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Abstract—This paper considers the problem of constructing the Fourier transform of a harrow-shaped
function to determine a discrete analog of the differential operator, which is used in constructing opti-
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log of a specific operator in a particular case is considered.
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INTRODUCTION

The discrete analog D,, , [B] of the following polyharmonic operator plays an important role in con-

structing optimal quadrature and cubature formulas in the spaces H} (R") and L(Zm) (R"):

m
A" = 8_2 + a_2 + + 8_2
ox;  ox; ox;
For the first time, Sobolev constructed and studied the properties of inversion of the convolution operator
with the function G,, , [B], where G, , (x) is the fundamental solution to the polyharnomic operator, in the

space L(z'") (R"), that is, the properties of a function of discrete argument D, , [B] such that satisfies the

equality D, , [B] * G, [B] = 8[B], where 8[B] is unity at B = 0 and zero at  # 0 [1]. He investigated the

properties of the operator D,(,'Z,) [B], which is the inversion of the convolution operator with the function

G,%) [B] = 4"G,, (hHP) [1]. The problem of constructing the discrete operator D,S'f,) [B] for an arbitrary n
appeared to be very hard.

2m

In the one-dimensional case, a discrete analog of the operator a_ was constructed by Zhamolov [2].
d

2m

However, in this work we wrote the form of this function up to m + 1 unknown coefficients. In work [3]

2m

Shadimetov found these coefficients, thus completely constructing a discrete analog of the operator .
b

Shadimetov and Khaetov constructed a discrete analog of the differential operators

d2m B d2m—2
2 2m-2
dx™  dx™"
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and

4 2
d—4 + 2d—2 +1

dx dx

in their papers [4, 5].

In work [6] Shadimetov and Mamatova used the variational method in the Sobolev space to construct
the composite lattice optimal cubature formulas. In work [7], in the space of square summable functions,
Gabdulkhaev established the effective sufficient conditions of continuity and compactness of singular
integral operators with Cauchy kernels on a segment of the real axis.

In the current work we consider construction of the Fourier transform of the function V ,(x) for

determining the optimal coefficients of quadrature formulas in the Hérmander space H} (R).

Definition. The space H} (R) is defined as a closure of infinitely differentiable functions givene in R and
decreasing at infinity faster than any negative exponent in the norm

o 1/2
RERCE { [F ' Ta+yy 2 Flreo) | dx} .
Here, F and F ~!are the direct and inverse Fourier transforms:
Flf(x0)]() = j fx)e™dx and  F7'[f(x)] () = j F(x)e T g,

When the condition V,, ,(x) = F - [(1 + yz)_m/ 2](x) e L,(R) is fulfilled, the space H5(R) is included into
the space of continuous functions C(R) [1, 8].

We define the scalar product in HY(R) as

(ow) = [F[a+»)" Flox] o] Fa+)" - Fly] o) ]dx.

1. PROBLEM FORMULATION

In this work we study the problem of constructing the Fourier transform of the function V ,(x) for
determining a discrete analog D,, [B] of the differential operator

)
(2nw)’ dx’

[9, 10], which is used in constructing optimal quadrature formulas in the space H}(R).
This work is a generalization of works [11, 12], that is, we provide an algorithm for constructing the

Fourier transform of the function V' ,,(x) for determining a discrete analog of the operator D,, [43], which
satisfies the equality

D, [B]*V, [B] = 3[B], (1)

where V,, (x) = v,, (ox), ® > 0. Here,
v, (x)=F" {[1 + yz]m} (x), x=hp,

where F~'[¢] is the inverse Fourier transform of a function ¢, 8[B] is the discrete delta function, which is

unity at 3 = 0 and zeroat B # 0, h = ﬁ, N =23,...,[B] = hB.
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AN ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM

The operator D,, [B] at m = 3,4 was constructed in works [11, 12].
Theorem 1. The operator D;[B| satisfying equality (1) at m = 3 is determined by the formula

2
A
- B=0
c+;7\‘i B
2
DBl =B1+> 4, B=1
i=1
2
S, 22,
i=1

where

B=" 4 =16m°K shnh) -3 (nh ch2mh) — %sh(Znh)), c= —(6 chQmh + ﬁ}
QT a

a, = 6¢ch(2nh) (ﬂ:thTth - %sh(Znh)) —3(sh(2rh) ch(2mh) — 2mh) — 8k’ sh(2mh),

A = 6bA] +3(b%4 + 1)\ —4b(26° + 3)A] +3(4b” + 1) A7 — 661, +1

i = i:132’
A -1
2
A :ﬂb, +\/b,2—4b2—8+\/(b1 +\/b12—4b2+8) ~16|,
2
A =ﬂbl + B — 4b, —8—\/(b| + b7 — 4b, +8) ~ 16|,
bl =ﬁ: b2 :ﬂ
aq a

ay = [6 ch(2mh) (sh(2mh) ch(2mth) — 2h) — 6 (nh ch(2mh) — %sh(2nh)) +16m°h* sh 2nhch2nh},

|7\.1| <1, and h is a small parameter.
Theorem 2. The operator D, [B] satisfying equality (1) at m = 4 is determined by the formula

3
A
_l’ = 0,
c+ ; y B
3
Dy[Bl=B -1+ A, B=1
, i=l1
zAf?Li‘B‘_la
i=l1

B =2,

where

2
B = 22 3 R al = —15‘1+120hb_1216nh20+32n2h3b’
T -q

c=2+8b, a,=90ab—240h(1+2b>) +12-16m°a - 2(1+ b) + 32’4’ -8 (b” - 1),
a4

A:ﬁ+wu+5ﬁ+¢ﬁ+mﬁ+@ﬁ+@ﬁ+w+1i:rg
1 7\'12_1 b 9~y

b =-8b, b, =4(b>+1), b;=8b(1—-4b"), b, =2(246° +8b* +3);
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where

b =b, b =b, b =bs,

\; are the roots of the polynomial P () = (A° + BA” + bA" + bA + bA” + bA +1),i = 1,3,

where
ay = —45a(1+4b°) + 120hb (11+4b”) +12 - 16mh’a (8b — 11) + 32n°k’b (4b° — 13),

a, = 60ab (3 + 2b) — 12044 (1+ 4b%) +12 - 16mh°a4 (1 + 26 + 3b) + 321°K°16 (2 - 1),

R A R D RO
a-ass s oro o (ors o (oss )] )

3 2 3 2
A—3_g+ p_+q_, B=3_g_ p_+q_’
2 9 4 9 4
; b b(b-3)

wherep:—b?‘+b2—3,q:2.§1_

2. SOME PROPERTIES OF THE FUNCTION V,,(x)

1. The evenness of 1 '(€) = (1+ &)™ leads to the evenness of V, (x) = F'[w(&)](wx). It is clear.
2. The function V,,(x) decreases at infinity faster than any negative exponent of |x| Indeed, the func-
tions W(&) and ' (€) are infinitely differentiable functions. The infinite differentiability and summbaility

of u_'(E_,) and its derivatives result in

=3

Va(x) = J-(—2nicox)(°” . [(1 + gz)—m:|(°‘) o2k dE,

—oo

for any o > 0. Therefore,

Vm(x)(znicox)“‘ < oo,

3. The explicit form of V,,(x). Due to the evenness of V,,(x) we have

- 2miywx *
Vo (x) = Volom) = [ S dy = 2 COSTTOX
1+ o (1+y9)
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AN ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM 49

Next, the following equality is well-known (see [13]):

T cos(ay)d 2n—k =2

[ e " Qab)’ @
0 (0" +y7) 2- b) -D!'=k!(n—k-1!

By putting @ = 2nwx and n = m in this equality, we obtain an explicit expression for the Fourier transform

of the function u_l (§) in elementary functions. Because the left-hand side of Eq. (2) does not change when
we replace x by —x due to the evenness of the integrand function and the right-hand side holds only for

x > 0, in the right-hand side of the last equality we replace x by |x|.

Hence,
I Ce T I 2m - k - 2)!(2n0)"
Vm (x) = Vm((DX) = 2J. cos 27'5;1)3’7’)6 y = 27"5_26 ( " ) ( TC(D) |X|k . (3)
+)7) 2" m - kl(m—k-=1)!
3. ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM
OF THE FUNCTION V ,(x)
In what follows, we consider the system from work [14] having the form
N o *
=0 S

We denote C[B] = Cp and V,ﬁ’ [B] = V,,(AB) and can write system (4) as a convolution of functions of discrete
argument:

0
CIBl* VBl = £,IBl, B=0.L...,N, (5)

0
CIBI=0, AP [0.1], (6)

where

1
JulBl = [P -V, (B = y)ay.
0

We denote the system of equations (5), (6) by the system B.
Consider the corresponding problem.
Problem B. Find a discrete function C[f] satisfying the system B at given f,,[B].
The main idea of this method consists in replacing the unknown function C[f] by the function

u'[B] = u,,(hB), namely, instead of C[B] we introduce the unknown function

u[B] =V, IB] * CIB]. (7
Then we need to find an operator D,,(hB) = D,:[B] fulfilling the equality
D,IB*V,, 1Bl = 8(kP). @®)
L B=0;
where d(hB) = {O, B0,

From (7), taking into account (8),we obtain

CIBI = D,IBl* unIBl,

where u,}; [B] was determined in work [14], where the following theorem was proved.
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50 IK. I. JALOLOV, O. 1. JALOLOV

Theorem 3. The function

faABl. HBe[0,1];

—J N
, (hB) = D CY, (B —hay,  HB [0,1].
o=0

Now, we are going to seek the solution to Eq. (8). According to the theory of periodic generalized func-

tions and Fourier transform, instead of a discrete function D,,(4f) it is more convenient to seek the har-
row-shaped function

D)= Y D, (HB)Sx — ).
B:—oo

Then Eq. (8) in the class of harrow-shaped functions transforms to the equation
D ,(x)* V (%) =08(x), ()]
where

V0= YV, — ).
B:—oo

It is well-known (see [1]) that there exists an isomorphism between the calss of harrow-shaped func-
tions and the class of functions of discrete argument. Therefore, instead of D, (Ap) it is sufficient to study

the function ﬁDﬁ «(X). We apply the Fourier transform to both parts of Eq. (9) and keep in mind that
Flo(x) * y(x)] = Flo] - Fly] and F[d(x)] = 1, thus obtaining

F[H m(x)} F {7 m(x)} -1,

P D] = (e ¥ m(xﬂ}_l | (10)

Let us compute the Fourier transform F { V m(x)} of the harrow-shaped function V ,(x).

Hence,

It is well-known (see [1]) that

() = iﬁ(x —PB), 8hx)=h"'8x) and F{ i exp(2ni[3x)} = iﬁ(x -P).
p— f— p—

Due to these equalities we obtain

V@) = SV 0B — ) = V() Y 8x — )
B:—o@ B:—oo
(1)

=V, (x)- iﬁ(xh‘l —B) = h 'V, (x)o(h ).
B:—oo

It is also well-known (see [2]) that

Floo(h™'x)] = D FIS( " x = B)1 = h D FIS(x — h)]
p=—- p=—-

=hY_ exp(miphP) =h > &(hp - B) = hoy(hp),

f=—oo K=o
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AN ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM 51

that is,

Floy(h™'x)] = hoy(hp). (12)

Therefore, taking into account (11) and (12), we have

F F; m(x)} = FIW'V,(x) - 0y(h "))

(13)
= I FV,,(x)] * Floo(h™'x)] = B~ FIV,,(x)] * ¢(hp) - h.
Because FIV,,(x)](p) =1+ pz)_m, from (20) we get
F {7 m<x)} o) =(1+52) " opy = Y (14 p2) "+ Sp — B
[3:700
= (14)

. L .
p= [1 +(p- Bh‘lﬂm

The function F { |4 m(x)} (p)isan N = h™'-periodic function. Using Eq. (14), we must first determine

_ -1
{F [ V m(x)} (p); , which also is an N -periodic function, and then expand it into the Fourier series.

Consequently, from (10) we have

FF,,,(x)}(p) = " DyexpQmiBhp), (15)
B:—oo

where bk are the Fourier coefficients of the function F [ D m(x)} (p), that is,

N ——
by=] F{ D m<x)} (p)exp(2miphB)dp.
0

By applying the Fourier inversion formula to equality (15), we arrive at the harrow-shaped function

D)= Ddx - ).
B:—oo

Thus, by definition of the harrow-shaped function, the set of Fourier coefficients is the sought function
of discrete argument D,,(#k). To determine the Fourier coefficients F { D m(x)} we first determine the

Fourier coefficients of the function
F [ v m(-x):| (p).

To determine F [ 4 m(x)} (p), we prove

Lemma. The equality holds:

oo

A > .
= #(0AB) exp(2riBhp). (16)
“;{“(p— pay " BZ;V ohp) expniBhp
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52 IK. I. JALOLOV, O. 1. JALOLOV

Proof. Let ¢ be the trial function. Then

oo oo

o) |=| F "
1+ -1pr ] =1+ (p— 4B’

— |, F'[e(p)]

- (F [ﬁ * %(hp)} (x), F‘1[<p(p>](x>j

- ( F! {m} (x) - F~ [0o(hp)] (x), F“[(p(p)](x>J

= V(%) - B 0o(h '), F[@(p)1(x)) = ( > Vm(hk)expanihkx),(p(x)j.

k=—oo

O

The definition of equality of two generalized functions leads to (16), which proves the lemma. Rela-
tions (14) and (16) result in

FF m(x)} 0 = SV, ). (17)
B:—oo

_ -1
From (13) we see that F { V m(x)} (p) > 0 as a sum of positive functions. Therefore, {F { V m(x)} ( p)} >

0. According to (10), to determine the Fourier coefficients of the function F [ D m(hB)} (p), we need to

find the Fourier transform of the function V ,(x).

The main result of the current work is

Theorem 4. The Fourier transform of the function V ,(x) for determination of a discrete analog of the dif-
ferential operator

A
[-—L 4 | 18
{ (2T|:(D)2dx2} (18)

satisfying equality (10), has the form

F{—V—m(x)}(p) __n(2m-2)! [ k(e‘*ﬂwh - 1) " ezmh}

22m—2 [(m _ 1) ']2 —7\.2627@,’ + x(e4nmh +1

. T C@m—k —2)!(4nwh)* | o & ( A j"
22m72(m _ 1) ' g k '(m _ k _ 1)' eZn(nh _ }L = 2nwh _ 7\/

. 2nwh k i ;
% ~1 i-p i! k+ Ae ( 1 ) -1 i—p i! k .
pzo( ) p!(i—p)!p xez"“’h—lg A’ 1 pzz(;( ) p!(i—p)!p

Proof. Using (17), we compute the Fourier transform of the function V ,(x). In formula (3) we put
x = hP; then

— it 2monp Mol 1 9\ k )
F{ % m<x)}(p) =y R @m =k = DUATQ) |, i
k:_w2m (m—l)!k=0 k'(m—k—l)'
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AN ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM 53

Thus,
F{? (mx)} (p) = iv (B) e — e P S @m =k =2)!(4nw)’ | B
" =" ELY T m DR km =k —D)! (19)
2mikBp (2m k —2)!(47'503h) C —2mhl| 2mihpP |k
e T 22" —1)'Z ki'(m—k —1)! B;f IR
Hence, by denoting s = A, after some manipulations, from (19) we get
m—1 k o
2m — k —2)!(4nwh) —2mohfBn B |l
14 T A
{ (x)}( )= 2" 2(m —1)1,; k'(m—k —1)! B;ce P
_ n @m=2! N ey p
2" 2(m —1)! (m—1)! B;f
L 2m — k —2)!(4T0R)" O ool p ik
A
2m 2 __1)'221 k'(rn k’ 1)! g;g;? |B|
T (2m —2)! —2nwhffy B —2nwhff, B
= + A+ A
27" 2(m=1)! (m—1)! { B_Z_m z }
L (2m — k = 2)!1(4T0h)" | S ookl Btk . N ~2mBn B (alk
A + A 20
2m 2(m_1),z kl(m—k —1)! {_Zme |B| BZ:;e |B| (20)
n(2m - 2)! - [ jﬁ O omonpy B
=—"" "7 11+ A
22m72 [(m _ 1) ']2 |: ; e2ﬂ:0)h BZ
L 2m — k —2)!(4moh)* | < ( ) - [ - o) g
2m 2 _1)'2 k’(m—k—l)' |:; e2TEO)h Z(}" )
n(2m —2)! - ( )“ -
= +
7| e ;(x o
m—1 k B
T (2m — k —2)!(4mwh) ( j ( j
2m 2(m_1)'; k'(m—k—l)' |:BZ 2nwh B +Z 2nwh
We apply some formulas from [15] to the first term in (20) and obtain
n(2m-2)! [ A 1 }
V 1+ +
|: (X):|( ) 22m 2 [(m _ 1)']2 e2nwh -1 ke2nmh -1
' 2m — k —2)!(4noh) | < @D
m—k—2)!
2m 2(1’)’!—1)'z k!(m—k—-1)! ﬁzo( 2nwhj B +Z<}\. 2n(nh)

The following formula holds [16]:

n-1 k i n k i
oo 1 NOF -4 N4 ) pinf
;qy qz( j —q;(l—qj

i=0 r=n

for|g| < 1 from (21) we have

Sy = Lqﬁ( j (22)

v=0 i=0
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Due to (22), from (21) we have

{ ” (x)}( ) = n(2m —2)! { X(e“nmh 3 1)
2m 2 2 2 2nwh 4mwh 2nwh
[(m = DI | A2 + 1 (™" +1) - e

- '”zl(zm—k—2)!(4n0)h)k[ 2O Zk:( A J gt 23)

+
22m—2(m _ 1)!k:0 k‘(m —k— 1)! e2TEu)h _ 7\ — 2nwh _

}\’eZTC(Dh k ( 1 )[ ik
+ A0 |,
)\’e2TE(Dh _ 1; }\‘eZT[(Dh _ 1

where Aiyk is the finite difference of order i for Y( , A0 =

Thus, by applying the formulas from [17] to (23), we have

R T N
2m 2 2 2 2nwh 4nwh 2nwh
[(m =D |-Ae +7u(e +1)—e

m—1 k k i
(2m — k —2)!(4noh) 2noh A o
52m=2 2 Z { € XZ( }J A0

(m_l)'k — k'(m—k—l)' eZTC(Dh_ — eZT[O)h_

Ae’ ™" c 1 R
’ A’ —1 ;(kezmh - 1) A0

n(2m—2)! [ e 1) }

~ [ — ) |22 + k<e4nmh N 1) i

z(2m k —2)!(4mon)* | g2mon i( y j"
2’“ m-D& klm—-k-D! ™ A\

i=0

i

. 2moh K i .
< STy ! ko, _he ( 1 j ) ! ‘.
Z( ) : p 7\,€2nwh _ 1; }\’e2nmh -1 Z( ) : p)lp

p=0 pI(i—p)! =0 pl(i—

which completes the proof.

O

Note that in works [18—21] researchers constructed optimal quadrature formulas and convergence-

order optimal, asymptotic optimal, and practical asymptotic optimal cubature formulas in the Sobolev
functional spaces.

Because we know that F { V m(x)}( p), to determine the Fourier coefficients of the function
L L -1
F { D m(h[?))} (p), that is, D,, (x), taking into account (10) after expansion of {F { |14 m(x)} ( p)} into the
Fourier series, we below find a discrete analog D,, [B] of operator (18).

Consider the case m =1 and w = 1. For F {ﬁVﬁ m(x)}( p) we have

— by 1
F =l
[V B)1(p) TE[ + exp(2mh) — A * Aexp(2mh J

) -
_ n[(exp (21th) — L) (Lexp (2mh) — 1) + A (Aexp (2rh) — 1) + (exp (2mh) — x)}
Lexp (4mh) — exp (2mh) — A exp (2mh) + A
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AN ALGORITHM FOR CONSTRUCTING THE FOURIER TRANSFORM 55

. ~A% exp (2mh) + A (exp (4mh) + 1) — exp (2mh) + A% exp (2h) — A + exp (2mh) — A
A% exp (2rh) + A (exp (4mh) + 1) — exp (2mh)

o A(exp(4mh) —1)
—\” exp (2mh) + A (exp (4mh) + 1) — exp (2mh) |
where A = exp (2miph). Therefore,

— A(exp (4mh) —1)
F|V = .
{ 1(6)} ) 7{—7\,2 exp (2mh) + A (exp (4mh) +1) — exp (2nh)}
. -1
Next, we find {F{ 14 1(x)} (p)} . We have

{F P; m(x)} (p)}—l _ Tlc{}\,z exp (2mh) —x?(»(exp (47h) +1) + exp (2nh)}

1 — exp (4mh))

=l[x exp(2mh) _exp(dmh) +1 1_exp(2nh) } S b, [Blexp (2niphp).

n| 1—exp(4nh) 1—exp(4nh) Al—exp(4nh
This leads to

B=—c0

Theorem 5. A discrete analog D,, [B] of the differential operator {1 - ( 1 > %} , satisfying equality (8), at

m =1 has the following form:

exp (4nh) + 1 B =0
D[] = exp (4mh) -1’ ’
T ) exp(2mh) Bl=
1—exp( 475/1
CONCLUSIONS

Discrete analogs of differential operators play an important role in the theory of quadrature and cuba-

ture formulas. Sobolev developed an algorithm for determining the optimal coefficients of quadrature and
cubature formulas.

In the current work we considered the problem of constructing the Fourier transform of the function

—— 2 mn
V ,(x) for determining a discrete analog D,, [B] of the differential operator [l — #j , wWhich is
21W)" dx

used in constructing optimal quadrature formulas in the space H} (R).
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