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Ââåäåíèå

Äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë â ïðîñòðàíñòâàõ

Hµ
2 (Rn) è L

(m)
2 (Rn) âàæíóþ ðîëü èãðàåò äèñêðåòíûé àíàëîã Dm,n [β] ïîëèãàðìîíè÷åñêîãî

îïåðàòîðà

∆m =

(
∂2

∂x21
+

∂2

∂x22
+ . . .+

∂2

∂x2n

)m
.

Âïåðâûå â ïðîñòðàíñòâå L
(m)
2 (Rn) ïîñòðîåíèåì è èçó÷åíèåì ñâîéñòâ îáðàùåíèÿ îïåðàòîðà

ñâåðòêè ñ ôóíêöèåéGm,n [β] , ãäåGm,n (x) �ôóíäàìåíòàëüíîå ðåøåíèå ïîëèãàðìîíè÷åñêîãî
îïåðàòîðà, ò. å. ñâîéñòâ òàêîé ôóíêöèè äèñêðåòíîãî àðãóìåíòà Dm,n [β], êîòîðàÿ óäîâëåòâî-
ðÿåò ðàâåíñòâó Dm,n [β]∗Gm,n [β] = δ [β], ãäå δ [β] ðàâíî åäèíèöå ïðè β = 0 è ðàâíî íóëþ ïðè

β 6= 0, çàíèìàëñÿ Ñ.Ë. Ñîáîëåâ [1]. Îí èçó÷àë ñâîéñòâà îïåðàòîðà D
(m)
hH [β], ÿâëÿþùåãîñÿ

îáðàùåíèåì îïåðàòîðà ñâåðòêè ñ ôóíêöèåé G
(m)
hH [β] = hnGm (hHβ) [1]. Çàäà÷à ïîñòðîåíèÿ

äèñêðåòíîãî îïåðàòîðà D
(m)
hH [β] ïðè ïðîèçâîëüíîì n îêàçàëîñü î÷åíü òðóäíîé.

Â îäíîìåðíîì ñëó÷àå äèñêðåòíûé àíàëîã îïåðàòîðà
d2m

dx2m
ïîñòðîåí Ç.Æ. Æàìîëîâûì

[2]. Íî òàì âèä ýòîé ôóíêöèè âûïèñàí ñ òî÷íîñòüþ äî m+1-íåèçâåñòíîãî êîýôôèöèåíòà. Â
ðàáîòå Õ.Ì. Øàäèìåòîâà [3] íàéäåíû ýòè êîýôôèöèåíòû, òåì ñàìûì ïîëíîñòüþ ïîñòðîåí

äèñêðåòíûé àíàëîã îïåðàòîðà
d2m

dx2m
. Ïîñòðîåíèåì äèñêðåòíîãî àíàëîãà äèôôåðåíöèàëüíûõ

Ïîñòóïèëà â ðåäàêöèþ 13.01.2024, ïîñëå äîðàáîòêè 13.01.2024. Ïðèíÿòà ê ïóáëèêàöèè 20.03.2024.
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îïåðàòîðîâ
d2m

dx2m
− d2m−2

dx2m−2
è

d4

dx4
+ 2

d2

dx2
+ 1

çàíèìàëèñü Õ.Ì. Øàäèìåòîâ, À.Ð. Õà�åòîâ [4], [5].
Â ðàáîòå Õ.Ì. Øàäèìåòîâ, Í.Õ. Ìàìàòîâà [6] âàðèàöèîííûì ìåòîäîì â ïðîñòðàíñòâå

Ñîáîëåâà ïîñòðîåíû ñîñòàâíûå ðåøåò÷àòûå îïòèìàëüíûå êóáàòóðíûå ôîðìóëû. Â ðàáîòå
Á.Ã. Ãàáäóëõàåâà [7] â ïðîñòðàíñòâå êâàäðàòè÷íî ñóììèðóåìûõ ôóíêöèé óñòàíîâëåíû ýô-
ôåêòèâíûå äîñòàòî÷íûå óñëîâèÿ íåïðåðûâíîñòè è êîìïàêòíîñòè ñèíãóëÿðíûõ èíòåãðàëü-
íûõ îïåðàòîðîâ ñ ÿäðàìè Êîøè íà îòðåçêå âåùåñòâåííîé îñè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïîñòðîåíèå ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè
↽⇁
V m(x)

äëÿ íàõîæäåíèÿ îïòèìàëüíûõ êîýôôèöèåíòîâ êâàäðàòóðíûõ ôîðìóë â ïðîñòðàíñòâå Ë.
Õ�åðìàíäåðà Hµ

2 (R).

Îïðåäåëåíèå. Ïðîñòðàíñòâî Hµ
2 (R) îïðåäåëÿåòñÿ êàê çàìûêàíèå áåñêîíå÷íî äèôôåðåí-

öèðóåìûõ ôóíêöèé, çàäàííûõ â R è óáûâàþùèõ íà áåñêîíå÷íîñòü áûñòðåå ëþáîé îòðèöà-
òåëüíîé ñòåïåíè â íîðìå

‖f |Hµ
2 (R)‖ =


∞∫
−∞

∣∣∣F−1 [(1 + y2)
m/2 · F [f(x)] (y)

]∣∣∣2dx


1/2

.

Çäåñü F è F−1 � ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå:

F [f(x)] (y) =

∞∫
−∞

f(x)e2πiyxdx è F−1 [f(x)] (y) =

∞∫
−∞

f(x)e−2πiyxdx.

Ïðè âûïîëíåíèè óñëîâèÿ Vm/2(x) = F−1
[
(1 + y2)

−m/2
]

(x) ∈ L2(R) ïðîñòðàíñòâî Hµ
2 (R)

âêëàäûâàåòñÿ â ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèè C(R) [1], [8].

Ñêàëÿðíîå ïðîèçâåäåíèå â Hµ
2 (R) îïðåäåëÿåòñÿ â âèäå

< ϕ,ψ >=

∞∫
−∞

F−1
[
(1 + y2)

m/2 · F [ϕ(x)] (y)
]
· F−1

[
(1 + y2)

m/2 · F [ψ(x)] (y)
]
dx.

1. Ïîñòàíîâêà çàäà÷è

Â íàñòîÿùåé ðàáîòå ìû èññëåäóåì çàäà÷ó ïîñòðîåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè
↽⇁
V m(x) äëÿ îïðåäåëåíèÿ äèñêðåòíîãî àíàëîãà Dm [β] äèôôåðåíöèàëüíîãî îïåðàòîðà(

1− d2

(2πω)2dx2

)m
[9], [10], êîòîðûé èñïîëüçóåòñÿ ïðè ïîñòðîåíèè îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë â ïðî-
ñòðàíñòâå Hµ

2 (R).
Äàííàÿ ðàáîòà ÿâëÿåòñÿ îáîáùåíèåì ðàáîò [11] è [12], ò. å. äàí àëãîðèòì ïîñòðîåíèÿ

ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè
↽⇁
V m(x) äëÿ îïðåäåëåíèÿ äèñêðåòíîãî àíàëîãà îïåðàòîðà

Dm [hβ], êîòîðûé óäîâëåòâîðÿåò ðàâåíñòâó
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Dm [β] ∗ Vm [β] = δ [β] , (1)

ãäå Vm (x) = νm (ωx), ω > 0. Çäåñü

νm(x) = F−1
{[

1 + y2
]m}

(x) , x = hβ,

ãäå F−1 [ϕ] � îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè ϕ, δ [β] � äèñêðåòíàÿ äåëüòà-ôóíêöèÿ,

êîòîðàÿ ðàâíà åäèíèöå ïðè β = 0 è ðàâíà íóëþ ïðè β 6= 0, h =
1

N
, N = 2, 3, . . . , [β] = hβ.

Îïåðàòîð Dm [β] ïðè m = 3, 4 ïîñòðîåí â ðàáîòàõ [11] è [12] .

Òåîðåìà 1. Îïåðàòîð D3 [β], óäîâëåòâîðÿþùèé ðàâåíñòâó (1), ïðè m = 3 îïðåäåëÿåòñÿ

ôîðìóëîé

D3 [β] = B



c+

2∑
i=1

Ai
λi
, β = 0;

1 +

2∑
i=1

Ai, |β| = 1;

2∑
i=1

A1λ1
|β|−1, |β| ≥ 2,

ãäå

B =
4

a1π
, a1 = 16π2h2 sh(2πh)− 3

(
πh ch(2πh)− 1

2
sh(2πh)

)
, c = −

(
6 ch(2π)h+

a2
a1

)
,

a2 = 6 ch(2πh)

(
πhh2πh− 1

2
sh(2πh)

)
− 3 (sh(2πh) ch(2πh)− 2πh)− 8π2h2 sh(2πh),

Ai =
λ6i − 6bλ5i + 3

(
b24 + 1

)
λ4i − 4b

(
2b2 + 3

)
λ3i + 3

(
4b2 + 1

)
λ2i − 6bλi + 1

λ2i − 1
, i = 1, 2,

λ1 =
1

4

b1 +
√
b21 − 4b2 − 8 +

√(
b1 +

√
b21 − 4b2 + 8

)2

− 16

 ,

λ2 =
1

4

b1 +
√
b21 − 4b2 − 8−

√(
b1 +

√
b21 − 4b2 + 8

)2

− 16

 ,
b1 =

a2
a1
, b2 =

a3
a1
,

a3 =

[
6 ch(2πh) (sh(2πh) ch(2πh)− 2πh)− 6

(
πh ch(2πh)− 1

2
sh(2πh)

)
+ 16π2h2 sh 2πhch2πh

]
,

|λ1| < 1 è h � ìàëûé ïàðàìåòð.
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Òåîðåìà 2. Îïåðàòîð D4 [β], óäîâëåòâîðÿþùèé ðàâåíñòâó (1), ïðè m = 4 îïðåäåëÿåòñÿ

ôîðìóëîé

D4 [β] = B ·



c+

3∑
i=1

Ai
λi
, β = 0;

1 +
3∑
i=1

Ai, |β| = 1;

3∑
i=1

Aiλi
|β|−1, |β| ≥ 2,

ãäå

B =
22 · 3
π2 · a1

, a1 = −15a+ 120hb− 12 · 16πh2a+ 32π2h3b,

c =
a2
a1

+ 8b, a2 = 90ab− 240h
(
1 + 2b2

)
+ 12 · 16π2a · 2 (1 + b) + 32π2h3 · 8

(
b2 − 1

)
,

Ai =
λi

8 + b
′
1λi

7 + b
′
2λi

6 + b
′
3λi

5 + b
′
4λi

4 + b
′
5λi

3 + b
′
6λi

2 + b
′
7 + 1

λ2i − 1
, i = 1, 3,

b
′
1 = −8b, b

′
2 = 4

(
b2 + 1

)
, b

′
3 = 8b

(
1− 4b2

)
, b

′
4 = 2

(
24b2 + 8b4 + 3

)
;

çäåñü

b
′
1 = b

′
7, b

′
2 = b

′
6, b

′
3 = b

′
5,

λi � êîðíè ìíîãî÷ëåíà P6 (λ) =
(
λ6 + b1λ

5 + b2λ
4 + b3λ

3 + b4λ
2 + b5λ+ 1

)
, i = 1, 3,

b1 =
a2
a1
, b2 =

a3
a1
, b3 =

a4
a1
,

ãäå

a3 = −45a
(
1 + 4b2

)
+ 120hb

(
11 + 4b2

)
+ 12 · 16πh2a (8b− 11) + 32π2h3b

(
4b2 − 13

)
,

a4 = 60ab (3 + 2b)− 120h4
(
1 + 4b2

)
+ 12 · 16πh2a4

(
1 + 2b2 + 3b

)
+ 32π2h

3
16
(
2− b2

)
,

λ1 =
1

2


1

2

b1 − (A+B +
b1

3

)
+

√(
b1 −

(
A+B +

b1

3

))2

− 4

(
b2 −

(
A+B +

b1

3

)(
b1 −

(
A+B +

b1

3

))
− 3

)+

+

√√√√√1

4

b1 − (A+B +
b1

3

)
+

√(
b1 −

(
A+B +

b1

3

))2

− 4

(
b2 −

(
A+B +

b1

3

)(
b1 −

(
A+B +

b1

3

))
− 3

)2

− 4

 ,

λ2 =
1

2


1

2

b1 − (A+B +
b1

3

)
+

√(
b1 −

(
A+B +

b1

3

))2

− 4

(
b2 −

(
A+B +

b1

3

)(
b1 −

(
A+B +

b1

3

))
− 3

)−

−

√√√√√1

4

b1 − (A+B +
b1

3

)
+

√(
b1 −

(
A+B +

b1

3

))2

− 4

(
b2 −

(
A+B +

b1

3

)(
b1 −

(
A+B +

b1

3

))
− 3

)2

− 4

 ;

A =
3

√
−q

2
+

√
p3

9
+
q2

4
, B =

3

√
−q

2
−
√
p3

9
+
q2

4
;

çäåñü p = −b
2
1

3
+ b2 − 3, q = 2 · b

3
1

9
− b1 (b2 − 3)

3
+ 2b1 − b3 è h � ìàëûé ïàðàìåòð.
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2. Íåêîòîðûå ñâîéñòâà ôóíêöèè Vm(x)

1. Èç ÷åòíîñòè µ−1(ξ) = (1 + ξ2)
−m

ñëåäóåò ÷åòíîñòü Vm(x) = F−1[µ(ξ)](ωx). Ýòî î÷åâèä-
íî.
2. Ôóíêöèÿ Vm(x) óáûâàåò íà áåñêîíå÷íîñòü áûñòðåå ëþáîé îòðèöàòåëüíîé ñòåïåíè |x|.

Äåéñòâèòåëüíî, ôóíêöèÿ µ(ξ) è µ−1(ξ) ÿâëÿþòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíê-
öèÿìè. Èç áåñêîíå÷íîé äèôôåðåíöèðóåìîñòè è ñóììèðóåìîñòè µ−1(ξ) è åå ïðîèçâîäíûõ
ñëåäóåò

Vm(x) =

∞∫
−∞

(−2πiωx)(α) ·
[(

1 + ξ2
)−m](α)

e−2πiξωxdξ,

äëÿ ëþáîãî α ≥ 0. Îòñþäà |Vm(x)(2πiωx)α| <∞.
3. ßâíûé âèä Vm(x). Â ñèëó ÷åòíîñòè Vm(x) èìååì

Vm (x) = νm(ωx) =

∞∫
−∞

e2πiyωx

(1 + y2)m
dy = 2

∞∫
0

cos 2πωyx

(1 + y2)m
dy.

Äàëåå, èçâåñòíî (ñì. [13]) ñëåäóþùåå ðàâåíñòâî:
∞∫
0

cos(ay)dy

(b2 + y2)n
=

π · e−ab

(2 · b)2n−1(n− 1)!

∑ (2n− k − 2)!

k!(n− k − 1)!
(2ab)k. (2)

Ïîëîæèâ â ýòîì ðàâåíñòâå, ÷òî a = 2πωx è n = m, ïîëó÷èì ÿâíîå âûðàæåíèå ïðåîáðàçîâà-
íèÿ Ôóðüå ôóíêöèè µ−1(ξ) â ýëåìåíòàðíûõ ôóíêöèÿõ. Òàê êàê ëåâàÿ ÷àñòü (2) íå ìåíÿåòñÿ
ïðè çàìåíå x íà −x â ñèëó ÷åòíîñòè ïîäèíòåãðàëüíîé ôóíêöèè, à ïðàâàÿ ÷àñòü ñïðàâåäëèâà
òîëüêî äëÿ x > 0, òî â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà x çàìåíèì íà |x|.
Òîãäà

Vm (x) = νm(ωx) = 2

∞∫
0

cos 2πωyx

(1 + y2)m
dy =

π · e−2πω|x|

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(2πω)k

k!(m− k − 1)!
|x|k. (3)

3. Àëãîðèòì ïîñòðîåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè
↽⇁
V m(x)

Â äàëüíåéøåì ðàññìîòðèì ñèñòåìó èç ðàáîòû [14], êîòîðàÿ èìååò ñëåäóþùèé âèä:

N∑
β=0

0
C βVm(hα− hβ) =

∞∫
−∞

p(y) · ε[0,1](y) · Vm(hα− y)dy, α = 0, 1, 2, . . . , N. (4)

Ïåðåîáîçíà÷èâ C[β] = Cβ è V h
m[β] = Vm(hβ), ñèñòåìó (4) ìîæíî çàïèñàòü â âèäå ñâåðòêè

ôóíêöèé äèñêðåòíîãî àðãóìåíòà:

0
C [β] ∗ V h

m[β] = fm[β], β = 0, 1, . . . , N, (5)

0
C [β] = 0, hβ /∈ [0, 1], (6)

ãäå

fm[β] =

1∫
0

p(y) · Vm(hβ − y)dy.

Ñèñòåìó óðàâíåíèé (5), (6) áóäåì îáîçíà÷àòü ñèñòåìîé B.
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Ðàññìîòðèì ñîîòâåòñòâóþùóþ çàäà÷ó.
Çàäà÷à B.Íàéòè äèñêðåòíóþ ôóíêöèþ C[β], óäîâëåòâîðÿþùóþ ñèñòåìå B ïðè çàäàííûõ

fm[β].
Ãëàâíàÿ èäåÿ ýòîãî ìåòîäà ñîñòîèò â çàìåíå íåèçâåñòíîé ôóíêöèè C[β] íà ôóíêöèþ

uhm[β] = um(hβ), à èìåííî âìåñòî C[β] ââîäèòñÿ íåèçâåñòíàÿ ôóíêöèÿ

uhm[β] = V h
m[β] ∗ C[β]. (7)

Òîãäà íåîáõîäèìî íàéòè îïåðàòîð Dm(hβ) = Dh
m[β], êîòîðûé óäîâëåòâîðÿåò ðàâåíñòâó

Dh
m[β] ∗ V h

m[β] = δ(hβ), (8)

ãäå δ(hβ) =

{
1, β = 0;

0, β 6= 0.

Èç (7), ó÷èòûâàÿ (8), ïîëó÷èì

C[β] = Dh
m[β] ∗ uhm[β],

ãäå uhm [β] îïðåäåëåíî â ðàáîòå [14] è äîêàçàíà

Òåîðåìà 3. Ôóíêöèÿ

um(hβ) =


fm[β], hβ ∈ [0, 1];

N∑
α=0

CαVm(hβ − hα), hβ /∈ [0, 1].

Òåïåðü áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (8). Ñîãëàñíî òåîðèè ïåðèîäè÷åñêèõ îáîáùåííûõ
ôóíêöèé è ïðåîáðàçîâàíèþ Ôóðüå âìåñòî äèñêðåòíîé ôóíêöèè Dm(hβ) óäîáíåå èñêàòü
áîðîíîîáðàçíóþ ôóíêöèþ

↽⇁
D m(x) =

∞∑
β=−∞

Dm(hβ)δ(x− hβ).

Òîãäà óðàâíåíèå (8) â êëàññå áîðîíîîáðàçíûõ ôóíêöèé ïåðåõîäèò â óðàâíåíèå
↽⇁
D m(x) ∗

↽⇁
V m(x) = δ(x), (9)

ãäå
↽⇁
V m(x) =

∞∑
β=−∞

Vm(hβ)δ(x− hβ).

Èçâåñòíî (ñì. [1]), ÷òî ìåæäó êëàññîì áîðîíîîáðàçíûõ ôóíêöèé è êëàññîì ôóíêöèé äèñ-
êðåòíîãî àðãóìåíòà ñóùåñòâóåò èçîìîðôèçì. Ïîýòîìó âìåñòî Dm(hβ) äîñòàòî÷íî èññëåäî-

âàòü ôóíêöèþ
↽⇁
D m(x). Ïðèìåíÿÿ ê îáåèì ÷àñòÿì ðàâåíñòâà (9) ïðåîáðàçîâàíèå Ôóðüå è

èìåÿ â âèäó, ÷òî F [ϕ(x) ∗ ψ(x)] = F [ϕ] · F [ψ] è F [δ(x)] = 1, ïîëó÷èì

F
[↽⇁
D m(x)

]
· F
[↽⇁
V m(x)

]
= 1.

Îòñþäà èìååì

F
[↽⇁
D m(x)

]
=
{
F
[↽⇁
V m(x)

]}−1
. (10)

Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå F
[↽⇁
V m(x)

]
áîðîíîîáðàçíîé ôóíêöèè

↽⇁
V m(x).

Èçâåñòíî (ñì. [1]), ÷òî
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φ0(x) =
∞∑

β=−∞
δ(x− β), δ(hx) = h−1δ(x) è F

[ ∞∑
β=−∞

exp(2πiβx)

]
=

∞∑
β=−∞

δ(x− β).

Â ñèëó ýòèõ ðàâåíñòâ ïîëó÷èì

↽⇁
V m(x) =

∞∑
β=−∞

Vm(hβ)δ(x− hβ) = Vm(x)

∞∑
β=−∞

δ(x− hβ) =

= h−1Vm(x) ·
∞∑

β=−∞
δ
(
xh−1 − β

)
= h−1Vm(x)φ0

(
h−1x

)
. (11)

Èçâåñòíî òàêæå (ñì. [2]), ÷òî

F
[
φ0
(
h−1x

)]
=

∞∑
β=−∞

F
[
δ
(
h−1x− β

)]
= h

∞∑
β=−∞

F [δ(x− hβ)] =

= h

∞∑
β=−∞

exp(2πiphβ) = h

∞∑
k=−∞

δ(hp− β) = hφ0(hp),

ò. å.

F
[
φ0
(
h−1x

)]
= hφ0(hp). (12)

Ïîýòîìó ñ ó÷åòîì (11) è (12) èìååì

F
[↽⇁
V m(x)

]
= F

[
h−1Vm(x) · φ0

(
h−1x

)]
=

= h−1F [Vm(x)] ∗ F
[
φ0
(
h−1x

)]
= h−1F [Vm(x)] ∗ φ0(hp) · h. (13)

Ïîñêîëüêó F [Vm(x)](p) =
(
1 + p2

)−m
, èç (20) èìååì

F
[↽⇁
V m(x)

]
(p) =

(
1 + p2

)−m ∗ φ0(hp) =

∞∑
β=−∞

(
1 + p2

)−m ∗ δ(hp− β) =

= h−1
∞∑

β=−∞

1[
1 +

(
p− βh−1

)2]m .
(14)

Ôóíêöèÿ F
[↽⇁
V m(x)

]
(p) ÿâëÿåòñÿ N = h−1-ïåðèîäè÷åñêîé ôóíêöèåé. Èñïîëüçóÿ ðàâåí-

ñòâî (14), ìû äîëæíû ñíà÷àëà îïðåäåëèòü
{
F
[↽⇁
V m(x)

]
(p)
}−1

, êîòîðàÿ òàêæå áóäåò N -

ïåðèîäè÷åñêîé ôóíêöèåé, à ïîòîì ðàçëîæèòü åå â ðÿä Ôóðüå. Òîãäà íà îñíîâàíèè (10)
èìååì

F
[↽⇁
D m(x)

]
(p) =

∞∑
β=−∞

D̂β exp(2πiβhp), (15)

ãäå D̂k � êîýôôèöèåíòû Ôóðüå ôóíêöèè F
[↽⇁
D m(x)

]
(p), ò. å.

D̂β =

N∫
0

F
[↽⇁
D m(x)

]
(p) exp(2πiphβ)dp.



ÎÁ ÎÄÍÎÌ ÀËÃÎÐÈÒÌÅ ÏÎÑÒÐÎÅÍÈß ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÔÓÐÜÅ ÔÓÍÊÖÈÈ
↽⇁

V m(x) 51

Ïðèìåíÿÿ ê ðàâåíñòâó (15) ôîðìóëó îáðàùåíèÿ Ôóðüå, ïðèäåì ê áîðîíîîáðàçíîé ôóíêöèè

↽⇁
D m(x) =

∞∑
β=−∞

D̂kδ(x− hβ).

Òàêèì îáðàçîì, ïî îïðåäåëåíèþ áîðîíîîáðàçíîé ôóíêöèè, ñîâîêóïíîñòü êîýôôèöèåíòîâ
Ôóðüå è åñòü èñêîìàÿ ôóíêöèÿ äèñêðåòíîãî àðãóìåíòà Dm(hk). Äëÿ îïðåäåëåíèÿ êîýôôè-

öèåíòîâ Ôóðüå F
[↽⇁
D m(x)

]
ñíà÷àëà îïðåäåëèì êîýôôèöèåíòû Ôóðüå ôóíêöèè

F
[↽⇁
V m(x)

]
(p).

×òîáû îïðåäåëèòü F
[↽⇁
V m(x)

]
(p), äîêàçûâàåòñÿ

Ëåììà. Ñïðàâåäëèâî ðàâåíñòâî

∞∑
β=−∞

h−1[
1 + (p− βh−1)2

]m =

∞∑
β=−∞

νm(ωhβ) exp(2πiβhp). (16)

Äîêàçàòåëüñòâî. Ïóñòü ϕ � îñíîâíàÿ ôóíêöèÿ. Òîãäà ∞∑
β=−∞

h−1[
1 + (p− h−1β)2

]m , ϕ(p)

 =

F−1
 ∞∑
β=−∞

h−1[
1 + (p− h−1β)2

]m
 , F−1[ϕ(p)]

 =

=

(
F−1

[
1

(1 + p2)m
∗ φ0(hp)

]
(x), F−1[ϕ(p)](x)

)
=

=

(
F−1

[
1

(1 + p2)m

]
(x) · F−1 [φ0(hp)] (x), F−1[ϕ(p)](x)

)
=

=
(
Vm(x) · h−1φ0

(
h−1x

)
, F−1[ϕ(p)](x)

)
=

( ∞∑
k=−∞

Vm(hk) exp(2πihkx), ϕ(x)

)
.

�

Èç îïðåäåëåíèÿ ðàâåíñòâà äâóõ îáîáùåííûõ ôóíêöèé âûòåêàåò (16), ÷òî è äîêàçûâàåò
ëåììó. Èç (14), (16) ñëåäóåò

F
[↽⇁
V m(x)

]
(p) =

∞∑
β=−∞

Vm(hβ)e2πihpβ. (17)

Èç (13) âèäíî, ÷òî F
[↽⇁
V m(x)

]
(p) > 0 êàê ñóììà ïîëîæèòåëüíûõ ôóíêöèé. Ïîýòîìó{

F
[↽⇁
V m(x)

]
(p)
}−1

> 0. Ñîãëàñíî (10) äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ Ôóðüå ôóíêöèè

F
[↽⇁
D m(hβ)

]
(p) íàì íóæíî íàéòè ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè

↽⇁
V m(x).

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ

Òåîðåìà 4. Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè
↽⇁
V m(x) äëÿ îïðåäåëåíèÿ äèñêðåòíîãî àíàëîãà

äèôôåðåíöèàëüíîãî îïåðàòîðà [
1− 1

(2πω)2
d2

dx2

]m
, (18)
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óäîâëåòâîðÿþùåãî ðàâåíñòâó (10), èìååò âèä

F
[↽⇁
V m(x)

]
(p) =

π (2m− 2)!

22m−2[(m− 1)!]2

[
λ
(
e4πωh − 1

)
−λ2e2πωh + λ (e4πωh + 1)− e2πωh

]
+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

[
e2πωh

e2πωh − λ

k∑
i=0

(
λ

e2πωh − λ

)i
×

×
i∑

ρ=0

(−1)i−ρ
i!

ρ! (i− ρ)!
ρk +

λe2πωh

λe2πωh − 1

k∑
i=0

(
1

λe2πωh − 1

)i i∑
ρ=0

(−1)i−ρ
i!

ρ! (i− ρ)!
ρk

]
.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (17), âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè
↽⇁
V m(x). Â

ôîðìóëå (3) ïîëîæèì, ÷òî x = hβ, òîãäà

F
[↽⇁
V m(x)

]
(p) =

∞∑
k=−∞

π · e−2πωh|β|

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πω)k

k!(m− k − 1)!
|hβ|ke2πihβp.

Òàêèì îáðàçîì,

F
[↽⇁
V m(ωx)

]
(p) =

∞∑
β=−∞

νm (hβ) e2πihωβp =

∞∑
k=−∞

π · e−2πωh|β|

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πω)k

k!(m− k − 1)!
|hβ|k×

×e2πihβp =
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

∞∑
β=−∞

e−2πωh|β|e2πihpβ|β|k. (19)

Îòñþäà, îáîçíà÷àÿ e2πhp = λ, è ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé èç (19) èìååì

F
[↽⇁
V m(x)

]
(p) =

π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

∞∑
β=−∞

e−2πωh|β|λβ|β|k =

=
π

22m−2(m− 1)!

(2m− 2)!

(m− 1)!

∞∑
β=−∞

e−2πωh|β|λβ+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

∞∑
β=−∞

e−2πωh|β|λβ|β|k =

=
π

22m−2(m− 1)!

(2m− 2)!

(m− 1)!

1 +
−1∑

β=−∞
e−2πωh|β|λβ +

∞∑
β=1

e−2πωh|β|λβ

+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

 −1∑
β=−∞

e−2πωh|β|λβ|β|k +

∞∑
β=1

e−2πωh|β|λβ|β|k
 =

=
π (2m− 2)!

22m−2[(m− 1)!]2

1 +

∞∑
β=1

(
λ

e2πωh

)β
+

∞∑
β=1

e−2πωhβλ−β

+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

 ∞∑
β=1

(
λ

e2πωh

)β
βk +

∞∑
β=1

(
λ−βe−2πωhβ

)
βk

 =
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=
π (2m− 2)!

22m−2[(m− 1)!]2

1 +

∞∑
β=1

(
λ

e2πωh

)β
+

∞∑
β=1

1

(λe2πωh)
β

+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

 ∞∑
β=0

(
λ

e2πωh

)β
βk +

∞∑
β=0

(
1

λe2πωh

)β
βk

 . (20)

Ïðèìåíÿÿ íåêîòîðûå ôîðìóëû èç [15] íà ïåðâîå ñëàãàåìîå (20), ïîëó÷àåì

F
[↽⇁
V m(x)

]
(p) =

π (2m− 2)!

22m−2[(m− 1)!]2

[
1 +

λ

e2πωh − 1
+

1

λe2πωh − 1

]
+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

 ∞∑
β=0

(
λ

e2πωh

)β
βk +

∞∑
β=0

1

(λe2πωh)
β
βk

 . (21)

Ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà [16]:

n−1∑
γ=0

qγγk =
1

1− q

k∑
i=0

(
q

1− q

)i
∆i0k − qn

1− q

k∑
i=0

(
q

1− q

)i
∆iγk |γ=n ,

ïðè |q| < 1 èç (21) èìååì

∞∑
γ=0

qγγk =
1

1− q

k∑
i=0

(
q

1− q

)i
∆i0k. (22)

Â ñèëó (22) èç (21) èìååì

F
[↽⇁
V m(x)

]
(p) =

π (2m− 2)!

22m−2[(m− 1)!]2

[
λ
(
e4πωh − 1

)
−λ2e2πωh + λ (e4πωh + 1)− e2πωh

]
+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

[
e2πωh

e2πωh − λ

k∑
i=0

(
λ

e2πωh − λ

)i
∆i0k+

+
λe2πωh

λe2πωh − 1

k∑
i=0

(
1

λe2πωh − 1

)i
∆i0k

]
,

(23)

ãäå ∆iγk � êîíå÷íàÿ ðàçíîñòü ïîðÿäêà i îò γk, ∆i0k = ∆iγk |γ=n .
Òàêèì îáðàçîì, ïðèìåíÿÿ ôîðìóëû èç [17] â (23), èìååì

F
[↽⇁
V m(x)

]
(p) =

π (2m− 2)!

22m−2[(m− 1)!]2

[
λ
(
e4πωh − 1

)
−λ2e2πωh + λ (e4πωh + 1)− e2πωh

]
+

+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

[
e2πωh

e2πωh − λ

k∑
i=0

(
λ

e2πωh − λ

)i
∆i0k+

+
λe2πωh

λe2πωh − 1

k∑
i=0

(
1

λe2πωh − 1

)i
∆i0k

]
=

=
π (2m− 2)!

22m−2[(m− 1)!]2

[
λ
(
e4πωh − 1

)
−λ2e2πωh + λ (e4πωh + 1)− e2πωh

]
+
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+
π

22m−2(m− 1)!

m−1∑
k=0

(2m− k − 2)!(4πωh)k

k!(m− k − 1)!

[
e2πωh

e2πωh − λ

k∑
i=0

(
λ

e2πωh − λ

)i
×

×
i∑

ρ=0

(−1)i−ρ
i!

ρ! (i− ρ)!
ρk +

λe2πωh

λe2πωh − 1

k∑
i=0

(
1

λe2πωh − 1

)i i∑
ρ=0

(−1)i−ρ
i!

ρ! (i− ρ)!
ρk

]
,

÷òî è òðåáîâàëîñü äîêàçàòü. �
Îòìåòèì, ÷òî â ðàáîòàõ [18]�[21] ïîñòðîåíû îïòèìàëüíûå êâàäðàòóðíûå ôîðìóëû è îï-

òèìàëüíûå ïî ïîðÿäêó ñõîäèìîñòè, àñèìïòîòè÷åñêèå îïòèìàëüíûå è ïðàêòè÷íûå àñèìïòî-
òè÷åñêèå îïòèìàëüíûå êóáàòóðíûå ôîðìóëû â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ Ñ.Ë. Ñîáî-
ëåâà.

Òàê êàê íàì èçâåñòíî F
[↽⇁
V m(x)

]
(p), òî äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ Ôóðüå ôóíê-

öèè F
[↽⇁
D m(hβ)

]
(p), ò. å. Dm (x), ó÷èòûâàÿ (10) ïîñëå ðàçëîæåíèÿ

{
F
[↽⇁
V m(x)

]
(p)
}−1

â

ðÿä Ôóðüå, â äàëüíåéøåì íàõîäèì äèñêðåòíûé àíàëîã Dm [β] îïåðàòîðà (18).

Ðàññìîòðèì ñëó÷àé m = 1 è ω = 1. Äëÿ F
[↽⇁
V m(x)

]
(p) èìååì

F [
↽⇁
V 1(β)](p) = π

[
1 +

λ

exp (2πh)− λ
+

1

λ exp (2πh)− 1

]
=

= π

[
(exp (2πh)− λ) (λ exp (2πh)− 1) + λ (λ exp (2πh)− 1) + (exp (2πh)− λ)

λ exp (4πh)− exp (2πh)− λ2 exp (2πh) + λ

]
=

= π

[
−λ2 exp (2πh) + λ (exp (4πh) + 1)− exp (2πh) + λ2 exp (2πh)− λ+ exp (2πh)− λ

−λ2 exp (2πh) + λ (exp (4πh) + 1)− exp (2πh)

]
=

= π

[
λ (exp (4πh)− 1)

−λ2 exp (2πh) + λ (exp (4πh) + 1)− exp (2πh)

]
,

ãäå λ = exp (2πiph). Îòñþäà

F
[↽⇁
V 1(β)

]
(p) = π

[
λ (exp (4πh)− 1)

−λ2 exp (2πh) + λ (exp (4πh) + 1)− exp (2πh)

]
.

Äàëåå íàõîäèì
{
F
[↽⇁
V 1(x)

]
(p)
}−1

. Èìååì{
F
[↽⇁
V m(x)

]
(p)
}−1

=
1

π

[
λ2 exp (2πh)− λ (exp (4πh) + 1) + exp (2πh)

λ (1− exp (4πh))

]
=

=
1

π

[
λ

exp (2πh)

1− exp (4πh)
− exp (4πh) + 1

1− exp (4πh)
+

1

λ

exp (2πh)

1− exp (4πh)

]
=

∞∑
β=−∞

D1 [β] exp (2πiphβ) .

Îòñþäà âûòåêàåò

Òåîðåìà 5. Äèñêðåòíûé àíàëîã Dm [β] äèôôåðåíöèàëüíîãî îïåðàòîðà

[
1− 1

(2π)2
d2

dx2

]m
,

óäîâëåòâîðÿþùèé ðàâåíñòâó (8), ïðè m = 1 èìååò ñëåäóþùèé âèä:

D1 [β] =
1

π


exp (4πh) + 1

exp (4πh)− 1
, β = 0;

exp (2πh)

1− exp (4πh)
, |β| = 1.
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V m(x) 55

Çàêëþ÷åíèå

Â òåîðèè êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë âàæíóþ ðîëü èãðàþò äèñêðåòíûå àíà-
ëîãè äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Ñ.Ë.Ñîáîëåâ ðàçðàáîòàë àëãîðèòì äëÿ íàõîæäåíèÿ
îïòèìàëüíûõ êîýôôèöèåíòîâ êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë.
Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè

↽⇁
V m(x) äëÿ îïðåäåëåíèÿ äèñêðåòíîãî àíàëîãà Dm [β] äèôôåðåíöèàëüíîãî îïåðàòîðà(
1− d2

(2πω)2dx2

)m
, êîòîðûé èñïîëüçóåòñÿ ïðè ïîñòðîåíèè îïòèìàëüíûõ êâàäðàòóðíûõ ôîð-

ìóë â ïðîñòðàíñòâå Hµ
2 (R).
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Ik.I. Jalolov and O.I. Jalolov

On one algorithm for constructing the Fourier transform of the function V m (x) to
determine a discrete analog of one di�erential operator

Abstract. This paper considers the problem of constructing the Fourier transform of a harrow-
shaped function to determine a discrete analog of the di�erential operator, which is used in
constructing optimal quadrature formulas in L. H�ormander space. In addition, the problem of
constructing a discrete analog of a speci�c operator in a particular case is considered.

Keywords: generalized function, Sobolev space, error functional, interpolation formula, extremal
function.
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