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Àííîòàöèÿ. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ êâàäðàòè÷íûé îïåðàòîð íà äâóìåðíîì ñèì-
ïëåêñå, ÿâëÿþùèéñÿ âûïóêëîé êîìáèíàöèåé äâóõ êâàäðàòè÷íûõ ñòîõàñòè÷åñêèõ îïåðàòîðîâ.
Äîêàçàíî, ÷òî öåíòð ñèìïëåêñà ÿâëÿåòñÿ åäèíñòâåííîé íåïîäâèæíîé òî÷êîé îïåðàòîðà, è ýòà
íåïîäâèæíàÿ òî÷êà ÿâëÿåòñÿ ïðèòÿãèâàþùåé.

Êëþ÷åâûå ñëîâà: ñèìïëåêñ, êâàäðàòè÷íûé ñòîõàñòè÷åñêèé îïåðàòîð, âûïóêëàÿ êîìáèíàöèÿ,
íåïîäâèæíàÿ òî÷êà.

ÓÄÊ: 517.98

DOI: 10.26907/0021-3446-2023-7-66-70

Ââåäåíèå

Èçó÷åíèå ðàçâèòèÿ ñîñòîÿíèÿ ñèñòåìû ÿâëÿåòñÿ îñíîâíîé çàäà÷åé òåîðèè äèíàìè÷åñêèõ
ñèñòåì. Íåëèíåéíûå îïåðàòîðû èñïîëüçóþòñÿ äëÿ ðåøåíèÿ ïðîáëåì, âîçíèêàþùèõ â ìà-
òåìàòè÷åñêîé ãåíåòèêå, ôèçèêå è õèìèè. Ðåøåíèå ðÿäà ïðèêëàäíûõ çàäà÷ âåäåò ê íåîáõî-
äèìîñòè èçó÷åíèÿ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ òðàåêòîðèé êâàäðàòè÷íûõ ñòîõàñòè÷åñêèõ
îïåðàòîðîâ, ÿâëÿþùèõñÿ íàèïðîñòåéøèìè íåëèíåéíûìè ñòîõàñòè÷åñêèìè îïåðàòîðàìè.
Êâàäðàòè÷íûå ñòîõàñòè÷åñêèå îïåðàòîðû áûëè âïåðâûå ââåäåíû Ñ. Áåðíñòàéíîì [1].

Êâàäðàòè÷íûå îïåðàòîðû ïðèâëåêàþò âíèìàíèå ñïåöèàëèñòîâ èç ðàçëè÷íûõ îáëàñòåé ìà-
òåìàòèêè è åå ïðèëîæåíèé (ñì., íàïðèìåð, [2]�[6]). Íàïîìíèì îïðåäåëåíèÿ è îáîçíà÷åíèÿ,
ñëåäóÿ ðàáîòå [2].
Ïóñòü = {1, 2, . . . , n}. Ìíîæåñòâî

Sn−1 =

{
x = (x1, . . . , xn) ∈ Rn : xi ≥ 0,

n∑
i=1

xi = 1

}
íàçûâàåòñÿ (n− 1)-ìåðíûì ñèìïëåêñîì. Êàæäûé ýëåìåíò x ∈ Sn−1 ÿâëÿåòñÿ âåðîÿòíîñòíîé
ìåðîé íà E è ìîæåò áûòü èíòåðïðåòèðîâàí êàê ñîñòîÿíèå áèîëîãè÷åñêîé (ôèçè÷åñêîé è
ò. ä.) ñèñòåìû, ñîñòîÿùåé èç n ýëåìåíòîâ.
Êâàäðàòè÷íûé ñòîõàñòè÷åñêèé îïåðàòîð V : Sn−1 → Sn−1 èìååò âèä

V : x′k =
n∑

i,j=1

pij,kxixj ,

Ïîñòóïèëà â ðåäàêöèþ 29.03.2023, ïîñëå äîðàáîòêè 29.03.2023. Ïðèíÿòà ê ïóáëèêàöèè 29.05.2023.
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ãäå

pij,k ≥ 0, pij,k = pji,k,

n∑
k=1

pij,k = 1, i, j, k = 1, . . . , n.

Îïðåäåëåíèå 1. Òî÷êà x ∈ Sn−1 íàçûâàåòñÿ íåïîäâèæíîé òî÷êîé êâàäðàòè÷íîãî ñòîõà-
ñòè÷åñêîãî îïåðàòîðà V , åñëè V (x) = x.

Îïðåäåëåíèå 2 ([7]). Íåïîäâèæíàÿ òî÷êà x∗ íàçûâàåòñÿ ãèïåðáîëè÷åñêîé, åñëè ÿêîáèàí
DV (x∗) íå èìååò ñîáñòâåííûõ çíà÷åíèé íà åäèíè÷íîé îêðóæíîñòè.

Îïðåäåëåíèå 3 ([7]). Ãèïåðáîëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà x∗ íàçûâàåòñÿ

i) ïðèòÿãèâàþùåé, åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ÿêîáèàíà DV (x∗) ïî ìîäóëþ ìåíü-
øå åäèíèöû;

ii) îòòàëêèâàþùåé, åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ÿêîáèàíà DV (x∗) ïî ìîäóëþ áîëü-
øå åäèíèöû;

iii) ñåäëîâîé, â ïðîòèâíîì ñëó÷àå.

Â ðàáîòàõ [8], [9] èçó÷àëàñü äèíàìèêà äâóõ êâàäðàòè÷íûõ ñòîõàñòè÷åñêèõ îïåðàòîðîâ V0
è V1 íà S

2. Â äàííîé ñòàòüå ìû èññëåäóåì äèíàìè÷åñêèå ñâîéñòâà êâàäðàòè÷íîãî ñòîõàñòè-
÷åñêîãî îïåðàòîðà, ÿâëÿþùåãîñÿ âûïóêëîé êîìáèíàöèåé V0 è V1.

1. Âûïóêëàÿ êîìáèíàöèÿ êâàäðàòè÷íûõ ñòîõàñòè÷åñêèõ îïåðàòîðîâ

Â ðàáîòå [8] áûë ðàññìîòðåí îïåðàòîð V0 : S2 → S2, ãäå V0(x1, x2, x3) = (x′1, x
′
2, x
′
3) è

x′1 = x21 + 2x1x2, x
′
2 = x22 + 2x2x3, x

′
3 = x23 + 2x1x3.

Ïîêàçàíî, ÷òî îïåðàòîð V0 îáëàäàåò ÷åòûðüìÿ íåïîäâèæíûìè òî÷êàìè M1(1, 0, 0),
M2(0, 1, 0), M3(0, 0, 1), C(1/3, 1/3, 1/3), ãäå öåíòð C � îòòàëêèâàþùàÿ òî÷êà, à M1,M2,M3

� ñåäëîâûå òî÷êè.
Â ðàáîòå [9] àâòîðîì èçó÷àëñÿ îïåðàòîð

V1 :


x′1 =

1

3
x21 +

1

3
x22 +

1

3
x23 + 2x1x2,

x′2 =
1

3
x21 +

1

3
x22 +

1

3
x23 + 2x2x3,

x′3 =
1

3
x21 +

1

3
x22 +

1

3
x23 + 2x1x3.

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1 ([9]). Äëÿ îïåðàòîðà V1 âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

i) öåíòð C = (1/3, 1/3, 1/3) ÿâëÿåòñÿ åäèíñòâåííîé íåïîäâèæíîé òî÷êîé;
ii) öåíòð C ÿâëÿåòñÿ ïðèòÿãèâàþùåé òî÷êîé;

iii) äëÿ ëþáîé íà÷àëüíîé òî÷êè x(0) ∈ S2 òðàåêòîðèÿ x(n) ñòðåìèòñÿ ê öåíòðó.

Âûïóêëàÿ êîìáèíàöèÿ Vλ : S2 → S2 îïåðàòîðîâ V0 è V1 îïðåäåëÿåòñÿ ôîðìóëîé

Vλ = (1− λ)V0 + λV1, 0 ≤ λ ≤ 1.
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ßñíî, ÷òî êâàäðàòè÷íûé îïåðàòîð Vλ èìååò âèä

Vλ :



x′1 =

(
1− 2

3
λ

)
x21 +

λ

3
x22 +

λ

3
x23 + 2x1x2,

x′2 =
λ

3
x21 +

(
1− 2λ

3

)
x22 +

λ

3
x23 + 2x2x3,

x′3 =
λ

3
x21 +

λ

3
x22 +

(
1− 2λ

3

)
x23 + 2x1x3.

(1)

Î÷åâèäíî, ÷òî Vλ òàêæå ÿâëÿåòñÿ êâàäðàòè÷íûì ñòîõàñòè÷åñêèì îïåðàòîðîì, îòîáðàæà-
þùèì S2 â ñåáÿ. Íàéäåì òåïåðü íåïîäâèæíûå òî÷êè îïåðàòîðà Vλ.
Èç (1) ñëåäóåò

x1 − x2 = (1− λ)
(
x21 − x22

)
+ 2x2(x1 − x3),

x2 − x3 = (1− λ)
(
x22 − x23

)
+ 2x3(x2 − x1),

x3 − x1 = (1− λ)
(
x23 − x21

)
+ 2x1(x3 − x2)

èëè
(x1 − x2)(1− (1− λ)(x2 + x1)) = 2x2(x1 − x3),
(x2 − x3)(1− (1− λ)(x3 − x2)) = 2x3(x2 − x1),
(x3 − x1)(1− (1− λ)(x3 − x1)) = 2x1(x3 − x2).

(2)

Ïðåäïîëîæèì, ÷òî x1 ≤ x2 ≤ x3, òîãäà èç ñèñòåìû (2) ïîëó÷àåì x1 = x2 = x3. Ïîñêîëüêó
x1 + x2 + x3 = 1, èìååì x1 = x2 = x3 = 1/3. Îñòàëüíûå ñëó÷àè ìîãóò áûòü ðàññìîòðå-
íû ñõîæèì îáðàçîì. Îòñþäà âèäíî, ÷òî öåíòð C = (1/3, 1/3, 1/3) ÿâëÿåòñÿ åäèíñòâåííîé
íåïîäâèæíîé òî÷êîé îïåðàòîðà Vλ.
Îïðåäåëèì òåïåðü òèï íåïîäâèæíîé òî÷êè C. ×òîáû âûÿñíèòü òèï íåïîäâèæíîé òî÷êè

îïåðàòîðà Vλ, çàïèøåì ñèñòåìó (1) ñ ó÷åòîì ðàâåíñòâà x3 = 1− x1 − x2 â ñëåäóþùåì âèäå:

x′1 =

(
1− λ

3

)
x21 + 2

λ

3
x22 + 2

(
1 +

λ

3

)
x1x2 − 2

λ

3
x1 − 2

λ

3
x2 +

λ

3
,

x′2 = 2
λ

3
x21 −

(
1 +

λ

3

)
x22 + 2

(
λ

3
− 1

)
x1x2 − 2

λ

3
x1 + 2

(
1− λ

3

)
x2 +

λ

3
,

(3)

ãäå (x1, x2) ∈
{

(x, y) : x, y ≥ 0, 0 ≤ x + y ≤ 1
}
, à x1, x2 � äâå ïåðâûå êîîðäèíàòû òî÷êè,

ëåæàùåé â S2.
Èç ñèñòåìû (3) ïîëó÷àåì

∂x′1
∂x1

= 2

(
1− λ

3

)
x1 + 2

(
1 +

λ

3

)
x2 −

2λ

3
,

∂x′1
∂x2

=
4λ

3
x2 + 2

(
1 +

λ

3

)
x1 −

2λ

3
,

∂x′2
∂x1

=
4λ

3
x1 + 2

(
λ

3
− 1

)
x2 −

2λ

3
,

∂x′2
∂x2

= −2

(
1 +

λ

3

)
x2 + 2

(
λ

3
− 1

)
x1 + 2

(
1− λ

3

)
.

Â òî÷êå C = (1/3, 1/3, 1/3)

∂x′1
∂x1

(C) =
4

9
− 2λ

3
,

∂x′1
∂x2

(C) =
2

3
,

∂x′2
∂x1

(C) = −2

3
,

∂x′2
∂x2

(C) =
2

3
− 2λ

3
.
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Òàêèì îáðàçîì, ìàòðèöà ßêîáè îïåðàòîðà (3) èìååò âèä

JC =


4

9
− 2λ

3

2

3

−2

3

2

3
− 2λ

3
,

 ,

det(JC − µE) = 0 èìååò äâà êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèÿ:

µ1 = −2

3
λ+

5

9
−
√

35

9
i, µ2 = −2

3
λ+

5

9
+

√
35

9
i,

|µ1,2| =
√(
− 2

3
λ+

5

9

)2
+

35

81
=

2

9

√
9λ2 − 15λ+ 15.

Ðàññìîòðèì óðàâíåíèå
2

9

√
9λ2 − 15λ+ 15 = 1. Ýòî óðàâíåíèå ýêâèâàëåíòíî óðàâíåíèþ

12λ2 − 20λ − 7 = 0, êîòîðîå èìååò äâà ðåøåíèÿ λ1,2 = (5 ±
√

46)/6. Ëåãêî óâèäåòü, ÷òî
λ1,2 /∈ [0, 1].
Ðàññìîòðèì òåïåðü íåðàâåíñòâî

2

9

√
9λ2 − 15λ+ 15 < 1 ⇒ 12λ2 − 20λ− 7 < 0 ⇒

⇒ 5−
√

46

6
< λ <

5 +
√

46

6
.

Îòñþäà âèäíî, ÷òî |µ1,2| < 1 äëÿ âñåõ λ ∈ [0, 1].
Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî íåðàâåíñòâî |µ1,2| > 1 íå èìååò ðåøåíèé íà îòðåçêå

[0, 1].
Íàìè äîêàçàíà

Òåîðåìà 2. Äëÿ îïåðàòîðà Vλ âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

i) êâàäðàòè÷íûé ñòîõàñòè÷åñêèé îïåðàòîð Vλ èìååò åäèíñòâåííóþ íåïîäâèæíóþ

òî÷êó C = (1/3, 1/3, 1/3);
ii) íåïîäâèæíàÿ òî÷êà C ÿâëÿåòñÿ ïðèòÿãèâàþùåé òî÷êîé ïðè ëþáîì λ ∈ [0, 1].

Àâòîð áëàãîäàðèò ðåöåíçåíòà çà öåííûå ïðåäëîæåíèÿ, ñóùåñòâåííî óëó÷øèâøèå ñîäåð-
æàíèå ýòîé ñòàòüè.
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B.J.Mamurov

A convex combination of two quadratic stochastic operators acting in the 2D-simplex

Abstract. In this paper, we consider a quadratic operator on the two-dimensional simplex, which
is a convex combination of two quadratic stochastic operators. It is proved that the center of the
simplex is a unique �xed point of the operator and this �xed point is an attracting point.
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