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Ñ.Ë. ÑÎÁÎËÅÂÀ L̄
(m)
2 (Sn)

Àííîòàöèÿ. Ïðè ðåøåíèè ìíîãèõ âîïðîñîâ â òåîðèè ïðèáëèæåííîãî èíòåãðèðîâàíèè è äèô-
ôåðåíöèàëüíûõ óðàâíåíèé èìåííî ïðàâèëüíûé âûáîð ïðîñòðàíñòâ ÿâëÿåòñÿ çàëîãîì óñïåõà.
Î÷åíü ÿðêî ïîäîáðàííûé ïîäõîä áûë ïðîäåìîíñòðèðîâàí â èçâåñòíûõ ðàáîòàõ Ñ.Ë. Ñîáîëåâà
ïî ïîëèãàðìîíè÷åñêîìó óðàâíåíèþ. Ñ.Ë. Ñîáîëåâ ïîñòàâèë è ðåøèë âàðèàöèîííûì ìåòîäîì
ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ ∆`u = f ñ ãðàíè÷íûìè óñëîâèÿìè íà ïîâåðõíîñòÿõ
ðàçëè÷íûõ ðàçìåðíîñòåé.

Ïðîáëåìû îïòèìèçàöèè ôîðìóë ïðèáëèæåííîãî èíòåãðèðîâàíèÿ çàêëþ÷àþòñÿ â ìèíèìè-
çàöèè íîðìû ôóíêöèîíàëà ïîãðåøíîñòè ôîðìóëû íà âûáðàííûõ íîðìèðîâàííûõ ïðîñòðàí-
ñòâàõ è áîëüøèíñòâî èç íèõ ðàññìîòðåíû â ïðîñòðàíñòâå Ñîáîëåâà.

Äî ñèõ ïîð ìû ðàññìàòðèâàëè êóáàòóðíûå ôîðìóëû, ïðè ïîìîùè êîòîðûõ ïðèáëèæåííî
âû÷èñëÿåòñÿ îïðåäåëåííûé èíòåãðàë îò ôóíêöèè, êîãäà çíà÷åíèÿ ýòîé ôóíêöèè â îòäåëü-
íûõ òî÷êàõ óçëîâ êóáàòóðíîé ôîðìóëû íåèçâåñòíû. Íî âîçìîæíû áîëåå îáùèå êóáàòóðíûå
ôîðìóëû, â êîòîðûå âõîäÿò êàê çíà÷åíèÿ ôóíêöèè, òàê è çíà÷åíèÿ åå ïðîèçâîäíûõ òîãî èëè
èíîãî ïîðÿäêà.

Åñëè íàì èçâåñòíû íå òîëüêî çíà÷åíèÿ ôóíêöèè â íåêîòîðûõ òî÷êàõ n-ìåðíîé åäèíè÷íîé
ñôåðû, íî è çíà÷åíèÿ åå ïðîèçâîäíûõ òîãî èëè èíîãî ïîðÿäêà, òî åñòåñòâåííî, ÷òî ïðè ïðà-
âèëüíîì èñïîëüçîâàíèè âñåõ ýòèõ äàííûõ, ìû ìîæåì îæèäàòü áîëåå òî÷íûé ðåçóëüòàò, ÷åì
â ñëó÷àå èñïîëüçîâàíèÿ òîëüêî çíà÷åíèé ôóíêöèè.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ êóáàòóðíûå ôîðìóëû, êîòîðûå òðåáóþò îñîáîãî âíè-
ìàíèÿ ê ïîñòðîåíèþ íàèáîëåå ýêîíîìíûõ ôîðìóë; ïî âûðàæåíèþ Í.Ñ. Áàõâàëîâà òàêèå ôîð-
ìóëû íàçûâàþòñÿ ïðàêòè÷íûìè.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ ôóíêöèÿ, ïðîñòðàíñòâî, íîðìà, ôóíêöèîíàë ïîãðåøíîñòè, èí-
òåðïîëÿöèîííàÿ ôîðìóëà, ýêñòðåìàëüíàÿ ôóíêöèÿ.
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Ââåäåíèå

Ñîâðåìåííàÿ ïîñòàíîâêà ïðîáëåìû îïòèìèçàöèè ôîðìóë ïðèáëèæåííîãî èíòåãðèðîâà-
íèÿ çàêëþ÷àåòñÿ â ìèíèìèçàöèè íîðìû ôóíêöèîíàëà ïîãðåøíîñòè ôîðìóëû íà âûáðàííûõ
íîðìèðîâàííûõ ïðîñòðàíñòâàõ (íàïðèìåð, [1]�[22]).
Â ýòèõ ðàáîòàõ èññëåäóåòñÿ ïðîáëåìà îïòèìàëüíîñòè îòíîñèòåëüíî íåêîòîðîãî îïðåäå-

ëåííîãî ïðîñòðàíñòâà. Ìíîãèå èç íèõ ðàññìîòðåíû â ïðîñòðàíñòâå Ñîáîëåâà [1].
Ìíîãîìåðíûå êóáàòóðíûå ôîðìóëû îòëè÷àþòñÿ îò îäíîìåðíûõ äâóìÿ îñîáåííîñòÿìè:

Ïîñòóïèëà â ðåäàêöèþ 12.03.2024, ïîñëå äîðàáîòêè 12.03.2024. Ïðèíÿòà ê ïóáëèêàöèè 20.03.2024.
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1) áåñêîíå÷íî ðàçíîîáðàçíû ôîðìû ìíîãîìåðíûõ îáëàñòåé èíòåãðèðîâàíèÿ;
2) áûñòðî ðàñòåò ÷èñëî óçëîâ èíòåãðèðîâàíèÿ ñ óâåëè÷åíèåì ðàçìåðíîñòè ïðîñòðàíñòâà.

Ïðîáëåìà 2) òðåáóåò îñîáîãî âíèìàíèÿ ê ïîñòðîåíèþ íàèáîëåå ýêîíîìíûõ ôîðìóë.
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ôîðìóëû èìåííî ñ ó÷åòîì ýòîãî òðåáîâàíèÿ. Êàê

èçâåñòíî [23], ïî âûðàæåíèþ Í.Ñ. Áàõâàëîâà òàêèå ôîðìóëû íàçûâàþòñÿ �ïðàêòè÷íûìè
ôîðìóëàìè�.
Ðàçðàáîòêó àëãîðèòìîâ è ïîñòðîåíèå êóáàòóðíûõ ôîðìóë äëÿ íåêîòîðûõ ìíîãîãðàííè-

êîâ ïî ïðåäëîæåííîìó ñïîñîáó âûïîëíèëè Ë.Â. Âîéòèøåê è Í.È. Áëèíîâ [6].
Â ðàáîòå Õ.Ì. Øàäèìåòîâ, Í.Õ. Ìàìàòîâà [24] âàðèàöèîííûì ìåòîäîì â ïðîñòðàíñòâå

Ñîáîëåâà ïîñòðîåíû ñîñòàâíûå ðåøåò÷àòûå îïòèìàëüíûå êóáàòóðíûå ôîðìóëû. Â ðàáîòå
[25] ýòèõ æå àâòîðîâ âû÷èñëÿåòñÿ òî÷íàÿ âåðõíÿÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé
ôîðìóëû â ïðîñòðàíñòâå Ñîáîëåâà. Äîêàçûâàþòñÿ ñóùåñòâîâàíèå è åäèíòâåííîñòü îïòè-
ìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû, êîòîðàÿ äàåò íàèìåíüøóþ ïîãðåøíîñòü. Ïðèâîäèòñÿ
àëãîðèòì íàõîæäåíèÿ êîýôôèöèåíòîâ îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû. Ðåàëèçî-
âàâ ýòîò àëãîðèòì, íàõîäÿòñÿ îïòèìàëüíûå êîýôôèöèåíòû.
Ïóñòü ôóíêöèè f (θ), çàäàííûå íà åäèíè÷íîé ñôåðå S, ïðèíàäëåæàò íåêîòîðîìó áàíàõî-

âîìó ïðîñòðàíñòâó B, âëîæåííîìó â ïðîñòðàíñòâî C (S) íåïðåðûâíûõ ôóíêöèé íà S.
Ïðè èíòåãðèðîâàíèè ôóíêöèé ïî ñôåðå âìåñòî çàäà÷è î âû÷èñëåíèè èíòåãðàëà îò äàííîé

óäîáíî ðàññìàòðèâàòü çàäà÷ó î âû÷èñëåíèè èíòåãðàëà îò ôóíêöèè ñî ñðåäíèì çíà÷åíèåì
ïî ñôåðå, ðàâíûì íóëþ.
Ïîñêîëüêó ëþáàÿ ñóììèðóåìàÿ ôóíêöèÿ íà ñôåðå ïðåäñòàâèìà â âèäå ñóììû ïîñòîÿííîé

ôóíêöèè, ðàâíîé åå ñðåäíåìó çíà÷åíèþ ïî ñôåðå, è ôóíêöèè ñî ñðåäíèì çíà÷åíèåì, ðàâ-
íûì íóëþ, òî óêàçàííûå âûøå äâå çàäà÷è ýêâèâàëåíòíû, òàê êàê ðàññìàòðèâàåìûå íàìè
êóáàòóðíûå ôîðìóëû êîíñòàíòó èíòåãðèðóþò òî÷íî.
Åñëè íåêîòîðàÿ ôóíêöèÿ f (θ) çàäàíà íà ïîâåðõíîñòè åäèíè÷íîé ñôåðû S, òî áóäåì ñ÷è-

òàòü åå ïðîäîëæåííîé íà âñå ïðîñòðàíñòâî Rn (çà èñêëþ÷åíèåì íóëÿ è áåñêîíå÷íîñòè) è íà
ñôåðè÷åñêèé ñëîé Sδ = {1− δ ≤ r ≥ δ} òàê, ÷òî îíà îñòàåòñÿ ïîñòîÿííîé íà ëó÷àõ, âûõîäÿ-
ùèõ èç öåíòðà ñôåðû.
Ïðîäîëæåííóþ ôóíêöèþ îáîçíà÷èì ÷åðåç f̄ (x) è ââåäåì îáîçíà÷åíèÿ

Dαf (θ) =
∂|α|f̄ (x)

∂xα1
1 . . . ∂xαnn

, (1)

ãäå ïðîèçâîäíûå áåðóòñÿ ïî äåêàðòîâûì êîîðäèíàòàì òî÷êè θ < S â |α| = α1 + . . .+ αn.

×åðåç L
(m)
2 (S) îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé, çàäàííûõ íà S è ïðîäîëæåííûõ òàê,

êàê òîëüêî ÷òî áûëî óêàçàíî, è äëÿ êîòîðûõ íîðìà îïðåäåëÿåòñÿ ðàâåíñòâîì

∥∥∥f (θ)|L(m)
2 (S)

∥∥∥ =


∫
Sδ

∑
|α|=m

m!

α!
(Dαf (θ))2dθ


1
2

. (2)

1. Ïîñòàíîâêà çàäà÷

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ôîðìóëû, íàçâàííûå ïðàêòè÷íî-àñèìïòîòè÷åñêè
îïòèìàëüíûìè âåñîâûìè êóáàòóðíûìè ôîðìóëàìè òèïà Ýðìèòà, êîòîðûå îòíîñèòåëüíî
íîðìû ôóíêöèè ÿâëÿþòñÿ íàèáîëåå ýêîíîìíûìè äëÿ èñïîëüçîâàíèÿ ôîðìóëàìè â ïðîñòðàí-
ñòâå Ñ.Ë. Ñîáîëåâà.



Î ÏÎÑÒÐÎÅÍÈÈ ÎÏÒÈÌÀËÜÍÛÕ ÂÅÑÎÂÛÕ ÊÓÁÀÒÓÐÍÛÕ ÔÎÐÌÓË 23

Ðàáîòû ìíîãèõ àâòîðîâ (íàïðèìåð, [9]�[11]) ïîñâÿùåíû êâàäðàòóðíûì è êóáàòóðíûì
ôîðìóëàì, â êîòîðûå âõîäÿò çíà÷åíèÿ ïðîèçâîäíûõ èíòåãðèðóåìûõ ôóíêöèé. Åñëè èç-
âåñòíû íå òîëüêî çíà÷åíèÿ ôóíêöèè f (x) â óçëàõ êóáàòóðíûõ ôîðìóë, íî è çíà÷åíèÿ åå
ïðîèçâîäíûõ íåêîòîðûõ ïîðÿäêîâ, òî ìîæíî îæèäàòü áîëåå òî÷íûé ðåçóëüòàò, ÷åì â ñëó÷àå
èñïîëüçîâàíèÿ òîëüêî çíà÷åíèé ôóíêöèé.
Ðàññìîòðèì ïîãðåøíîñòü âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýðìèòà∫

S

p (θ) f (θ) dθ ≈
∑
|α|≤t

N∑
λ=1

C
(α)
λ f (α)

(
θ(λ)

)
(3)

íà ôóíêöèÿõ èç B:

`
(α)
N [f ] =< `

(α)
N , f >=

∫
S

p (θ) f (θ) dθ −
∑
|α|≤t

N∑
λ=1

C
(α)
λ f (α)

(
θ(λ)

)
=

∫
Rn

`
(α)
N (x)f (x) dx, (4)

`
(α)
N (x) = δS (1− r) p (x)−

∑
|α|≤t

N∑
λ=1

C
(α)
λ δ(α)

(
x− θ(λ)

)
, (5)

δS (1− r), δ
(
x− θ(λ)

)
� äåëüòà-ôóíêöèè Äèðàêà, C

(α)
λ è θ = (θ1, θ2, . . . , θn) � êîýôôèöèåíòû

è óçëû êóáàòóðíîé ôîðìóëû (1), ‖θ‖ = 1, r =
√
x2

1 + x2
2 + . . .+ x2

n,
N∑
λ=1

Cλ =
2π

1
2

Γ

(
1

2

) p̂0,0, |α| = α1 + α2 + . . . + αn è p (θ) ∈ L (S) , 0 ≤ t ≤ m, p̂0,0 �

íóëåâîé êîýôôèöèåíò Ôóðüå p(θ).
Ïîãðåøíîñòü (4) êóáàòóðíîé ôîðìóëû (3), î÷åâèäíî, ÿâëÿåòñÿ ôóíêöèîíàëîì, çàäàííûì

íà B â ñèëó ïðåäïîëîæåíèÿ âëîæåííîñòè B → C (S) [1], ýòîò ôóíêöèîíàë `
(α)
N (5) áóäåò

íåïðåðûâíûì. Ïîýòîìó îí è åãî íîðìà îïðåäåëÿþòñÿ ïî ôîðìóëå [2]

∥∥∥`(α)
N |B

∗
∥∥∥ = sup

f∈B,f 6=0

∣∣∣< `
(α)
N , f >

∣∣∣
‖f |B‖

.

Ôóíêöèÿ f0 ∈ B, äëÿ êîòîðîé èìååò ìåñòî ðàâåíñòâî∣∣∣< `
(α)
N , f >

∣∣∣ =
∥∥∥`(α)
N |B

∗
∥∥∥ · ‖f0|B‖ ,

íàçûâàåòñÿ ýêñòðåìàëüíîé.
Òàêèì îáðàçîì, çàäà÷à îöåíêè ïîãðåøíîñòè âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýðìèòà

íà ôóíêöèÿõ íåêîòîðîãî ïðîñòðàíñòâà B ðàâíîñèëüíà âû÷èñëåíèþ çíà÷åíèÿ íîðìû ôóíê-
öèîíàëà ïîãðåøíîñòè â ñîïðÿæåííîì ê B ïðîñòðàíñòâå B∗ èëè, ÷òî òî æå ñàìîå, íàõîæäå-
íèþ ýêñòðåìàëüíîé ôóíêöèè äëÿ äàííîé âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýðìèòà. Äëÿ
ðåøåíèÿ ýòîé çàäà÷è â êà÷åñòâå B âîçüìåì ïðîñòðàíñòâî Lm2 (S).

Îïðåäåëåíèå 1. Ïðîñòðàíñòâî Lm2 (S) îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî ôóíêöèé, çàäàííûõ
íà S è îáëàäàþùèõ êâàäðàòè÷íî ñóììèðóåìûìè îáîáùåííûìè ïðîèçâîäíûìè ïîðÿäêà m,
íîðìà êîòîðûõ îïðåäåëÿåòñÿ ðàâåíñòâîì

‖f |Lm2 (S)‖2 =

∞∑
k=1

σ(n,k)∑
`=1

a2
k,`k

m(k + n− 2)m, (6)
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ãäå ak,` =

∫
S

f(θ)Yk,`(θ)dθ. Çäåñü Yk,`(θ) � ñôåðè÷åñêàÿ ãàðìîíèêà ïîðÿäêà k âèäà `, èíäåêñ

` ïîëó÷åí â ðåçóëüòàòå íóìåðàöèè ñôåðè÷åñêèõ ôóíêöèé îäíîãî è òîãî æå ïîðÿäêà k è

ìåíÿåòñÿ â ïðåäåëàõ 1 ≤ ` ≤ σ(n, k), σ(n, k) = (2k + n − 2)
(k + n− 3)!

(k − 2)!k!
� ÷èñëî ëèíåéíî

íåçàâèñèìûõ ñôåðè÷åñêèõ ãàðìîíèê ïîðÿäêà k, ïðåäïîëîæèì, ÷òî 2m > n.

Â ðàáîòå [3] äîêàçàíî, ÷òî åñëè äëÿ ôóíêöèè f (θ) íîðìà (6) êîíå÷íà, òî äëÿ íåå áóäåò
êîíå÷íîé è íîðìà (2), è íàîáîðîò.
Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Íîðìà ôóíêöèîíàëà ïîãðåøíîñòè `
(α)
N âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýð-

ìèòà (3) íàä ïðîñòðàíñòâîì Lm
∗

2 (S) ðàâíà

∥∥∥`(α)
N |L

m∗
2 (S)

∥∥∥ =


∞∑
k=1

σ(n,k)∑
`=1

p̂k,` −∑
|α|≤t

N∑
λ=1

C
(α)
λ Y

(α)
k,` (θ)

2

km(k + n− 2)m



1/2

.

2. Ìåòîä ðåøåíèÿ çàäà÷

Ïóñòü ôóíêöèîíàëû ïîãðåøíîñòåé îäíîìåðíûõ âåñîâûõ êâàäðàòóðíûõ ôîðìóë òèïà Ýð-
ìèòà èìåþò âèä

`
(αi)
Ni

(θi) = p (θi) δωi (1− r)−
m∑

αi=1

Ni∑
λi=1

C
(αi)
λi

δ(αi)
(
θi − θ(λi)

i

) (
i = 1, n

)
,

â îäíîìåðíîì ñëó÷àå äëÿ fi ∈ L(m)
2 (ωi) íîðìà îïðåäåëÿåòñÿ â âèäå:

∥∥∥fi|L(m)
2 (ωi)

∥∥∥ =


∫
ωi

(
dm

dθmi
f (θi)

)2

dθi


1
2

,

ãäå

ωi =

{
[0, 2π], i = n;

[0, π], i = 1, n− 1.

Òàê êàê n-ìåðíóþ åäèíè÷íóþ ñôåðó îáîçíà÷èì ÷åðåç Sn, òî âåñîâàÿ êóáàòóðíàÿ ôîðìóëà
òèïà Ýðìèòà (3) ïðèíèìàåò ñëåäóþùèé âèä:∫

Sn

p (θ) f(θ)dθ ≈
∑
|α|≤t

N∑
λ=1

(−1)αCλ
(α)f (α)

(
θ(λ)

)
(7)

íàä ïðîñòðàíñòâîì Lm2 (S), ãäå Sn � n-ìåðíàÿ åäèíè÷íàÿ ñôåðà, θ = (θ1, θ2, . . . , θn), ‖θ‖ = 1

è
N∑
λ=1

Cλ =
2π

n
2(n

2

) p̂0,0, δ(α)(θ) � äåëüòà-ôóíêöèÿ Äèðàêà, C
(α)
λ è θ(λ) � êîýôôèöèåíòû è

óçëû âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýðìèòà (7), p̂0,0 � íóëåâîé êîýôôèöèåíò Ôóðüå
p(θ).
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Âåñîâóþ êóáàòóðíóþ ôîðìóëó òèïà Ýðìèòà (7) ñîïîñòàâèì ñ îáîáùåííîé ôóíêöèåé

`
(α)
N (θ) = εSn(θ)p (θ)−

∑
|α|≤t

N∑
λ=1

C
(α)
λ δ(α)

(
θ − θ(λ)

)
(8)

è íàçîâåì åå ôóíêöèîíàëîì ïîãðåøíîñòè, ãäå δ(α)(θ) � äåëüòà-ôóíêöèÿ Äèðàêà, C
(α)
λ è θ(λ)

� êîýôôèöèåíòû è óçëû âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýðìèòà (7).
Â ðàáîòå Ã.Í. Ñàëèõîâà [3] ïîêàçàíî, ÷òî ïðîñòðàíñòâî Lm2 (S) ïî ñîñòàâó ñâîèõ ýëåìåíòîâ

ñîâïàäàåò ñ àíàëîãè÷íûì ïðîñòðàíñòâîì L
(m)
2 (S) Ñ.Ë. Ñîáîëåâà íîðìîé

∥∥∥f |L(m)
2 (Sn)

∥∥∥ =


∫
Sn

∑
|α|=m

m!

α!
(Dαf (θ))2dθ


1
2

, (9)

ãäå Sn � n-ìåðíàÿ åäèíè÷íàÿ ñôåðà, |α| = α1 + α2 + . . . αn, α! = α1! · α2! · . . . αn! è

D|α|f (θ) =
∂|α|f (θ1, . . . , θn)

∂θα1
1 ∂θα2

2 . . . ∂θαnn
.

Çíà÷èò, íîðìû (6) è (9) ÿâëÿþòñÿ ýêâèâàëåíòíûìè íîðìèðîâêàìè.

Îïðåäåëèì íîðìó â L̄
(m)
2 (Sn).

Îïðåäåëåíèå 2. Ïðîñòðàíñòâî L̄
(m)
2 (Sn) îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî ôóíêöèé, çàäàí-

íûõ íà Sn, è íîðìà ôóíêöèé, êîòîðàÿ îïðåäåëÿåòñÿ ñëåäóþùèì ðàâåíñòâîì:

∥∥∥f (θ)|L̄(m)
2 (Sn)

∥∥∥ =


∫
Sn

(
∂mf (θ)

∂θ1
m1∂θ2

m2 . . . ∂θn
mn

)2

dθ


1
2

, (10)

ãäå m1 +m2 + · · ·+mn = m, mi > 0, i = 1, n, ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(f (θ) , ϕ (θ))
L̄
(m)
2 (Sn)

=

∫
Sn

(
∂mf (θ)

∂θm

)(
∂mϕ (θ)

∂θm

)
dθ,

ãäå ∂θm = ∂θm1
1 ∂θm2

2 . . . ∂θmnn , m = m1 +m2 + . . .mn, dθ = dθ1dθ2 . . . dθn.

Â (9) ïîëîæèì n = 2 è m = 2, òîãäà∫
Sα

∑
|α|=m

m!

α!

(
∂mf (θ)

∂θm

)2

dθ =

∫
S2

∑
α1+α2=2

2!

α!α2!

(
∂2f (θ)

∂θα1
1 ∂θα2

2

)2

dθ =

=

∫
S2

[(
∂2f (θ)

∂θ2
2

)2

+
2!

1! · 1!

(
∂2f (θ)

∂θ1∂θ2

)2

+

(
∂2f (θ)

∂θ2
1

)2
]
dθ. (11)

Ïðè n = 2 è m = 2 ðàâåíñòâî (10) ïðèíèìàåò âèä∥∥∥f (θ)|L̄(2)
2 (S2)

∥∥∥2
=

∫
S2

(
∂2f (θ)

∂θm1
1 ∂θm2

2

)2

dθ. (12)
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Î÷åâèäíî, ÷òî äëÿ ïðàâîé ÷àñòè (12) íåîáõîäèìî ïðîâîäèòü ìåíüøå âû÷èñëåíèé, ÷åì äëÿ

(11), è îòñþäà ñëåäóåò, ÷òî äëÿ íîðìû ôóíêöèè â ïðîñòðàíñòâå L̄
(2)
2 (S2) êîëè÷åñòâî âû÷èñ-

ëèòåëüíûõ îïåðàöèé áóäåò ãîðàçäî ìåíüøå, ÷åì â ïðîñòðàíñòâå L
(2)
2 (S2), òàê êàê â íîðìå

(12) ó÷àñòâóþò òîëüêî ñìåøàííûå ïðîèçâîäíûå.
Äîêàæåì ñëåäóþùóþ òåîðåìó, êîòîðàÿ ÿâëÿåòñÿ îñíîâíûì ðåçóëüòàòîì.

Òåîðåìà 2. Åñëè äëÿ ôóíêöèîíàëà ïîãðåøíîñòè (8) âåñîâîé êóáàòóðíîé ôîðìóëû òèïà

Ýðìèòà (7) â ïðîñòðàíñòâå L̄
(m)
2 (Sn) âûïîëíÿåòñÿ óñëîâèå

`
(α)
N (θ) = `

(α1)
N1

(θ1) · `(α2)
N2

(θ2) · . . . · `(αn)
Nn

(θn)

è ∥∥∥`(αi)Ni
|L̄(mi)

∗

2 (ωi)
∥∥∥ ≤ ci 1

Nmi
i

(
i = 1, n

)
, ci � êîíñòàíòû, (13)

ò. å. ∥∥∥`(αi)Ni
|L̄(mi)

∗

2 (ωi)
∥∥∥ ≤ ciO (hmii )

(
i = 1, n

)
, hi =

1

Ni
, (14)

òî ∥∥∥`(α)
N |L̄

(m)∗

2 (Sn)
∥∥∥ ≤ c 1

n∏
i=1

Nmi
i

, c � êîíñòàíòû, (15)

èëè ∥∥∥`(α)
N |L̄

(m)∗

2 (Sn)
∥∥∥ ≤ cO (hm1

1 ) ·O (hm2
2 ) · · · · ·O (hmnn ) , (16)

ãäå

`
(αi)
Ni

(θ) = δωi (1− r)−
∑
|α|≤t

Ni∑
λi=1

C
(αi)
λi

δ(αi)
(
θi − θ(λi)

i

)
,

c =

n∏
i=1

ci, m = m1 +m2 + · · ·+mn, mi ≥ 1, i = 1, n.

è

ωi =

{
[0, 2π], i = n;

[0, π], i = 1, n− 1
.

Äîêàçàòåëüñòâî âåäåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.
Ïóñòü n = 2, òîãäà θ = (θ1, θ2), |α| = α1 +α2, m = m1 +m2, dθ = dθ1dθ2, f (θ) = f (θ1, θ2),

p (θ) = p (θ1, θ2) è `N (θ) = `N1 (θ1)⊗ `N2 (θ2).
Åñëè ïîëàãàòü, ÷òî â (3) n = 1, òî

∥∥∥f (θi)|L̄(mi)
2 (ωi)

∥∥∥ =


∫
ωi

(
∂mif (θi)

∂θmii

)2

dθi


1
2 (

i = 1, n
)
.

Òàêèì îáðàçîì, èìååì∣∣∣< `
(α)
N (θ1, θ2) , f (θ1, θ2) >

∣∣∣ =
∣∣∣< `

(α2

N2
(θ2) , < `

(α1)
N1

(θ1) , f (θ1, θ2) >
∣∣∣ ≤

≤
∥∥∥`(α2)
N2

(θ2)|L̄(m2)∗

2 (ωi)
∥∥∥ · ∥∥∥< `

(α1)
N1

(θ1) , f (θ1, θ2) >|L̄(m2)∗

2 (ωi)
∥∥∥ . (17)
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Âû÷èñëèì ñëåäóþùóþ íîðìó:

∥∥∥< `
(α1)
N1

(θ1) , f (θ1, θ2) >|L̄(m2)∗

2 (ωi)
∥∥∥ =


∫
ωi

∣∣∣∣ dm2

dθm2
2

< `
(α1)
N1

(θ1) , f (θ1, θ2) >

∣∣∣∣2dθ2


1
2

=

=


∫
ωi

∣∣∣∣< `
(α1)
N1

(θ1) ,
dm2

dθm2
2

f (θ1, θ2) >

∣∣∣∣2dθ2


1
2

≤

≤


∫
ωi

[∥∥∥`(α1)
N1

(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ · ∥∥∥∥ dm2

dθm2
2

f (θ1, θ2)|L̄(m1)∗

2 (ωi)

∥∥∥∥]2

dθ2


1
2

=

=
∥∥∥`(α1)
N1

(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ ·

∫
ωi


∫
ωi

[
∂m1+m2

∂θm1
1 ∂θm2

2

f (θ1, θ2)

]2

dθ1

dθ2


1
2

=

=
∥∥∥`(α1)
N1

(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ ·

∫
ωi

∫
ωi

[
∂m1+m2

∂θm1
1 ∂θm2

2

f (θ)

]2

dθ


1
2

=

=
∥∥∥`(α1)
N1

(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ · ∥∥∥f (θ)|L̄(m)

2 (S2)
∥∥∥ , (18)

ãäå θ = (θ1, θ2) è m = m1 +m2. Òàêèì îáðàçîì, èç (17) è (18) ïîëó÷èì∣∣∣< `
(α)
N (θ1, θ2) , f (θ1, θ2) >

∣∣∣ ≤
≤
∥∥∥`(α2)
N2

(θ2)|L̄(m2)∗

2 (ωi)
∥∥∥ · ∥∥∥`(α1)

N1
(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ · ∥∥∥f (θ) |L̄(m)

2 (S2)
∥∥∥ . (19)

Ñ ó÷åòîì (10) èç (19) ïîëó÷èì∥∥∥`(α)
N (θ)|L̄(m)∗

2 (ωi)
∥∥∥ ≤ ∥∥∥`(α2)

N2
(θ2)|L̄(m2)∗

2 (ωi)
∥∥∥ · ∥∥∥`(α1)

N1
(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ . (20)

Â ñèëó (13) èç (20) èìååì ∥∥∥`(α)
N |L̄

(m)∗

2 (S2)
∥∥∥ ≤ c1 · c2 ·

1

Nm1
1 ·Nm2

2

.

Ñîãëàñíî (14) ∥∥∥`(α)
N |L̄

(m)∗

2 (S2)
∥∥∥ ≤ c ·O (hm1

1 ) ·O (hm2
2 ) , ãäå c =

2∏
i=1

ci.

Ïðè n = k ∣∣∣< `
(α)
N (θ) , f (θ) >

∣∣∣ =
∣∣∣< `

(α)
N (θ1, θ2, . . . , θk) , f (θ1, θ2, . . . , θk) >

∣∣∣ =

=
∣∣∣< `

(αk)
Nk

(θk) , < `
(αk−1)
Nk−1

(θk−1) , . . . , < `
(α2)
N2

(θ2) , < `
(α1)
N1

(θ1) , f (θ1, θ2, . . . , θk) > · · · >
∣∣∣ ≤

≤
∥∥∥`(αk)
Nk

(θk)|L̄
(mk)∗

2 (ωi)
∥∥∥ · ∥∥∥`(αk−1)

Nk−1
(θk−1)|L̄(mk−1)∗

2 (ωi)
∥∥∥ . . .

. . .
∥∥∥< `

(α1)
N1

(θ1) , f (θ1, θ2, . . . , θk) >|L̄
(m1)∗

2 (ωi)
∥∥∥ ≤

≤
∥∥∥`(αk)
Nk

(θk)|L̄
(mk)∗

2 (ωi)
∥∥∥ . . . ∥∥∥`(α1)

N1
(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ · ∥∥∥f (θ)|L̄(m)

2 (ωi)
∥∥∥ , (21)
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ωi =

{
[0, 2π], åñëè i = k;

[0, π], åñëè i = 1, k − 1.

Èç (21) ââèäó (10) èìååì∥∥∥`(α)
N |L̄

(m)∗

2 (Sk)
∥∥∥ ≤ ∥∥∥`(α1)

N1
(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ . . . ∥∥∥`(αk)

Nk
(θk)|L̄

(mk)∗

2 (ωi)
∥∥∥ . (22)

Òîãäà â ñèëó (13) èç (22) ïîëó÷èì∥∥∥`(α)
N |L̄

(m)∗

2 (Sk)
∥∥∥ ≤ 1

Nm1
1 ·Nm2

2 . . . Nmk
k

(23)

èëè, ó÷èòûâàÿ (14), èç (23) èìååì∥∥∥`(α)
N |L̄

(m)∗

2 (Sk)
∥∥∥ ≤ c ·O (hm1

1 ) . . . O
(
hmkk

)
, ãäå c =

k∏
i=1

ci.

Èñïîëüçóÿ ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû ïðè n = k, äîêàæåì, ÷òî óòâåðæäåíèå
âûïîëíÿåòñÿ ïðè n = k + 1.
Òàêèì îáðàçîì, ïóñòü n = k + 1, òîãäà ñîãëàñíî (10) èç (21) èìååì∣∣∣< `

(αk+1)
Nk+1

(θ1, θ2, . . . , θk+1) , f (θ1, θ2, . . . , θk+1) >
∣∣∣ =∣∣∣< `

(α1)
N1

(θ1) , < `
(α2)
N2

(θ2) , < · · · < `
(αk)
Nk

(θk) , < `
(αk+1)
Nk+1

(θk+1) , f (θ1, θ2, . . . , θk+1) > · · · >
∣∣∣ ≤

≤
∥∥∥`(α1)
N1

(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ . . . ∥∥∥`(αk)

Nk
(θk)|L̄

(mk)∗

2 (ωi)
∥∥∥×

×
∥∥∥< `

(αk+1)
Nk+1

(θk+1) , f (θ1, θ2, . . . , θk+1) >|L̄(mk+1)
2 (ωi)

∥∥∥ . (24)

Ñ ó÷åòîì (10) è (22) èç (24) ïîëó÷èì∥∥∥`(αk+1)
Nk+1

|L̄(mk+1)∗

2 (Sk+1)
∥∥∥ ≤ ∥∥∥`(α1)

N1
(θ1)|L̄(m1)∗

2 (ωi)
∥∥∥ . . .

. . .
∥∥∥`(αk)
Nk

(θk)|L̄
(mk)∗

2 (ωi)
∥∥∥ · ∥∥∥`(αk+1)

Nk+1
(θk+1)|L̄(mk+1)∗

2 (ωi)
∥∥∥ , (25)

ãäå

ωi =

{
[0, 2π], åñëè i = k + 1;

[0, π], åñëè i = 1, k.

Èñïîëüçóÿ (13), èç (25) èìååì∥∥∥`(αk+1)
Nk+1

|L̄(mk+1)∗

2 (Sk+1)
∥∥∥ ≤ c · 1

Nm1
1 ·Nm2

2 . . . N
mk+1

k+1

(26)

èëè ââèäó (14) è (26) ïîëó÷èì∥∥∥`(αk+1)
Nk+1

|L̄(mk+1)∗

2 (Sk+1)
∥∥∥ ≤ c ·O (hm1

1 ) . . . O
(
h
mk+1

k+1

)
, ãäå c =

k+1∏
i=1

ci.

Òàêèì îáðàçîì, ïîëó÷åíû íåðàâåíñòâà (15) è (16).
Äàëåå, ∥∥∥`(α)

N |L̄
(m)∗

2 (Sn)
∥∥∥ ≤ c · 1

Nm1
1 ·Nm2

2 . . . Nmn
n

, c � êîíñòàíòà, (27)
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èëè, ó÷èòûâàÿ (16), èç (27) èìååì∥∥∥`(α)
N |L̄

(m)∗

2 (Sn)
∥∥∥ ≤ c ·O (hm1

1 ) . . . O (hmnn ) , hi =
1

Ni
(i = 1, n), (28)

ãäå c =
n∏
i=1

ci.

Åñëè â (27) èëè (28) ïîëàãàòü N = N1 · N2 · · · · · Nn, N1 = N2 = · · · = Nn è m1 +
m2 + · · ·+mn = m, òî ïîëó÷èì∥∥∥`(α)

N |L
(m)∗

2 (Sn)
∥∥∥ ≤ c ·N−mn

èëè ∥∥∥`(α)
N |L̄

(m)∗

2 (Sn)
∥∥∥ ≤ c ·O (hm) , c � êîíñòàíòà

(
h = N−

1
n

)
,

÷òî è òðåáîâàëîñü äîêàçàòü.
Òàêèì îáðàçîì, ìû ïîëó÷èëè îöåíêó ñâåðõó äëÿ íîðìû ôóíêöèîíàëà ïîãðåøíîñòè (8)

âåñîâîé êóáàòóðíîé ôîðìóëû òèïà Ýðìèòà (7) â ïðîñòðàíñòâå L̄
(m)∗

2 (Sn). Òàêàÿ æå îöåíêà
ðàíåå áûëà ïîëó÷åíà äëÿ íîðìû ôóíêöèîíàëà ïîãðåøíîñòè âåñîâîé êóáàòóðíîé ôîðìó-

ëû òèïà Ýðìèòà (7) íàä ôàêòîð-ïðîñòðàíñòâîì Ñ.Ë.Ñîáîëåâà L
(m)
2 (Sn) [9]. Â ðåçóëüòàòå

ìû ïîëó÷èì îäèíàêîâûé ïîðÿäîê ñõîäèìîñòè ê íóëþ ïðè N → ∞, õîòÿ íîðìû ôóíêöèè
îïðåäåëåíû ðàçíûìè ñïîñîáàìè, ýòî ïîäòâåðæäàåòñÿ íåðàâåíñòâîì (27) è ðåçóëüòàòàìè ðà-
áîòû [23]. Òàêèì îáðàçîì, îòñþäà ñëåäóåò, ÷òî âåñîâûå êóáàòóðíûå ôîðìóëû òèïà Ýðìèòà

(7) íàä ôàêòîð-ïðîñòðàíñòâîì Ñ.Ë. Ñîáîëåâà L
(m)
2 (Sn) ñ ôóíêöèîíàëîì ïîãðåøíîñòè (8)

ÿâëÿþòñÿ àñèìïòîòè÷åñêè-îïòèìàëüíûìè. Ïî âûðàæåíèþ Í.Ñ. Áàõâàëîâà òàêèå ôîðìóëû
íàçûâàþòñÿ �ïðàêòè÷íûìè� [23].
Äëÿ èëëþñòðàöèè áåðåì êîíêðåòíûé ïðèìåð ïðè n = 2.
Ïóñòü

f (θ1, θ2) = eaθ1
(

1

2
− bθ2

2

)3/2

, ãäå a 6= 0 è b 6= 0.

Î÷åâèäíî, ÷òî ïðîèçâîäíûå
∂m−1f (θ1, θ2)

∂θm−1
1

è
∂f (θ1, θ2)

∂θ2
íåïðåðûâíû íà S2, íî

∂2f (θ1, θ2)

∂θ2

èìååò îñîáåííîñòü íà S2. Ïîýòîìó èç óñëîâèÿ m = m1 +m2 âèäíî, ÷òî m1 = m− 1, m2 = 1,

òàê êàê m − 1 + 1 = m. Îòñþäà ñëåäóåò f (θ1, θ2) ∈ L̄
(m)
2 (S2) ïðè m1 = m − 1, m2 = 1.

Òàêèì îáðàçîì, ïîíÿòíî, ÷òî
∂2f (θ1, θ2)

∂θ2
íå ÿâëÿåòñÿ íåïðåðûâíûì íà S2, ïîñêîëüêó ïðè

m1 = m − 2 è m2 = 2 f (θ1, θ2) ∈̄L(m)
2 (S2), íî óñëîâèå m = m1 + m2 âûïîëíÿåòñÿ, ò. å.

m− 2 + 2 = m.

Çàêëþ÷åíèå

Ïðîáëåìû ïðèáëèæåííîãî âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ ñ âîçìîæíî áîëüøåé
òî÷íîñòüþ ñâÿçàíû ñ òåì, ÷òî áîëüøèíñòâî çàäà÷ íàóêè è òåõíèêè ïðèâîäÿòñÿ ê èíòåãðàëü-
íûì è äèôôåðåíöèàëüíûì óðàâíåíèÿì, à èõ ðåøåíèÿ âûðàæàþòñÿ ñ ïîìîùüþ îïðåäåëåí-
íûõ èíòåãðàëîâ, êîòîðûå, âî ìíîãèõ ñëó÷àÿõ, íåâîçìîæíî âû÷èñëèòü òî÷íî. Òàêèìè çàäà÷à-
ìè çàíèìàëèñü ìíîãèå ìàòåìàòèêè è èìååòñÿ íåñêîëüêî ìåòîäîâ ïîñòðîåíèÿ îïòèìàëüíûõ
êóáàòóðíûõ ôîðìóë. Â íàøèõ èññëåäîâàíèÿõ ðàññìàòðèâàþòñÿ âåñîâûå êóáàòóðíûå ôîð-

ìóëû òèïà Ýðìèòà â ôóíêöèîíàëüíîì ïðîñòðàíñòâå Ñ.Ë. Ñîáîëåâà L̄
(m)
2 (Sn) è ïîëó÷åíà

îöåíêà ñâåðõó äëÿ íîðìû ôóíêöèîíàëà ïîãðåøíîñòè âåñîâîé êóáàòóðíîé ôîðìóëû òèïà
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Ýðìèòà. Òàêèì îáðàçîì, íà îñíîâå òåîðåìû Í.Ñ. Áàõâàëîâà äîêàçàíî, ÷òî ðàññìàòðèâàå-
ìûå âåñîâûå êóáàòóðíûå ôîðìóëû òèïà Ýðìèòà ÿâëÿþòñÿ àñèìïòîòè÷åñêè-îïòèìàëüíûìè
íà ýòîì ïðîñòðàíñòâå. Äëÿ ìíîãîìåðíûõ êóáàòóðíûõ ôîðìóë áûñòðî ðàñòåò ÷èñëî óçëîâ
èíòåãðèðîâàíèÿ ñ óâåëè÷åíèåì ðàçìåðíîñòè ïðîñòðàíñòâà. Ýòà ïðîáëåìà òðåáóåò îñîáîãî
âíèìàíèÿ ê ïîñòðîåíèþ íàèáîëåå ýêîíîìíûõ ôîðìóë. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâà-
þòñÿ ôîðìóëû èìåííî ñ ó÷åòîì ýòîãî òðåáîâàíèÿ, Í.Ñ. Áàõâàëîâ íàçûâàë ýòè ôîðìóëû
�ïðàêòè÷íûìè� [23].
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O.I. Jalolov and B.O. Isomiddinov

On the construction of practically asymptotically optimal weighted cubature formulas of

Hermite type in the space of S.L. Sobolev L̄
(m)
2 (Sn)

Abstract. When solving many problems in the theory of approximate integration and di�erential
equations, it is the correct choice of spaces that is the key to success. A very clearly chosen
approach was demonstrated in the famous works of S.L. Sobolev on the polyharmonic equation.
S.L. Sobolev posed and solved by the variational method the �rst boundary value problem for the
equation ∆`u = f with boundary conditions on surfaces of various dimensions.

Problems of optimization of approximate integration formulas consist in minimizing the norm of
the error functional of the formula on selected normalized spaces, and most of them are considered
in the Sobolev space.

Until now, we have considered cubature formulas, with the help of which a de�nite integral of
a function is approximately calculated when the values of this function at individual points of the
nodes of the cubature formula are unknown. But more general cubature formulas are possible,
which include both the values of the function and the values of its derivatives of one order or
another.

If we know not only the values of a function at some points of the n− dimensional unit sphere,
but also the values of its derivatives of one order or another, then it is natural that if all this data
is used correctly, we can expect a more accurate result than if we use only function values.

This paper examines cubature formulas, which require special attention to the construction of
the most economical formulas; according to N.S. Bakhvalov, such formulas are called practical.

Keywords: Generalized function, space, norm, error functional, interpolation formula, extremal
function.
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