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Abstract—When solving many problems in the theory of approximate integration and differential
equations, it is the correct choice of spaces that is the key to success. A very clearly chosen approach
was demonstrated in the famous works of Sobolev on the polyharmonic equation. Sobolev posed and
solved by the variational method the first boundary value problem for the equation  with
boundary conditions on surfaces of various dimensions. Problems of optimization of approximate
integration formulas consist in minimizing the norm of the error functional of the formula on selected
normalized spaces, and most of them are considered in the Sobolev space. Until now, we have consid-
ered cubature formulas, with the help of which a definite integral of a function is approximately cal-
culated when the values of this function at individual points of the nodes of the cubature formula are
unknown. But more general cubature formulas are possible, which include both the values of the func-
tion and the values of its derivatives of one order or another. If we know not only the values of a func-
tion at some points of the n-dimensional unit sphere, but also the values of its derivatives of one order
or another, then it is natural that if all these data are used correctly, we can expect a more accurate
result than if we use only function values. This paper examines cubature formulas, which require spe-
cial attention to the construction of the most economical formulas; according to Bakhvalov, such for-
mulas are called practical.

Keywords: generalized function, space, norm, error functional, interpolation formula, extremal func-
tion
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INTRODUCTION
The modern formulation of the problem of optimizing approximate integration formulas consists of

minimizing the norm of the error functional formula on selected normed spaces (see, e.g., [1–22]).
These works investigate the problem of optimality with respect to some specific space. Many of them

are considered in the Sobolev space [1].
The multidimensional cubature formulas differ from the one-dimensional ones in two ways:
(1) The shapes of multidimensional integration domains are infinitely diverse.
(2) The number of integration nodes increases rapidly with increasing space dimension.
Problem (2) requires special attention to constructing the most economical formulas.
In this paper, we consider the formulas taking into account precisely this requirement. As is known

[23], Bakhvalov called such formulas practical.
The development of algorithms and construction of cubature formulas for some polyhedra using the

proposed method were performed by Voytishek and Blinov [6].
Shadimetov and Mamatova [24] constructed composite lattice optimal cubature formulas in Sobolev

space using the variational method. In work [25], they calculated an exact upper bound for the error of the
interpolation formula in the Sobolev space. They proved the existence and uniqueness of the optimal
interpolation formula that gives the smallest error and presented an algorithm for finding the coefficients

( ) ( )2
m

nL S

Δ =�u f



18

RUSSIAN MATHEMATICS  Vol. 69  No. 4  2025

JALOLOV, ISOMIDDINOV

of the optimal interpolation formula. By implementing this algorithm, they determined the optimal coef-
ficients.

Let functions , defined on the unit sphere , belong to some Banach space  embedded in the
space  of continuous functions on .

When integrating functions over a sphere, instead of the problem of calculating the integral of a given
function, it is convenient to consider the problem of calculating the integral of a function with an average
value over the sphere equal to zero.

Because any summable function on a sphere can be represented as the sum of a constant function equal
to its mean value over the sphere and a function with a mean value equal to zero, the two problems indi-
cated above are equivalent, for the cubature formulas we are considering integrate a constant exactly.

If some function  is defined on the surface of the unit sphere , then we consider it to be extended

to the entire space  (except for zero and infinity) and to the spherical layer  so that
it remains constant on the rays diverging from the center of the sphere.

We denote the continued function by  and introduce the notation

(1)

where the derivatives are taken with respect to the Cartesian coordinates of the point  in

By  we denote the space of functions that are defined on  and continued as just indicated and
for which the norm is defined by the equality

(2)

1. PROBLEMS FORMULATION

In this paper, we consider formulas called practical-asymptotically optimal weighted cubature formu-
las of the Hermite type, which, with respect to the norm of the function, are the most economical formu-
las for use in the Sobolev space.

The works of many authors (see, e.g., [9–11]) are devoted to quadrature and cubature formulas, which
include the values of the derivatives of integrable functions. If not only the values of a function  are
known at the nodes of cubature formulas, but also the values of its derivatives of some orders, then one
can expect a more accurate result than in the case of using only the values of the functions.

Let us consider the error of the Hermite-type weighted cubature formula

(3)

on functions from :
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 and  are Dirac delta functions,  and  are the coefficients and

nodes of the cubature formula (1), , , ,  +

αn and ,  and  is the zero Fourier coefficient .

Error (4) of the cubature formula (3) is clearly a functional defined on  by virtue of the nesting

assumption  [1], this functional  (5) is continuous. Therefore, it and its norm are deter-
mined by the formula [2]

A function  for which the equality

holds is called extremal.

Thus, the problem of estimating the error of a weighted cubature formula of the Hermite type on func-
tions from a certain space  is equivalent to calculating the value of the norm of the error functional in the
space  conjugate to  or, what is the same, finding the extremal function for a given weighted cubature

formula of the Hermite type. To solve this problem, for  we take the space .

Definition 1. The space  is defined as the space of functions defined on  and having square sum-
mable generalized derivatives of order , the norm of which is determined by the equality

(6)

where . Here,  is the spherical harmonic of degree  of order ; the index  is

obtained by numbering spherical functions of the same degree  and varies within the limits

  is the number of linearly independent spherical harmon-

ics of degree ; we assume that .

In work [3], Salikhov proved that if for the function  norm (6) is finite, then norm (2) also is finite
for it, and vice versa.

The following theorem is true:

Theorem 1. The norm of the error functional  of the weighted cubature formula of the Hermite type (3)

over the space  is
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2. METHOD FOR SOLVING THE PROBLEMS

Let the error functionals of one-dimensional weighted quadrature formulas of the Hermite type be
given by

and, in the one-dimensional case, for  the norm is defined as

where

Because the -dimensional unit sphere is denoted by , the weighted cubature formula of the Hermite
type (3) transforms to

(7)

over the space , where  is the -dimensional unit sphere,   and  =

  is the Dirac delta function,  and  are the coefficients and nodes of the weighted

cubature formula of the Hermite type (7),  is the zero Fourier coefficient .

The weighted cubature formula of the Hermite type (7) is comparable with the generalized function

(8)

and we call it the error functional, where  is the Dirac delta function,  and  are the coeffi-
cients and nodes of the weighted cubature formula of the Hermite type (7).

Salikhov showed [3] that the space , in terms of the composition of its elements, coincides with

a similar Sobolev space  with the norm

(9)

where  is the -dimensional unit sphere, , , and

This means that norms (6) and (9) are equivalent normalizations.

Let us define the norm in .
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Definition 2. The space  is defined as the space of functions defined on , and the norm of
functions defined by the equality

(10)

where , , , with the scalar product

where   .
In (9) we put  and ; hence,

(11)

At  and  equality (10) takes the form

(12)

It is clear that for the right-hand side of (12) it is necessary to carry out fewer calculations than for (11),
and, therefore, for the norm of a function in the space  the number of computational operations

is much less than in the space , because only mixed derivatives participate in norm (12).
Let us prove the following theorem, which is the main result.
Theorem 2. If the following condition is met for the error functional (8) of the weighted cubature formula of

the Hermite type (7) in the space :
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where

and

Proof. We use the method of mathematical induction.
Let  then , , , , ,  =

, and .
If we assume that  in (3), then

Thus, we have
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Let us calculate the following norm:
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Taking into account (10), from (19) we obtain
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where

Using (13), from (25) we have

(26)

or, in view of (14) and (26), we get

Thus, we have obtained inequalities (15) and (16).
Next,

(27)

or, taking into account (16), from (27) we have

(28)

where .

If in (27) or (28) we assume ,  and  + … + ,
then we get

or

which completes the proof.
Thus, we have obtained an upper bound for the norm of the error functional (8) of the Hermite-type

weighted cubature formula (7) in the space . The same estimate was previously obtained for the
norm of the error functional of the weighted cubature formula of the Hermite type (7) over the quotient
Sobolev space  [9]. As a result, we obtain the same order of convergence to zero for ,
although the function norms are defined in different ways; this is confirmed by inequality (27) and the
results of work [23]. Thus, the weighted cubature formulas of the Hermite type (7) over the quotient
Sobolev space  with the error functional (8) are asymptotically optimal. In the words of Bakh-
valov, they are practical [23].

To illustrate, we take a specific example: .
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tinuous on , because at  and  , but the condition 
holds, that is, .

CONCLUSIONS
The problems of approximate calculation of definite integrals with the greatest possible accuracy are

connected with the fact that most problems of science and technology are reduced to integral and differ-
ential equations, and their solutions are expressed using definite integrals, which, in many cases, cannot
be calculated exactly. Many mathematicians have dealt with such problems and there are several methods
for constructing optimal cubature formulas. In our research we considered weighted cubature formulas of
the Hermite type in the Sobolev space of functions  and obtained an upper bound for the norm
of the error functional of the Hermite-type weighted cubature formula. Thus, based on the Bakhvalov the-
orem, we proved that the considered weighted cubature formulas of the Hermite type are asymptotically
optimal on this space. For multidimensional cubature formulas, the number of integration nodes
increases rapidly with increasing space dimension. This problem requires special attention to constructing
the most economical formulas. In this paper, we considered the formulas taking into account this require-
ment; Bakhvalov called these formulas practical [23].
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