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Weighted Optimal Order of Convergence Cubature Formulas
in Sobolev Space L\ (K;,)

Ozodjon Jalolov®
Bukhara State University, 11, M.Ikbol str., Bukhara 200114, Uzbekistan
A Corresponding author: o_jalolov@mail.ru

Abstract. The main area of application of various spaces of generalized functions lies in the theory of differential equations and in
the theory of quadrature and cubature formulas. Therefore, it becomes necessary to study spaces of generalized functions, one way
or another related to various domains in R". The theory of differential equations in the space of generalized functions differs from
the theory of these equations in the space of ordinary functions. Deriving these equations and finding their solutions are important
in applications. In the study of various questions arising in the theory of approximate integration and partial differential equations
and related departments of analysis, the so-called Functional approach turned out to very fruitful.

In this paper we investigate weighted cubature formula in the functional spaces l_,E,W') of S.L. Sobolev for the functions defined in
the n - dimensional unit cube K, and obtain an upper estimate for the norm of error functionals of weighted cubature formulas.
Based on the Bakhvalov theorem it is proved that considered cubature formulas of the optimal on order of convergence in these
spaces.

INTRODUCTION

In many research papers examined the properties of optimal approximations of linear functionals [1, 2, 3,4, 5,6, 7, 8,
9,10, 11, 12, 13]. In these papers the problem of optimality with respect to a certain space are investigated. Most of
them are discussed in the Sobolev space [1].

We consider the cubature formula of the form

N
[rwr@ar= ¥ e (x). M
K, A=1

The generalized functional

Iy (x) = p(x) &k, (x Z C16 ( )) (2)

=1

is called the error functional of the cubature formula (1),
a A
<tv.f>= [p0f@de- Y G (xP)
£, A=1

is an error of the cubature formula (1), p (x) € L, (K,) is a weight function, &, (x) is the characteristic function of K,
Cj, and x*) are the coefficients and the nodes of the cubature formula (1) and & (x) is the Dirac delta-function.

Definition 1 The cubature formula of the form (1) is called an optimal order of convergence, if for the norm of its
error functional following holds
lim ‘

N—roo ‘

00 n|L 3

Here ($;" (x) is error functional of optimal order of convergence cubature formulas (1).

In this paper we consider the problem of the descending order of norm of the error functional H€N|Z§,m) (Ky) H with
an increase in the number of its nodes. The results, which we obtain here, are to the arbitrary distribution of points.
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A NORM ESTIMATION FOR THE ERROR FUNCTIONAL OF WEIGHTED
CUBATURE FORMULAS ON THE SPACE L

Definition 2 The space Zg,m) (K») is defined as a space of functions, given on a n- dimensional unit cube K, and having
all the generalized derivatives of order m, summable with a degree p in norm [1]:

_ " f (x) p ’
’_ K/{(Qxlrm&xzmzmax”mn) }dx , @

and the norms of the error functional in the Sobolev space have the following form

|7z, (&)

3 ' % ﬁ
=3[ E B0ty ¢ ©)

K, |a|=m

| AL )

where |0t] = ot + 0+ ...0, ! = Q1! - ! - ..o, and D f (x) = St
| | 1ot n 1 2 n f() Bx?laxgz...ﬁxg”

Obviously, in the right hand side of (4) is less computing, than in (5), and it follows that the norm of the function in
space I:E,m) (K,) the number of computing operations will be much less, than in the space Lg,m) (Ky), as in the norm (4),
involved only the mixed derivatives.

Now we prove the following theorem, which is one of the main results of this work.

The following is true.

Lemma 1 If for the error functional (2) of the cubature formula (1), the following conditions are fulfilled

Iy (x) = Ly (x1) Uy (x2) oo L, ()

where
N,' ()L) n
tn, () = pi () g0y () = Y- €38 (3 =), p) = [T i)
Ai=1 i=1
and
o 1
“éNi|L§:ml) 0,1) H < diW’ d; are constants, (6)
i
that is
= (mi )% _ 1
HEM|L§)’":) (0,1) H <d;O0(R!"), djare constants, (i=1,n), h; = 7 @)
then
"€N|£§,m>* (Ky) ‘ <d-— , d is constant, (8)
1N
i=1
or
H2N|Z§,’”>*(Kn) ‘gd-O(h’l”')-O(h’z”z)-...-O(h;”"),

d=|diandm=m;+my+ ...+ my,.

1

n

1
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Proof. We conduct the method of the mathematical induction.

Suppose n =2, x = (x1,x2), |a| = o4 + 0, m = my +my, dx = dxydxy, f(x) = f(x1,x2), p(x) = p1(x1) - p2(x2)
and EN (x) = éNl (xl) '£N2 (XQ).

If presume in (4) n = 1, then

! am P
f,|Lm’ 0,1) /Ka i | > }dx,» . i=1,2,...,n. )
0

So, we have

|< Uy (x1,22), f (x1,%2) >| = [< U, (x2) , < Lwy (x1), f (x1,%2) >
< | ) 252" 1) || | <, Gor). 1 () > 125 0, 1) | (10)

We compute the following norm:

amz I

WL2 <A, (x1), f (x1,x2) >| | dx2

1
Hle (x1)..f (x1,32) > (L™ (0 / {
0

P
de

1 e
/ H< y, (x1), Wf(xlvxz)
0 2

.

) de

= (my ) ! ! gmitm P
= Hézvl (x0)|Lp " (0,1) H / /[(Wf(xl,xz)> }dxl dx;
S L)

1
(1)« 9" 7 (m1)
< / H&vl (x0)|Lp"" (0, 1) H Wf(xl,xz)le (0,1)
2
0

}
}
}
}

= |lew iz ) |- IES () | (11
Thus, from (10) and (11) we obtain
[< ) f () > < | (I 0.1 |- ew GOIZE @) || [ @IE” (R || a2
From (12), using the definition of norm, we have
ew " (k2 || < |y e 25 0,1) || ew, G IZS™ (0.1) | a3
Taking into account (7), on the basis of (13) we obtain
|wZs” (k2 || < e 'dZN{”llNz’”'

That is
| nlZy™ (k) | < a0 (u) o (h2) (14)

where d = d; - d>.
Now suppose that the inequality (8) holds for n = k, then on the basis of the above calculations we obtain the following
results

_ 1 k
onIEIM* (K, H<d-—, here d = [ 1d; 15
JeviEs™ | < - G- where d =T 4
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or

H£N|Z§,”’>* (K H <d-0(K™)..0(H"). (16)

Using the validity of lemma at |< £y (x1,x2), f (x1,x2) >| < HENZ (x2)|l_,(2m2)* (0,1)
for n = k+ 1. Taking into account (15), at n = k+ 1 we estimate error of cubature formula of the form (1)

’, we prove that the assertion holds

|<np, (X152, e Xi1) o f (X1,%25 e Xigr) > |
= |< €N1 (xl),< éNz (Xz),<,... < gNk (xk),éNk+l (ka) ,f(.x1,.x2,...,.x1(+1> > .. >|

< [lemize™” 00y - 28 1) | < e ) S i) > I 01 | amy

Hence, as above, using the definition of norms of functional, we get
enIzg (i) || < e oIz 1) || fJew G EE™ ©,1) |- [Jewe,y G Z™ " 0,1 | 18y

From inequalities (6) and (18) we obtain

7 (m)x 1
o 0] S e
or
- k+1
[z (Kicon) || < divr- 0 () 0 (277)  where diy = [T i
i=1
Summarizing the results obtained, in conclude by noting that
NI (K || < d ! hi= L (i=Ton). whered = [ ]d 20
N|p (n) = 'mai_ﬁiu(l_ ,n),were —gi (20)
or taking into account (7), from (19) we have
w25 (K || < d-0 (k") .0 (H}) . is constant @1)
or
n
H£N|L§,’”>* (K») ’ <d-O(h") , whered =[] d;. 22)

i=1

Lemma is proved.

Thus, we obtain an upper estimate for the norm of the error functional (2) for cubature formula (1) in the space
Ly (K.

A similar assessment was obtained previously for the norm of the error functional of cubature formula (1) on the
quotient space of S.L. Sobolev Lg,m) (K,) [11] and as a result we have received the same order of convergence to zero
as N — oo, although the norm of function was defined in different ways, this is confirmed by the inequality [11], (22).
With the help of this lemma, it is easy to prove the following theorem.

n
Theorem 1 The weight cubature formula (1) with the error functional (2) at Ny = Ny = ... = Ny, 'HIN,‘ = N and
=
my +my+...+m, = mis the optimal in order of convergence the space l_,g,m) (Ky) , for the norms of the error functionals
(2) of the cubature formula (1) have the equality
[—o(v).

H€N|L§7m>* (Kn)
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Proof. On the basis of Lemma at Ny =N, = ... =N, we have N; = /N, i=1,2,...,n.
Thus,

I”_INI.’”" = Nyt — N (23)
i=1

By substituting (23) into inequality (20), we obtain

m

|ewlZs™" (&) | < e i 24)

By N.S. Bakhvalov theorem [14] and the inequality (24) follows the proof of the theorem.

CONCLUSION

In this paper we investigate weighted cubature formula in function space ig,m of S.L. Sobolev for the functions defined

in the n - dimensional unit cube K, and obtain an upper estimate for the norm of the error functional of weighted
cubature formulas. Based on the Bahvalov N.S theorem it is proved that considered cubature formulas are an optimal
on order of convergence in these spaces. At the end, it is argued that the weighted cubature formulas in spaces have
the same order of convergence, although for the norm of the error functional of these cubature formulas in the space
only mixed generalized derivatives are involved and these formulas can be called practical.
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