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INTRODUCTION

The discrete analog  of the following polyharmonic operator plays an important role in con-

structing optimal quadrature and cubature formulas in the spaces  and :

For the first time, Sobolev constructed and studied the properties of inversion of the convolution operator
with the function  where  is the fundamental solution to the polyharnomic operator, in the

space , that is, the properties of a function of discrete argument  such that satisfies the
equality , where  is unity at  and zero at  [1]. He investigated the

properties of the operator , which is the inversion of the convolution operator with the function

 [1]. The problem of constructing the discrete operator  for an arbitrary 
appeared to be very hard.

In the one-dimensional case, a discrete analog of the operator  was constructed by Zhamolov [2].

However, in this work we wrote the form of this function up to  unknown coefficients. In work [3]

Shadimetov found these coefficients, thus completely constructing a discrete analog of the operator .

Shadimetov and Khaetov constructed a discrete analog of the differential operators
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and

in their papers [4, 5].
In work [6] Shadimetov and Mamatova used the variational method in the Sobolev space to construct

the composite lattice optimal cubature formulas. In work [7], in the space of square summable functions,
Gabdulkhaev established the effective sufficient conditions of continuity and compactness of singular
integral operators with Cauchy kernels on a segment of the real axis.

In the current work we consider construction of the Fourier transform of the function  for

determining the optimal coefficients of quadrature formulas in the Hörmander space .

Definition. The space  is defined as a closure of infinitely differentiable functions givene in  and
decreasing at infinity faster than any negative exponent in the norm

Here,  and  are the direct and inverse Fourier transforms:

When the condition  is fulfilled, the space  is included into
the space of continuous functions  [1, 8].

We define the scalar product in  as

1. PROBLEM FORMULATION

In this work we study the problem of constructing the Fourier transform of the function  for
determining a discrete analog  of the differential operator

 [9, 10], which is used in constructing optimal quadrature formulas in the space .
This work is a generalization of works [11, 12], that is, we provide an algorithm for constructing the

Fourier transform of the function  for determining a discrete analog of the operator , which
satisfies the equality

(1)

where , . Here,

where  is the inverse Fourier transform of a function ,  is the discrete delta function, which is
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The operator  at  was constructed in works [11, 12].
Theorem 1. The operator  satisfying equality (1) at  is determined by the formula

where

, and  is a small parameter.
Theorem 2. The operator  satisfying equality (1) at  is determined by the formula

where
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where

 are the roots of the polynomial , 

where

where ,  and  is a small parameter.

2. SOME PROPERTIES OF THE FUNCTION 

1. The evenness of  leads to the evenness of  = . It is clear.

2. The function  decreases at infinity faster than any negative exponent of . Indeed, the func-

tions  and  are infinitely differentiable functions. The infinite differentiability and summbaility
of  and its derivatives result in

for any  Therefore, 

3. The explicit form of . Due to the evenness of  we have
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Next, the following equality is well-known (see [13]):

(2)

By putting  and  in this equality, we obtain an explicit expression for the Fourier transform
of the function  in elementary functions. Because the left-hand side of Eq. (2) does not change when
we replace  by  due to the evenness of the integrand function and the right-hand side holds only for

, in the right-hand side of the last equality we replace  by .
Hence,

(3)

3. ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM 

OF THE FUNCTION 

In what follows, we consider the system from work [14] having the form

(4)

We denote  and  and can write system (4) as a convolution of functions of discrete
argument:
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Problem B. Find a discrete function  satisfying the system  at given .
The main idea of this method consists in replacing the unknown function  by the function

, namely, instead of  we introduce the unknown function

(7)

Then we need to find an operator  fulfilling the equality

(8)

where 

From (7), taking into account (8),we obtain

where  was determined in work [14], where the following theorem was proved.

∞ −

−
− −π ⋅=
− −+ ⋅ −  2 2 2 1

0

cos( ) (2 2)! (2 ) .
!( 1)!( ) (2 ) ( 1)!

ab
k

n n
ay dy n ke ab

k n kb y b n

= πω2a x =n m
−μ ξ1( )

x −x
> 0x x x

( ) ( )∞ −− πω

−
=

− − πωπω π ⋅= ν ω = =
− −+ − 

12

2 2 2
00

(2 2)! 2cos 2( ) 2 .
!( 1)!(1 ) 2 ( 1)!

kmx
k

m m m m
k

m kyx eV x x dy x
k m ky m

↽⇁

( )mV x

∞

β
β= −∞

α − β = ⋅ ε ⋅ α − α = … 
0

[0,1]
0

( ) ( ) ( ) ( ) , 0,1,2, , .
N

m mC V h h p y y V h y dy N

ββ[ ] =C C β β[ ] = ( )h
m mV V h

β ∗ β = β β = …
0

[ ] [ ] [ ], 0,1, , ,h
m mC V f N

β = β ∉
0

[ ] 0, [0,1],C h

β = ⋅ β −
1

0

[ ] ( ) ( ) .m mf p y V h y dy

B

β[ ]C B β[ ]mf
β[ ]C

β = β[ ] ( )h
m mu u h β[ ]C

β = β ∗ β[ ] [ ] [ ].h h
m mu V C

β = β( ) [ ]h
m mD h D

β ∗ β = δ β[ ] [ ] ( ),h h
m mD V h

β =δ β =  β ≠

1, 0;
( )

0, 0.
h

β = β ∗ β[ ] [ ] [ ],h h
m mC D u

[ ]βh
mu



50

RUSSIAN MATHEMATICS  Vol. 68  No. 12  2024

IK. I. JALOLOV, O. I. JALOLOV

Theorem 3. The function

Now, we are going to seek the solution to Eq. (8). According to the theory of periodic generalized func-
tions and Fourier transform, instead of a discrete function  it is more convenient to seek the har-
row-shaped function

Then Eq. (8) in the class of harrow-shaped functions transforms to the equation

(9)
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It is well-known (see [1]) that there exists an isomorphism between the calss of harrow-shaped func-
tions and the class of functions of discrete argument. Therefore, instead of  it is sufficient to study

the function . We apply the Fourier transform to both parts of Eq. (9) and keep in mind that
 and , thus obtaining

Hence,
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that is,

(12)

Therefore, taking into account (11) and (12), we have
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Proof. Let  be the trial function. Then

The definition of equality of two generalized functions leads to (16), which proves the lemma. Rela-
tions (14) and (16) result in

(17)

From (13) we see that  as a sum of positive functions. Therefore,  >

0. According to (10), to determine the Fourier coefficients of the function , we need to

find the Fourier transform of the function .
The main result of the current work is

Theorem 4. The Fourier transform of the function  for determination of a discrete analog of the dif-
ferential operator
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Thus,

(19)

Hence, by denoting , after some manipulations, from (19) we get
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Due to (22), from (21) we have

(23)

where  is the finite difference of order  for , .

Thus, by applying the formulas from [17] to (23), we have

which completes the proof.

Note that in works [18–21] researchers constructed optimal quadrature formulas and convergence-
order optimal, asymptotic optimal, and practical asymptotic optimal cubature formulas in the Sobolev
functional spaces.

Because we know that , to determine the Fourier coefficients of the function

, that is, , taking into account (10) after expansion of  into the

Fourier series, we below find a discrete analog  of operator (18).
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where . Therefore,

Next, we find . We have

This leads to

Theorem 5. A discrete analog  of the differential operator , satisfying equality (8), at

 has the following form:

CONCLUSIONS
Discrete analogs of differential operators play an important role in the theory of quadrature and cuba-

ture formulas. Sobolev developed an algorithm for determining the optimal coefficients of quadrature and
cubature formulas.

In the current work we considered the problem of constructing the Fourier transform of the function

 for determining a discrete analog  of the differential operator , which is

used in constructing optimal quadrature formulas in the space .
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