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Abstract. In this paper, the existence of a generalized solution of the investigated boundary-value problem for a nonlinear equation
of mixed type with two lines of degeneration in the weighted S. L. Sobolev space is proved. A particular case of an equation is
given, in which a generalized solution exists in a weightless S. L. Sobolev space. Examples of functions, satisfying the conditions
of the lemmas and theorems on the solvability of the problem, are constructed.

INTRODUCTION. FORMULATION OF THE PROBLEM

Relatively few works have been devoted to boundary-value problems for nonlinear equations of mixed type. In all
these works, the considered region, where the equation belongs to the hyperbolic type, consists of a characteristic
triangle [1, 2, 3, 4].

In this paper, a boundary-value problem in a domain with deviation from the characteristic for one nonlinear equa-
tion of mixed type with two lines of degeneracy is studied.

Consider the equation

T(U)=K(y)Ux +N(x)Uyy + C(x,y)U = f(x,5,U) (D

in the domain Q on the plane of variables (x,y), bounded by x > 0, y > 0 a smooth curve ¢ with ends at the
points A(1,0) and B(0,1), and by x > 0, y < 0 (x < 0,y > 0) — the characteristics of the equation OD;(OC}) and
smooth curves D1A(BC)) lying inside the characteristic triangle ODA (OBC), respectively. Here, K(y), N(x), C(x,y),
f(x,y,U) — are given functions, and K(r) z 0, N(z) z 0 where ¢ z 0, OD, DA and OC, CB characteristics of the
equation outgoing from points 0(0,0), A(1,0) and O(0,0), B(0, 1), respectively. Let 'D;A U ¢ UBC;.

Suppose the given functions K(y), N(x), C(x,y) are continuously differentiable and satisfy the conditions N’(x) >
a|N(x)|, K'(y) > alK(y)], C(x,y)‘ch] <0, Cx(x,y) +Cy(x,y) < —m < 0 in Q, where &, m = const > 0.
Problem T. Find a solution U (x,y) of the equation (1) in the domain Q, so that

U(x,y)|=0. 2)

EXISTENCE OF A GENERALIZED SOLUTION OF THE PROBLEM

Consider function spaces: U(Q) ={U : U € C*(Q),U|. =0}, V(Q) ={V :V € C*(Q),V|,, = 0}.
Denote by H; () and H{(Q) the closure in the norm of the function spaces U (€2) and V (Q), respectfully:

1/2
1Vl = | [ (KOIUZ+ V@02 +0%)a@ |
Q
1/2
1Vl o = /(|K(y)|Vx2+|N(x)|V),2—|—V2)dQ
Q

Definition 1 A generalized solution of the problem (1), (2) is a function U (x,y) € H\(Q), satisfying the identity

B(U,V)= —/(K(y)UxVx—i—N(x)UyVy —C(x,y)UV)dQ = /f(x,y,U)VdQ
Q Q
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for any function V (x,y) € Hy (Q).

Lemma 1 Assume
a) {Wn(x,y) }nen — is a complete system of smooth functions in the space Hy (Q), belonging to V(Q);
b) —ni+n, >00nCi0; ny—ny >00n0ODy; ny+ny>0o0nCiDy;
c)ny+np <0onT, where (ny,ny) — the inner normal vector.
Then there are functions {@,(x,y) bnen € Hi(Q), that are also solutions of the following boundary-value problem:

L(@n) = Qux(x,y) + Quy(x,y) = W (x,¥), @a(x,y)[r =0, n€N. (3)

Note that the condition n; +n, < 0 on I" means lines y = x + C, can not intersect the curve I" twice, where C = const.
Proof. The characteristics of equation (3) due to condition ¢) cannot intersect the curve I" twice. {y;(x,y) }neny —
smooth functions, then the solution of this boundary-value problem (3) exists and is a smooth function, excluding,
perhaps, points (1,0) and (0,1).

In new independent variables § = (x+y)/2, 1 = (x—y)/2 of this boundary-value problem (3) take the form (omit
the subscripts n):

¢: =V, ¢|z=0,

where I — the image of the curve I on the plane (&,7).
Returning to the old variables (x,y), the solution of the problems has the form:

(x+y)/2
o) = [ vt -y/2e- (- y)/2d=1y),
1((x=y)/2)
where x+y =2y ((x—y)/2) is an equation of the curve I'. Now let us prove that {@,(x,y) }nen € H1(Q).
Denote by Qo = QN {(x,y) : x>0,y >0}, Q; =QN{(x,y): x>0,y <0} and Qr = QN {(x,y) :x <0,y > 0}.

Cut out a part of the circle centered at points (1,0) and (0,1) of small radius &€ > 0 from the domain Q. The
remaining part of the domain denote by Qf = (QN{(x,y) :x >0,y > 0}) \ (S1¢US2), where Si¢ = {(x,y) : (x—

1?2 +y? <€}, Sae = {(x,y) 1 + (= 1)* < &}
By the smoothness of the function ¢,(x,y) and the equality I(¢,) = y,, the following integral can be integrated
(omitting the index n):

2/1 Y)dQ = 2/(pT 9))dQ=2lim [ o7 (I(9))dQ. (4)
Qp

Integrating by parts and using the following identities:

2K() @l (9) = K' () + (K(0)97) . + 2K 9ey), — (K1) 97) 5
2N ()@l (@) = N' (1)) — (N()@5) + 2N () @xy), — (N(x)95)

2C(x,y)9l(9) = — (Cx(x,y) +Cy(x,)) 9% + (C(x,7)9%)  + (C(x,7)9%), ,

and using Green’s formula, the integral on the right-hand side of the equality (4) takes the form:

2./<pT(l ))dQ = /HdQ+/ (py 2N(x) Q) dx

QS
1—_8 .
+ / (KOs —2K(y)pyn) dy + / Pdx+ Qdy
0 IQE\ ((x=0)U(y=0))
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- [ Cten)@?m+m)as.
Ere

where

IT=K'(y)@; + N'(x)@] — (Cx(x,y) + Cy(x,y)) ¢*,
P=K(y)9; — 2N (x) @0y — N(x) 9] — 2N (x) Y, + 2N (x) s,

0 =K() 97 +2K () 0y — N(x) @y +2K(y) oW — 2K (y) Y @y

Similarly, cut out a part of the circle centered at points (1,0) and (0, 1) of small radius & > 0 from the domains
Q and Q, respectively. The remaining part of domains denote by Qf = Q;\S|¢ and Q5 = Q,\S>¢, and consider the
integrals:

= 2/(pT (1(9))dQand £ = 2/(pT (1(9))dS.
Qf Qf

Given the equality —\/—K(y)dy = \/N(x)dx on ODy, the right-hand side of integral /{ can be rewritten as

1—¢
2/(pT(l((p))dQ:/HdQ— / (N(x)92 — 2N (x) o) dx
o Qs 0

-/ [\/T@)(px—\/W(pyr(dx—l—dy)-l—Z/ Od — Y

oD, 0D,
+ / Pdx+ Qdy — / C(x,y)@*(n1 +ny)dSs,

(y<0)(8S1UD; AL) Ered

where A}, is the intersection point of the curve DjA with the curve dS|¢ and the right-hand side 128 as

1—-¢
2 [T (g)d = [Tda— [ (K()9? 2K ()ovs) dy
Qs s 0

+ [ VDo~ VN@0| (@ +dn)+2 [ oy~ o

ci0 ci0
+ [ Pdx+0dy= [ Cluy)gA(m + s,
(x<0)N(2S26UBLC} ) P

where B, is the intersection point of the curve CyB with the curve 9.Sy,.
Note that on the part I's of the curve I where ny +ny <0, @, + @, is the nontangential derivative, which, due to the
condition y|r =0, is equal to zero together with the function ¢. Therefore, ¢, = ¢, =0isonT%.
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Taking this into account and conditions b), ¢) of Lemma 1 adding integrals I, IT, I5 discarding non-negative terms
and calculating the limits at € — 0

2/¢T(w)d9 > ﬁ/ (IKO) 97 + N 95 + 9%) dQ = Bl 9lI7, (0 )
Q Q

where 3 = min(a,m) is obtained.
Integrating the left-hand side of (5) by parts and using inequality Holder’s ( [5], p. 11) and inequality Cauchy ( [6],
p. 67) with €

£ 1
M§§f+4%2aﬁ2Q

2¢

we get

C
2/(pT(l[/)dQSCISH(PH%-II(Q)"'?IHWH%'I]*(Q) ©
Q

is derived where C; = max (1,max|C(x,y)|in Q).
Choosing € small enough, from (5) and (6) find H(p||12_11 @ < CZHWH%—]T(Q)’ where C, depends on o, m, C; and €.
Hence it follows that || 9|7, o) < CZHW"H%’T(QV and @,(x,y) € H(Q), n€N.

Theorem 2 Suppose the conditions of Lemma 1 are satisfied, and the function f(x,y,U) is continuous for U and
Fx,y,U) = |[KG)N@)[Y2fi(x,y,U), where || fi(x,y, U)llzy@) < const is uniform in U for any U from the ball
Ul L) < const.

Then there exists a generalized solution of the problem T from the class H; (Q).

Proof. First of all, note that the system of functions { @, (x,y) }»en is independent and can be considered normalized (
[71, p. 159, [4]) so that

(01,0)) 1, (0) = / (K@i @jx + IN(x)| @iy @)y + 9:190;) dQ = &,
Q

where

5 — 1 fori=j,
Y1 0 fori# .

Seek an approximate solution to the boundary value problem Tin the form

Ur(x,y) = Y Ciri(x,y) € Hi(Q), r €N,
i=1

where C;, are determined from the system

B(Ur,l//j)z/f(x,y,Ur)l//de, =12, 7
Q

Multiplying (7) by C;, summing over j from I to r.

B(U,,1(U,)) = /f(x,% Ur)l(Uy)dQ
Q

are drawn.

By analogous reasoning as in the proof of Lemma 1, find || U, ||, (o) < const, r € N.
Therefore, there exists a subsequence ( [8], p. 83) (denote it again by U,) and a function U (x,y) € H;(Q) such that

020016-4

1pd'Z68Y1L0°S L~ 9L0020/209586/ L/268F11.0°6/S901 0L/10p/spd-sjoe/doe/die/Biodie sqnd;/:dny wouy pepeojumoq



U,(x,y) = U(x,y) is weak in H;(Q).
It follows that in the linear terms on the left in (7), it is possible to pass to the limit:

- / (K3 UrxWjx +Nx)Upy Wiy — C(x,9)Up ) dQ — [r — o]
Q
- [ KO+ VWU, v~ Clxn)Uy)) d
Q
By the condition of the Theorem 2 and the lemma ( [9], p. 25)
Oy, U) = f(x,»,U) is weak in Ly (Q).
This implies that U (x,y) — a generalized solution of the problem T.

To prove the solvability of the system (7). Put C = (Cy,,...C,), A(C) = (A(C),...,A"(C)).

Al(C)=-} Gy / (K() @i + N () @iy Yjy — Clx,y) 9iy7;) A

_/f <x,y,ZC,»,(p,-> l[/de, j=1r.
a i=1

The properties of the functions f(x,y,U), @i(x,y), ¥;(x,y), imply the continuity of A/(C). Using the orthogonality
of @;(x,y) and y;(x,y), the linear part (A(C),C) will give |C|*>. By Lemma ( [10], p. 134) the system (7) has at least
one solution.

Note, that if K(y) =y, N(x) = x, then the problem T for the equation

T(U) = yUge +xUyy + C(x,y)U = f(x,y,U) (8)

can be considered in the weightless space of S.L. Sobolev Wz1 (Q) ([5], p- 60) and, in addition, some conditions of
Lemma 1 and Theorem 2 can be weakened.

Denote by W, () and W,1(Q) the closure in the norm ( [5], p. 60) of the function spaces U(Q) and V (),
respectively.

Definition 2 A generalized solution of the problem (8), (2) is a function U (x,y) € W, (Q), satisfying the identity
B (U,V)=— / YUV +xUyVy — C(x,y)UV ) dQ = /f(x,y, U)vdQ
Q Q
for any functions V (x,y) € Wy (Q).

Lemma 3 Assume
a) {Yu(x,y) }nen — a complete system of smooth functions in the space Wy (Q), belonging to V (Q);
b) C(.X,y) € Cl (Q)’ C(xay)|C1D| S 0’ Cx(xay) +Cy(x7Y) S 0in Q’.
c)ny+ny <0onT, where (ny,ny) — inner normal vector.
Then there are functions {Qy(x,y) }nen € Wy (Q), which are solutions of the boundary-value problem

Pux(%,9) + @y (x, ) = W (x,¥), @u(x,y)[r =0, n€N.
Lemma 3 is proved similarly to the proof of Lemma 1.

Theorem 4 Assume the conditions of Lemma 3 are satisfied and the function f(x,y,U) is continuous for U and
1 (6,3, U) |y (0) < const is uniform in U from any U from the ball |U||1,(q) < const.

Then there exists a generalized solution to problem T for the equation (8) from the class W21 (Q).
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Theorem 4 is proved similarly to the proof of Theorem 2.

Example. If K(y) = signy|y|”, N(x) =signx|x|",and m > 1, n>1, a=1/10, 0 :x+y=1, DjA:y = (x—

/@Y~ 1), B x = (y— 1)/(2%5— 1), Cx.y) = =24 —x—y, f(x.0,U) = INQK(y)|/2/(1+ U + U4, then

the conditions b), ¢) of Lemma 1 and Theorem 2 are satisfied. Therefore, in this case, there exists a generalized

solution of the problem T for the equation (1).

Comment. The next example shows that under the conditions of Theorem 4, there may not be the unique solution.
Assume C(x,y) =0,

Fy,U) = [(6y° +6x°) (1 —x —y)? +6(x%y* +x*y?) | U3

x—1 y—1

(2 L 2\72)3 . _ N St N
18()6 +y )U , O:x+Yy 1, DlAy 245 _ 1’ CiB:x 24/5 1"

Then the problem (8), (2) has at least two solutions: U (x,y) = 0,

¥y (1—x—y)3, forx>0,y>0,

Ul(x,y) = 0, forx >0, y <0,
0, forx <0, y>0.
CONCLUSION

In conclusion, if the function f(x,y) is linear, then the proposed method makes it possible to numerically solve the
problem T for the equation (1).
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