / Z -

Lemmas 2 and 3 imply the proof of Lemma 1.
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From (14) and (15) it follows

Here we mean that {

2mira) |

| () [HE () || = ( mesg)n(1+0(h)){4 y;)m

; q
27i(Y.x)

+(mesQ)p(1+0(h))4 Y;)W d

1
: 277:1 (7.x) g r eZm’(Y,x)
= (mes Q)7 (1+o(h 1+ / )
do #0“ o |70 Y
1
1 27171 (y.x) g p
= (mes Q)7 (14 o(1 IJ dx ; .
0 750
1
q
11
;AO“ } p Ty

Next, we show that

eZm‘(y,x) q

< 0(x), B (x) >= (messz)p(1+o(1))g4 %W d

We modify ¥ (x) as

So

Slnceu (hB) =

<£Q

<0(x), B(x) >=< £(x), olx) > — < £(x), V(x)* {2()6) & ol (x)} >

=< égn(x ZCB5X hﬁ), wo(X)Eqr (X) > — < L(x), v(x)*{u(x)fEn (x

BeB

0, then the first term is

Zcﬁax hB), () >— /200(;;): —C(h) - mes Q. — mesQ/

BeB' Q

060028-10
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Let us show that the second term is:

< Lonn(x) ¥ 0(2), B(x)e, oy (1) >= 0(~C(h)).

Indeed, firstly

< Lope (x) x0(x), 2(x)8En/Q/ (x) >= / [Copt (x) * 0 (x)][u(x) — C(h)]dx

E,/Q
_ / [Cope (x) * V(x)]u(x)dx — C(h) / [fopr (x) % 0 ())dx
E,/Q E,/Q

= Y [ o) <0 —C) E [ llop () <000

Ber/Bo) B CR/B,

1

p

< X / | Cops (x) % v (x)|*dlx /\“(x)\pdx +C(h) Y, v /]&pz(x)*v(x)\qu

’ !
B'eR/B Q4 Qp Ber/B |\

Because of the h-periodicity of u(x), all
1

»
{ [ |u(x)? dx} are equal to each other, and equal to

Qh.B
Z e\

{ Qf yZo M

So, from (31) we obtain

1
7 \»
dx

2mi( yx

e2mi(7x)

0 n
< Lopr (x) ¥ 0(x), M(X)SE,,/Q’ (x) >< {hg/o %W

1
q V4
dx}
1

q

y / [ope (6) #0(x)[%dx b +C(R)[ P Y | opr (x) 5 0 (x)| dlx

B'€Rr/B Q, B'er/B (o,
L i
2mitro |1 | ” o
h”/ Z ———| dx / |€(,p,(x)*v(x)‘qu +|C(h)|hP / ’E,th(x)*v(x)
1#0 “(h }/) / ’
Qq E,/Q En/Q

060028-11
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1

[ a0zt +1e1hF [ [top(x) 000

Ey Ey

_

QU =
=
———
~i-

:hﬁ{
Qo

1
N . 2mi(vx) a i’ - q n q
<hv w(h1y) dx /Vp.n.c‘(x>*v(x)’ dx o +|c(h)|hr /Vpﬂf(x)*v(x)‘ dx
Q, 1770 E, £,
1 1
. 27i(7.5) P | ity [T
< hr / —| dx p (mesQ)q / —— | dxp (1+0(1))
{QO By uli ) LB ®)
1 1
‘C(h)|h2 Z ezm(y,x) J ( Q)l Z eZm'(m) ‘id q(l (1))
+ P / — X mes€L) 4 / — | dx +o
iZou(h=1y) d Zo u(h=1y)
et ] [y S0 ol cmimet [ 20
= hv (mesQ)4 ————| dx P mes ‘1/ ———| dx

= (mes) € ()| + 7 (mes ) 71C (h) P = ¥ [C.()|(1+ IC (W)]) (mes®) T = o (~[C ().

The proof of Theorem 1 follows from (29), (30), (31), and (32).

Note that the following theorem was proved in [17] for a cubature formula with a regular boundary layer.

Theorem 2. If 1 < p < oo, u () C B(n,p), then in space Hy (Q), the norm of the error functional of a cubature
formula with the regular in the sense of S.L.Sobolev boundary layer satisfies the following inequality

1

exp (27rih’1H’1x) 7
)

dxp +O(K"™), 33
iZo  M(HT) =) (33)

et (@) < mesey¥{ [
Qo

as h — 0. Here H is matrix n x n, |H| = 1, Qq is the fundamental domain defined by matrix H.

From the proved Theorem 1 and the results given in [5, 17], in particular, from Theorem 2, follows

Theorem 3. If 1 < p <o, u(&) €B,, and u(—&) = (&), then the cubature formula with the regular in the
sense of S.L.Sobolev boundary layer is asymptotically optimal in space H,‘f (Q).

CONCLUSION

To estimate the norm of the error functional of a cubature formula with the regular in the sense of Sobolev boundary

layer in space H}, (Q), the authors used the explicit form of the extremal functions u.. (x) and li (x) of the periodic
functional 1 — 4" Y 6 (x — hy) in this space and the Hilbert property of such spaces. In the case of Banach spaces, the

Y
study of the behavior of such formulas is a very difficult task.

In [17], an upper bound was obtained for the norm of the error functional with the regular in the sense of Sobolev
boundary layer in space H,‘f (Q), i.e., the inverse inequality to the inequality for the error functional of the cubature
formulas £, , . (x) with the regular in the sense of Sobolev boundary layer.

In this paper, the authors obtained a lower bound for an arbitrary error functional of lattice cubature formulas in
spaces H}f (Q). Since the norm of the error functional of the optimal lattice cubature formula satisfies inequality

Lo () H ()| < [0 1HE" (@)
formula. The developed function v (x) allowed the authors to obtain the lower bound.
Since, by virtue of (1), the authors obtained the upper and lower bounds for the norm of the error functional with the

regular in the sense of Sobolev boundary layer in space H ,‘f (Q), this implies the asymptotic optimality of the cubature
formula with the regular in the sense of Sobolev boundary layer in this space.

, it suffices to prove the theorem for the error functional of the optimal cubature
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