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Abstract. In the paper we consider a Friedrichs model <7 (i1, 1), 11, Up > 0 with rank two perturbation. It is related with a two
quantum particle system on 3D integer lattice. The number and location of the discrete eigenvalues of <7 (U, i) are investigated.
We give the sufficient and necessary conditions which guarantees the equality of the spectrum of &7 (111, llp) and its field of values
(or numerical range). The relation of the threshold eigenvalues and virtual levels with the numerical range of <7 (u;, ;) are
established.

INTRODUCTION

The field of values (or numerical range) is a key tool in the investigation of the spectra of the bounded or unbounded
linear operators acting in complex Hilbert spaces. Let us state its definition. Assume A is a linear bounded operator on
a Hilbert space Y. Denote by (-, ) the scalar product on the complex Hilbert space Y. For the operator A we determine
the image of the unit sphere of ¥ under the quadratic form y — (Ay,y). We say this set the field of values (or numerical
range) of the operator A and use the notation % (A). Precisely speaking,

W (A):={(Ay,y) - ye?, [yl =1}

Therefore for the field of values # (A), like the spectrum, we have #'(A) C C. The notion field of values was first
discussed in [1]; Toeplitz showed that the field of values of a usual matrix A is contain its spectrum, in addition the
boundary of #(A) is a convex curve. Convexity of the set #'(A) was shown in [2]. Further, these properties are true

for general bounded linear operators, that is, the closure % (A) is contain the spectrum (see [3]).

The notion of field of values is generalized by the different ways, see for example [4, 5, 6, 7, 8, 9]. In particular, the
notions higher rank numerical range and tracial numerical range are among them. There are also concepts of quadratic
numerical range for second order operator matrices, cubic numerical range for third order operator matrices and block
numerical range for n-th order operator matrices. We remark that the numerical range of a linear operator allows to
determine the location of its smallest and largest eigenvalues.

In the present paper we discuss a Hamiltonian (Friedrichs model) < (1, ltp) with rank two perturbation. This
Hamiltonian is related with a two quantum particle system on 3D lattice. In the Section 2 we collect some useful
properties of the numerical range. In the Section 3 we investigate the position and number of the eigenvalues of
o (11, 12). In our case the corresponding Fredholm’s determinant as a function is not monotonic. Therefore we use
the method, which is based on the number of discrete eigenvalues of Friedrichs model with rank one perturbation
to define the position of its discrete eigenvalues. In Section 4 we find sufficient and necessary conditions which
guaranties that the spectrum of .7 (U1, iL2) is equal to the field of values.

Remark that the structure of the closure of the field of values of a 2 x 2 operator matrix, related with a system of
at most two quantum particles on dD lattice, is investigated in detail in [10], with respect of matrix elements in any
dimensions d of T¢.

SOME USEFUL PROPERTIES OF THE NUMERICAL RANGE

Now we list some useful properties of # (A) (for detailed information we refer [11, 12, 13]).

The set of all complex numbers will be denoted by C. Next we consider a bounded linear operator A on a complex
Hilbert space X.

(a) for the field of values #'(A) of A we have the inclusion

#(A)C{acC:lal <|A];
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(b) the assertion # (A*) = {a: A € #'(A)} is true for the adjoint operator A*;
(c) For the field of values of an identity operator E on X the equality % (E) = {1} holds. Additionally, the equality

W (aA+B)=a¥ (A)+B

is valid for an arbitrary complex quantities & and f3;

(d) From self-adjoint ness of A it follows that #'(A) C R;

(e) If dim(X) < oo, then #'(A) is a compact (closed and bounded) set;

(f) Under unitary similarity the field of values % (A) of A is an invariant;

(2) Let 0,(A) be the point spectrum (or set of eigenvalues) and o(A) be the spectrum of A. Then for the field of
values # (A) of A the spectral inclusion property:

W(A)Cop(A) and #(A)Co(A)

are valid.
One special usage of #(A) is the study of the boundary of the spectrum 6(A). We determine the approximate point
spectrum Oypp(A) by the equality (see [13])

Oupp(A) 1= {a € C: 3{yn}7 CD(A), (A—aE)y, — 0,asn — oo, [|yn[| = 1}

and it is well known that the spectrum’s boundary is contained in Gypp(A).
The following example shows that even for the bounded linear operator C = C* in complex Hilbert space X we can
not state %' (C) C o(C) or 6(C) C #'(C). Let

L(N) == {y= V1,72, ns---) 0 Y [kl* < oo}:
k=1

1

1
C:L(N)—=L(N), Cy= (Y1,§y27--~,;}’m-~~)7 Y= 1,525 Yn,---) € L(N).

According to the simple calculations we get

o(C) = {% -neN} {% neNjufo), #(0)=(0.1]

Here 0 ¢ #/(C), since the equality

=
Cyy) =Y, ;Iynl2 =0
k=1

implies y = (0,0,...) € L(N). Then a natural question arises: Is there the differently from scalar a bounded self-adjoint
operator, that its spectrum equals to the field of values? In this paper, we will try to answer to this question and give
an example for such type operators.

FRIEDRICHS MODEL AND ITS SPECTRUM

By T? we mean the 3D torus and by L,(T?) we mean the complex Hilbert space of square integrable (in general
complex valued) functions on 3D torus T>.
Let us consider the Hamiltonian (so-called the Friedrichs model) acting on L, (T3):

o (W, 1) 1 Lo(T?) = Lo(T?), o (1, ) = oo — Vi + oV, (D

where the operators 27 and V, a = 1,2 are defined by

(A0g)(x) = u(x)g(x), g€ La(T);
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(Vag) () = va() [ valo)g(s)ds, @ =12, g Lo(T).

Here g > 0, & = 1,2 are positive reals, the functions u(-) and vy (+), & = 1,2 are continuous on T3 with real-values.
Using simple discussions one can show the boundedness and self-adjointness of the operator .7 (iy, i) in Ly (T?)
defined by (1).

The Friedrichs model o7 (U, l2) is related with a two particle system on a 3D lattice and interacting by the non-
local potentials. Usually such operators are arising in Hubbard model [14, 15]. In this paper we discuss the case
where the kernel of non-local interaction operators (integral operators) Vi, o = 1,2 has rank two. A key problem of
the spectral theory of such operators is to determine the field of values and to investigate the position and number of
discrete eigenvalues lying on the left and right hand side of the essential spectrum.

Let A be a bounded self-adjoint linear operator in a Hilbert space X. The essential spectrum of the operator A will
be denoted by Oess(A), the discrete spectrum Ogisc (A), the spectrum by ¢(A) and the resolvent set by p(A).

We start to determine the sets Oegs (27 (U1, U2)) and Ogise (& (U1, U2))-

By the definition of the perturbation —u Vi + Vs of o we have (—wVy + V)" = —iyVi + Vs and
rank(— Vi + 4 V») = 2. Hence,

Gess (< (W1, o)) = 0 () = [m1;ma],
where the numbers m| and m, are defined by

my ;= minu(x), my:=maxu(x).
x€T3 x€T3

For any fixed Uy > 0, o0 = 1,2 we define so called the Fredholm determinant
A, s -) == Ay (s ) Ao (ka3 ) + 225 ()
related with the operator <7 (i1, {t2)) as an analytic function in C\ [my;my] as

vg(ndt [ vi(t)va(t)dt
7{a_L;&@y_A;7®j?<

Ag(Uas2) = 1_’_(_1)04““/‘

Using Fredholm’s theorem and the Birman-Schwinger principle we obtain the following simple result.
Lemma 1. The quantity z € C\ [my;my) is an discrete eigenvalue of the operator o ([, ) iff A(U1, Uo; z) = 0.
By Lemma 1 for ogisc (<7 (U1, t2) we obtain

Odisc (Z (15 t2)) = {z € C\ [mi3ma] : A, o3 2) = 0}
Therefore, for the spectrum o(o (U, 2)) of <7 (U, ) we have
(o (1, f2)) = [misma] U{z € C\ [misma] = A(phr, o3 2) = 05
Now we define the following Friedrichs models .7, (L), acting on L>(T?) by the rule
Ao (ta) = A+ (—1)"UaVa, o=1,2. ()

For a bounded linear operator A = A* acting in a complex Hilbert space L we determine L4 (1), A € R as a subspace
so that (Af, f) < 4| f||? for all f € La(A) and put

N(A,A) := sup dimL4 ().
La(2)

Notice N(A,A) = +oo if A > min Oegs(A); if N(A,A) < +oo, then it is coincide with the number of discrete eigen-
values smaller than A of A.

Assume supp{vq/(-)} be the support of the function vy (-). Lebesgue’s measure of the measurable set Q C T? is
denoted by mes(Q).

Lemma 2. (a) For any fixed Lo > 0, o0 = 1,2 the operator o/ (I, lp) hasn’t more than 1 simple discrete eigenvalue
smaller than my respectively bigger than mj.
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(b) Suppose that

mes(supp{vi ()} Nsupp{v2(-)}) = 0. (©)

For this case the quantity z € C\ [m;my] is a discrete eigenvalue of 7 (111, ) iff the quantity z is a discrete eigenvalue
one of the operators Ay (Ug), 00 = 1,2.

Proof. (a) Since the operator Vy, o = 1,2 is a positive definite, it is clear that .o (u;, tp) > <7 (). Therefore,
Ly (uy o) (A) C Ly () (A) for A < my. Tt means that

N(A, o (U1, 42)) <NA, @/ (1)), A <my. 4)

Since for any fixed y; > O the function A (;;-) is decreasing in the interval (—eco;m;) we obtain N (my, < (1)) <
1. Hence, by (4) it follows N(my, </ (1, i) < 1.

The assertion N(—my, —o7 (U1, 42)) < 1 can be proven similarly.

(b) Suppose the quantity z € C\ [m;;my] is a discrete eigenvalue of .7 (U;, t2). We denote the corresponding eigen
function by g € L, (T?). Then the eigen function g satisfy the equation

(1) = 2g0) = w1 () [ vi(5)g(5)ds +pva(s) [ va(s)e(s)ds =0, )

By the determination, for al values of z € C\ [my;m;] the relation u(x) — z # 0 is valid for any x € T3. By this reason
from (5) we get

_ (ki = pava(x)ky
u(x)—z

g(x)

) (6)
where
ko = /T3 va(s)g(s)ds, o=1,2. @)

Putting the formula (6) for f to (7) and using the condition (3) we conclude that the equation (5) has a nonzero
solution iff the homogeneous system of linear equations

Ar (1 2)ky = 05

Ao (U2; 2)ka =0
has a non zero solution (ki,k;) € CZ, that is, if the assertion A; (115 2)A2(Up; z) = 0 is valid. For the case vy (p) =0
from the definitions of <7 (i1, 12) and 7y (Ue) We obtain that o7 (1, 2) = /g (Ug) for o # B. Then Lemma 1

complete the proof of part (b) of the proving Lemma 2.
From part (b) of Lemma 2 it follows that under the assumption (3) there is a relation

Odise (<7 (U1, 12)) = Ouise (21 (1)) U Ogisc (92 (12))

between discrete spectra of <7 (U, 1y) and g (Uy), @@ = 1,2.
Using the Fredholm determinant Ag (ly; -) of 74 (Ue) We conclude that

Odise (P (Uo)) = {z € C\ [m1;m2] : Ag(Ua; z) =0}; ®)

0 (Ao (M) = [mi;ma] U{z € C\ [m1;ma] : A(pas 2) = O}

We note that the operators <7 (lly), & = 1,2 have a simple structure than <7 (U;, ). By this matter the latter
equality plays an key role in next investigation of the field of values and the spectrum of o7 (u;, ().
Detrmine

V2
Ia(Z) = /1‘3 u?t()t)_d;, z€E R\ [ml;mz].
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Since the function I4(+) is an increasing in the intervals (—eo;m;) and (my;+e0), by the Lebesgue dominated
convergence theorem there exist the following finite or infinite limits

Li(m)= lim [(z), h(my)= lim 5L(z).

z—my—0 z—rm+0

The finiteness or infiniteness of the last limits are important in the investigation the presence of the discrete eigen-
values of .27 (U, 112) and the conditions under which the field of values of <7 (U;, > ) is closed as a set. In the following
we give the examples where these limits can be finite or infinite.

Example. Let

u(p) = (3 —cosxj —cosxy —cosx3 )2, x = (x1,x2,x3) € T,

In this case my = 0 and my = 36. At the point 0 := (0,0,0) € T? The function u(-) has an unique non-degenerate
global min as well at the point @ := (n,w, ) € T3 has a non-degenerate global max.
(@) If v (x) = 1, then |Iy(mgy)| = 4o for o = 1,2.
(b) If vor (x) = sinx) + sinxy + sinxs, then |Io(mg)| < 4o for o0 = 1,2.
©1If
sin(2x))sin(2x2) sin(2x3), x; € (—7m/2,7/2),i=1,2,3;
vi(x) = ‘o
0, otherwise,
. x €T\ (-n/2,7/2),=1,2,3;
va(p) = { COSX| COSXp COSX3, X \(=n/2,7/2)

0, otherwise;

then |1y (my)| < +o0 and |l (my)| = +oo.
@If

(x) = cosxjcosxpcosxs, x; € (—m/2,m/2),i=1,2,3;

VIX) = 0, otherwise;

o) = sin(2x1 ) sin(2xy)sin(2x3), x; € T'\ (=7/2,7/2),i=1,2,3;
2= 0, otherwise;

then |1} (my)| = +o0 and |l (my)| < H-eo.
Let us discuss the case (¢). For 6 > 0 and py € T3 we set

Us(xo) ;== {x € T : |x —xo| < 8}
By the properties of sine and cosine functions, there are the quantities Cy,C,,C3, 8 > 0 so that

Cilal* < lu(x)| < ', x € Us(0):

Cilx—7|* < Ju(x) = 36| < Glx—7|*, xeUs(m);
Cilx1xox3] < [v1(x)] < Galx1xaxs],  x € Us(0);
@) > Cr. x € Up(m)

Using the last estimates one can easily show that

1 (s)ds / Is1|]s2]]s3]
1 = <C ds1ds»d Cy < oo
hOl=|[." uls) | = uy@ [P+ [saP + a2 42483 62
v (s ds dsidsydss
I _/ >c/ = oo
I5(7)| 1 u(s) — 36 2 Jusey (js1 — w2 + [s2 — w2 + |s3 — 7|2)2

For the case |I(mg)| < +oo, a = 1,2 we set

w = (h(m) ™" = = (h(m2)) ™"

The set of discrete eigenvalues of .o% (1) is described in the following result (theorem).
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Theorem 1. (a) If L(my) = —eo, then for all values of U, > 0 the Friedrichs model <#5(ly) has an unique discrete
eigenvalue lying smaller than my.

(b) Suppose that |I(mp)| < +-co.

GHIO<u < ,ug, then the Friedrichs model </ (Ly) hasn’t discrete eigenvalues bigger than m;.

(b2) For up > /,tg the Friedrichs model </5(L) has an unique discrete eigenvalue bigger than m;.

(c) For all values of [, > 0 the Friedrichs model <t (l;) hasn’t discrete eigenvalues smaller than m .

Proof. (a) Let I,(my) = —eo. Then for all values of u, > 0 we have Hlim+OA2(u2 ;7) = —oo.

Z—r 1)

Using the monotonicity property of the continuous function Ay (i ;-) in (my;+o0) and the equality
ZETmAz(uz ;2) =1, )

we obtain that there exist Ex(Lp) € (my;+o0) such that Ay (uy;E>(Up)) = 0. Therefore, by equality (8) the number
E>(Up) > my is an eigenvalue of % (Uy).

(b1) Assume that |l (my)| < +0 and 0 < wp < pf. Since the function Ay(i;-) is an increasing in the interval
(mg;+o0), for any z > my we have

Ao (l232) > Mot sma) > Mo (113 ) = 1+ 3 - b (ma) = 0.

Hence, by (8) the operator 2% (4> ) has no eigenvalues in (my;+o0).
(b2) Let now 1 > /.Lg . In this case

Ap (o 3mp) < Ap(pdsmy) = 14+ - I (ma) =0,

that is, Ay (U ;my) < 0. Since the function Ay (L ;-) is an increasing in the interval (my;+o0), by equality (9) there
exist Ex(a) € (ma;—+oo) such that Ap(Hy ; E2(12)) = 0. From the equality (8) we get that the quantity E» (i) > my is
a discrete eigenvalue of % (7).

(c) It is easy to see that Ay(Uz;z) > 1 for any pp > 0 and z < m;. From here using the equality (8) we obtain that
the Friedrichs model % (1) hasn’t discrete eigenvalues in (—oo;m; ).

Theorem 1 is completely proved.

Now we describe the set of eigenvalues of <7 ().

Theorem 2. (a) If I} (m;) = oo, then for all values of [} > 0 the Friedrichs model <71 (1) has an unique discrete
eigenvalue smaller than m .

(b) Assume that I (m;) < oo.

GHIFO<u < ,U?, then the Friedrichs model <) (l11) hasn’t discrete eigenvalues smaller than m; .

(b2) For all values of 1y > /.L? the Friedrichs model <7\ (1) has an unique discrete eigenvalue smaller than m, .

(¢) For all values of W > 0 the Friedrichs model 7\ (l) hasn’t discrete eigenvalues bigger than m.

Theorem 2 can be proven by the same way as the proof of Theorem 1.

From Lemma 2, Theorems 1 and 2 it follows

Corollary 1. Let the condition (3) be fulfilled.

(a) If either |1y (mg)| = oo and g > 0 for a = 1,2 or |Ig(mg)| < 40 and pg > ud for a = 1,2, then the operator
o (U1, p) has two simple eigenvalues Ey, o = 1,2 such that E1 < mj and E, > m;.

(0) If |1 (mg)| < +o0 and 0 < pg < pl for a = 1,2, then the discrete spectrum of the Friedrichs model <7 (W, 1)
is an empty set.

From Corollary 1 one can see that the operator <7 ( u?, ,ug ) has no eigenvalues lying outside of its essential spectrum,
and hence the relation o (o7 (1), 1)) = [my;my] is valid for the spectrum of .7 (u}, u). .

THE FIELD OF VALUES OF THE FRIEDRICHS MODEL

The section is devoted to the description the field of values # (o7 (u, 1)) of o7 (u?, 1) depending on the value of
the function vy (+), @ = 1,2. Our investigations are based on the threshold analysis techniques.

During the section, we suppose that at the point x; € T? the function u(-) has an unique non degenerate global min
and at the point x, € T3 has an unique non degenerate max, and for & = 1,2 at some neighborhood of x, € T? the
continuous partial derivatives up to the third-order inclusive of the function v () are exist.
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Now we establish that the class of the parameter functions vy (+), ot = 1,2 satisfying above mentioned conditions is
nonempty. Let these functions have the forms:

u(x) =3 —cosx| — cosxp — COSX3;

(x) = cosxjcosxpcosx3, x; € (—m/2,m/2),i=1,2,3;
Vi) = 0, otherwise;

va(x) = cosxj cosxpcosxz —vi(x), x= (x1,x2,x3) € .

For this special case the point x; = (0,0,0) the function u(-) has an unique non-degenerate global min and at
the point x; = (7,7, ) has an unique non-degenerate max. For o = 1,2, the function vy(-) is an analytic in the
0 < m/2-neighborhood Ug(xg ) of the point py. Validness of the condition (3) follows from the definition of v ().

Theorem 3. Let the condition (3) be fulfilled. If vy (xo) = 0 for o = 1,2, then

V(e (1), 13)) = [myima] (= o( (1, 112))).-
Proof. First of all we recall that by Corollary 1 we have
o (o (17, 113)) = Oess (7 (117, 1)) = [y ma)].

From the boundedness and self-adjointness of .7 ( [.L?, /.Lg ) we get that its spectrum and the field of values are related
with the equality 7 (7 (U0, 1)) = [m1;m,]. If in addition ve (xo) =0, & = 1,2, then we show that # (o7 (u), 1)) =
[my;my). It remains to prove that mq € # (o7 (U, ud)).

We determine the function

galx) = (—1)e Havel). (10)

u(x) —meg,
We proceed to show that this function satisfies the equation .o/ (,u?7 ,ug) fo = mg fo. Indeed,

Ove(x
(A (W0, 10) ~ ma)salr) = (u(x) — ma)(—1)e! Harald).

u(x) —mey
0 _ 1\o+1,,0 vi(s)va(s)ds
v () (=) g [ i
0 _1\o+1,,0 va(s)va(s)ds
) (1) g [ PO,
Using the assumption (3) and definition of ,ug we obtain
2
(U0, 1) — mg)ga(x) = (=D ulve(x) |14+ (=1)*u? M:O, o=1,2.
(o (ur', 13 g Mo Mo
T3 u(s) —mey

The task is now to prove that go € Ly(T?) if v (xg) = 0. Indeed. Let v(xg) = 0. Using the fact that continuous
partial derivatives up to the third-order inclusive at some neighborhood of x,, € T? of the function v, (-) are exist, we
obtain that there exist the quantities C;,C5,C3 > 0, ng € N and 6 > 0 so that

Cilx—xq|" < va(x)| < Colx—xa|™,  x € Us(xa). (11)

By the assumption at the point x; € T? the function u(-) has an unique global non-degenerate min and at the point
x2 € T? has an unique global non-degenerate max, and hence there exist the quantities Cy,C>,C3,8 > 0 so that

C |)c—xo¢|2 < u(x) —mg| < C2|)c—xo¢|27 x € Us(xq), (12)

lu(x) —mq| > C3, x€T>\Us(xqg). (13)
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By the additivity property of the integral we obtain the conclusion

v2 (s)ds v2 (s)ds

2. (1,0\2 042
JolsaPar=u? [ oS G [t (14)

Then by (11) and (12) we obtain for the first summand of (14) the estimation

2 _ 2ng
/ ve,(s)ds i Scl/ |s —xq 4ds.
Us(ra) (u(s) —ma) Uslra) |8 =l

Now, changing the coordinate system
PRSCY .
1 =Xg +rsimycoso,

) :xg) + rsinysin @,

s3=x5) +rcosy, 0<r<§, 0<¢@<2m, O0<y<m,
we obtain the finiteness of the last integral, where s = (s1,52,53) and xq = (xgx1 ),xsxz ),xg)).
The function vy () is continuous on T3, the estimation (13) implies that

2
v (8)ds /
— = <C ds < +oo.
/T3\Us<xa> (u(s) = ma)? = Je\Usra)

Therefore, if v(x¢) = 0, then g € Ly (T?). In this case we obtain

(o (17, 19)80/ 180,80/ Igall) = ma(ga/|lgall.8a/ I8all) = ma-

Therefore, mq € # (o7 (U0, 1)) for o0 = 1,2, that is, #/ (o (uP, 1)) = [my;ma).

Remark 1. When we prove the Theorem 3 we show that if v (xe) = 0 for a = 1,2, then the point z = myg, is not only
bound of the essential spectrum of </ (,u?, ug), but it is also an eigenvalue of </ (u?, ug ). By this reason it is called
the threshold eigenvalue of < (u, 1LY).

Theorem 4. Let the condition (3) be fulfilled. If vg(pa) # 0 for a = 1,2, then W (o (1), 1)) = (m13my).

Proof. Once again we recall that o(o7 (u?, 1)) = [my;mz]. We show that if vg (xg) # 0 for & = 1,2, then my &
W (o (U0, 1)), oo = 1,2. Suppose, this assertion is false, that is, mq € #/ (o (1), 1Y), & = 1,2. Then there exists
the function go € Ly(T?) with ||ge|| = 1 such that (o7 (1), 19) fa, fa) = mq. A trivial verification shows that the
function g has the form (10).

From the continuity of the function v¢/(+) on T* and v(py) # O we get that there are the quantities C;, 8 > 0 so that

va(x)] > C1, x€Us(xg). (15)
Applying (12) and (15) we receive

ds

2

s ds>C/ — =+
/T3|goc()| =t Us (va) |t — Xa|*

This implies go & Ly (T?). On the other hand applying (11), (12), (13) and using the continuity property of v¢/(-) on
T3 we have

|s —xg | edt

. s)|ds = OC/ S tHaC / ds s e
/1‘3 |ga(s)] Het Us(ra) |5 —xal? Ha 2-T3\U5(Xa)

This means g € Li(T?), where by L; (T?) we denote the Banach space of integrable (in general complex valued) func-
tions on T3. Therefore, go € L1 (T?)\ Lo(T?), which contradicts the fact that go € Ly (T?). So, mg & # (o (1), 1)),
a=1,2.

From Theorems 3 and 4 it follows the following assertion.

Corollary 2. Let the condition (3) be fulfilled.

(@) If va2(x2) # 0 and vy (x1) = 0, then W (o (U, 1)) = [m1;my);
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(b) If va(x2) = 0 and vy (x1) # 0, then W (o (u?, 1)) = (m1;my).
In the remainder of this section we study the virtual levels and threshold eigenvalues [16] of o7 ( /J?, ug).
The Banach space C(T?) is contain all continuous functions on T°.

Definition 1. Ler the condition (3) be fulfilled and o = 1,2. If the quantity 1 is an discrete eigenvalue of the
Fredholm operator

Havi(x)vi(s) — Hova(x)va(s)
T3 u(s) —mg

(Ga (i, h2) Vo) (x) = Va(s)ds, e €C(T)

and the corresponding eigen function Wy () (up to constant factor) is satisfy the assertion Wy (py) # 0, then at the
point 7 = my, the Friedrichs model of (1, Up) is said to have a virtual level.

Remark 2. For o € {1,2} the quantity 1 is a discrete eigenvalue of the Fredholm operator Go (11, o) iff e = UY.
Consequently, at the point 7 = mg, the operator </ (1, ) has a virtual level iff [l = ug. In this case the value of
Mg > O with B # a is an arbitrary.

Definition 2. Ler oo = 1,2. At the point z = mq the Friedrichs model oy (ly) is said to have a virtual level, if the
quantity 1 is a discrete eigenvalue of the Fredholm operator

(éa(.uoc)(Pa)(x) = (‘Uaﬂ.uava(x)/ Mv Qo € C(T3)

T u(s)—mg

and for the corresponding eigen function Qy(+) the assertion ©y(py) # 0 is valid.

We mention that in [17] the Friedrichs models family Ay, (p),pe T3, 1 > 0 with rank one perturbations, is consid-
ered. Authors are proved that for all p # 0 there exists a unique eigenvalue of A (p), lying on Lh.s. of the essential
spectrum if £, (0) has either a threshold eigenvalue or a virtual level at the point z = 0. In [18, 19] for a family of
Friedrichs models with rank perturbation is used the threshold analysis to investigate the number of discrete eigenval-
ues of the corresponding three-particle discrete model Schrodinger operator. Similar results are discussed in [20, 21]
for some 3 x 3 operator matrices.

Taking into account Definitions 1, 2 and Remark 2 we receive the statement.

Corollary 3. Let the condition (3) be fulfilled and o« = 1,2.

(a) At the point z = mq the operator <7 (L1, lp) has a virtual level iff at the point z = mg the operator </y(ly) has
a virtual level.

(b) The quantity z = myg, is a threshold eigenvalue of <7 (U1, o) iff the quantity z = mq is a threshold eigenvalue of
o (Har)-

We remark that the spectrum of the Friedrichs model <7 (i1, () may consist of a union of one, two, or three sets.
In this paper we study the field of values in the case where the spectrum of <7 (i1, 1) is a purely essential. Mainly
we analyzed the problem of whether boundary points of the essential spectrum of &7 (U1, i) belong to its numerical
range. As a conclusion one can notice that if both the bounds z = mg, & = 1,2 are threshold eigenvalues of .7 (11, 1)
then the numerical range and spectrum of < (1, ll>) are coincide. Thus, in this paper we have established a relation
between the numerical range and threshold eigenvalues or virtual levels of o7 (i, ).

For the generalized Friedrichs model the results, where both boundary points of its essential spectrum are either
threshold eigenvalues or virtual levels, were studied in [16, 22, 23] and they used to proof the existence the so-called
two-sided Efimov’s effect in [22, 23].

CONCLUSION

In the present paper the Friedrichs model 7 (i, 1), ti, M2 > 0 with rank two perturbation is considered. This
operator is related with a system of two quantum particles on 3D lattice. Firstly an information (definition, main
properties and examples) about the field of values of a linear operators are given. Using the Weyl theorem the
essential spectrum of 7 (U1, y) is found. The discrete spectrum of o (1, ) is described as a set of all zeros
of the corresponding Fredholm determinant. The number and location of the discrete eigenvalues of 7 (U;, ) are
investigated. The sufficient and necessary conditions which guarantees the equality of the spectrum of .27 (u, lp) and
its field of values (or numerical range) are given. The relation of the threshold eigenvalues and virtual levels with the
numerical range of o7 (1, 1) are established.
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