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ABSTRACT

A significant portion of scientific and applied research worldwide focuses on the study of nonlinear dynamic systems.
Understanding the behavior of such systems based on their initial conditions is crucial for predicting future developments.
The theory of dynamical systems plays a vital role in deepening our comprehension of intricate phenomena across various
domains, including biology, physics, economics, and healthcare. The current research addresses the superposition of a
linear operator and a Volterra quadratic stochastic operator arising in statistical mechanics, which is established on a two-
dimensional simplex space. The paper determines the stationary states of the combined transformation and classified their
nature. Furthermore, it is demonstrated that nearly every trajectory under this transformation tends to approach the third
corner of the two-dimensional simplex.
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1. INTRODUCTION

Quadratic stochastic operators are widely utilized in various mathematical genetics models (see, for example, [1,2]),
particularly within the scope of heredity studies (see also [3,4]). The foundational concept of a quadratic stochastic operator
was introduced by S. Bernstein in 1924. These operators naturally emerge in genetic models in the following manner: Let
us consider a population of organisms that forms a reproductively isolated group. Each member of this population is
assumed to belong to a specific genetic type (or species). The classification of species is organized in such a way that the
genetic types of the two parents uniquely determine the probability distribution over the possible types of their offspring
in the first generation. This probability, referred to as the inheritance coefficient, specifies the likelihood of each genetic
type appearing among the descendants. Evidently, that for all and that

m

=1, i,j,k=1,..,m

ij.k
k=1
Let us denote the relative proportions of each genetic type in the current generation by a probability distribution x. Under
the assumption of panmixia—that is, random mating within the population—the pairing of individuals of types i and j
occurs with a probability determined by the state x. Specifically, for a given distribution xxx, the likelihood of selecting a
parent pair of types i and j is given by x; x;. Therefore, the overall likelihood of obtaining a particular genetic type in the
first-generation offspring is determined by the combined probabilities of all possible parent pairings that can produce that
type
X, = Zp,.j’kxixj, k=1,...,m.
i,j=1

This relationship gives rise to an evolutionary quadratic operator. Consequently, the process of population evolution can
be analyzed through the framework of a dynamical system governed by a quadratic stochastic operator (see [5,6]).

In the study conducted by D.B. Eshmamatova, Sh.J. Seytov, and N.B. Narziyev (see [7]), the authors examined dynamical
systems arising from the superposition of Volterra operators with distinct characteristics, defined over a two-dimensional

* b.j.mamurov@buxdu.uz

Optical and Computational Technologies for Measurements and Industrial Applications (OptiComp 2025), edited by
Predrag Stanimirovi¢, Davron Matrasulov, Boris Oksengendler, Mirzo Sharipov, Proc. of SPIE Vol. 13803,
138030M - © 2025 SPIE - 0277-786X - doi: 10.1117/12.3078033

Proc. of SPIE Vol. 13803 138030M-1



simplex. Their findings reveal that the long-term behavior of orbits generated by the superposition operator significantly
differs from those produced by the original individual operators.

Notably, they demonstrated that even when the initial operators are non-ergodic and possess different directions of
evolution, their superposition can result in a system exhibiting regular (predictable) dynamics.

The structure of the paper is as follows. Section 2 provides a review of fundamental definitions and established results
related to Volterra and non-Volterra quadratic stochastic operators (QSOs). In Section 3, we examine the superposition of
a linear operator and a Volterra quadratic stochastic operators which defined on the two-dimensional simplex. Fixed points
are found and their types are studied, as well as the limit behavior of the trajectory.

2. MATERIALS AND METHODS

Quadratic operators serve as a key factor in the study of various models in biology, physics, chemistry, statistical
mechanics.

Let

s ={X=(x1,x2,...,xm)eR”’ x, 20, Zx,. =1}

i=1

be the (m—1) -dimensional simplex. A map V' of S into itself is called a quadratic stochastic operator (QSO) if

), = ipij,kxixj (1)

i,j=1

forany x € S”" and forall k=1,...,m, where

m

P 200 Py = Pgs D Py = Vi jok=1,..,m. ®)

k=1

Let {x"” eS§"":n=0,1,2,...} represent the trajectory (orbit) originating from the initial state x € S”~', where each

subsequent point is generated by the recurrence relation x"*" =¥ (x(”)) forall n=0,1,2,... and x¥ =x.

Definition 1. A vector x e S”™" is referred to as a fixed point of a quadratic stochastic operator V' if it satisfies the
condition V' (x)=x.

Definition 2. A quadratic stochastic operator ¥ is said to exhibit regularity if, for every starting point x € S™", the
sequence V™(x) converges as n — oo; that is, the limit

im? (x")

n—ow
exists.

It is important to observe that any limit point of an orbit corresponds to a stationary point of the quadratic stochastic
operator. Consequently, these fixed points characterize the asymptotic, or long-term, behavior of trajectories originating
from any initial state. Understanding the convergence of orbits and the nature of fixed points is crucial in numerous
practical applications (see, for example, [8,9]). From a biological perspective, the regularity of a QSO implies that the
population dynamics stabilize over time, indicating a steady future for the system.

Definition 3. A continuous function ¢ : int S™ 1 - R is said to be a Lyapunov function for the operator ¥ if the limit

lime (V" (%))

n—»o0

. -1
exists for every xe 8™ .
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Let DV (x) represent the Jacobian matrix of the operator ¥ evaluated at the fixed point x” .

Definition 4 (see [10]). A fixed point x" is said to be hyperbolic if the Jacobian matrix DXV(X* ) possesses no eigenvalues

lying on the complex unit circle.
Definition 5 (see [10]). A hyperbolic fixed point x" is classified as follows:

— Attracting if every eigenvalue of the matrix DXV(X*) has modulus strictly less than one;
— Repelling if all eigenvalues of DxV(x*) have modulus strictly greater than one;

— Saddle if the eigenvalues include both moduli less than and greater than one.

3. RESULTS AND DISCUSSION
Within this analysis we will consider the superposition operator B = AoV, which is a superposition of a linear operator

A:5* — §? and a quadratic stochastic operator ¥ : §* — S, where V:x, =x, X, =X, +2X,X,, X, = X; +2x,X, +2X,X,

a 0 0
and A=|/f with 0< «, f, a+ 3, y <1. Under these conditions, the operator B takes the form:

l-a-p 1-y 1

a 0 o)
B=A(V(x))=| B y 0| x)+2xx, =

l—a-f 1-y 1)l x]+2xx, +2x,x,

X, =ax;,
B:ix, = fBx +yx; +2yx.x, 3)
X, :(1—05—,8))612 +(1—}/)x22 +2(1—7/)x1x2 +X; +2(x1 +x2)x3.
It is evident to verify that if @ =1, y =1 then the matrix A is the identity matrix and, in this case, we have B =V. This
case is not interesting.
Theorem 1. For the given operator B , the following assertions are valid:
a) if a=1, 0<y <1 then the vertices ¢ =(1,0,0) and e; = (O, 0,1) are fixed points and they are attracting and

saddle points, respectively;

b) if y =1, 0<a <l then the vertices e, = (0,1,0) and e; = (O, 0,1) are fixed points and they are attracting and

saddle points, respectively;
c) if0<a<l, 0<y <1 thenthe vertex e, = (O, 0,1) is a unique fixed point and it has the attracting type;

d) inall cases there are no periodic points.

Proof. Let us determine the stationary states of the given operator B. It is established that such a point satisfies the equation
B(x) = x. characterizing fixed points of the operator. This equation can be rewritten in the following form
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X, =ax/,
X, = Bl +yxl+2yxx, “4)
xs=(0-a-p)x'+(Q=-y)x; +2(0-y)xx, +x; +2(x, +x,)x;.

a)Let =1 and 0<y <1. Thenitholds g =0 and (4) has the form:

X, = yx; +2yx,x, 5)
X, 2(1—)/))622 +2(1—7/)x1x2 +X; +2(x1 +x2)x3.
From the first relation in system (5), we obtain
x=x = x(l-x)=0 = x,, =0 and x, =1.
If we take the solution xl*(z) =1 then we obtain that the vertex e, = (1, 0, 0). If we take the solution xl*(l) =0 then in the case
0 <y <1 from the 2-nd equation of (5) we have x, =yx; = x,(1-7x,)=0 = x,,, =0 and x},, :%> 1LIfy=0

then from the 2-nd equation of (5) we have x;(l) =0. Consequently, it follows that x;(l) =1. Therefore, we get that the

vertex e, =(0, 0,1). Hence, we have that in the case =1 and 0< y <1 the vertices ¢ =(1, 0,0) and e, = (0, 0,1) are

fixed points of the operator V.

b) Let y =1 and 0 <« <1. Then (4) has the form:
X, =ax’,
x, = Bx] +x; +2x,x, (6)
X =(l—a=B)x +2(1-7)xx, +x; +2(x +x,)x,.

In the condition 0 < <1 (resp. a =0) from the 1-st equation of (6) we have
* * 1 *
x =ax; (resp. x,=0) = x(1-ax)=0 = x;,=0 and x,, =—>1 (resp. x; =0).
a

Hence, we have that x, =0.
Using the latter from the 2-nd equation of (6) one has
X, =X = x(1-x,)=0 = x;(l) =0 and x;(z) =1
Hence, we conclude that x;m =1 and x;(z) =0. Consequently, we obtain that in the case @ =1 and 0 < y <1 the vertices

e = (0,1,0) and e, = (O, O,l) serve as stationary states of the operator V.

c)Let 0<a <1 and 0<y <1. Then in the case 0 <a <1 (resp. & =0) from the 1-st equation of (4) we have x, = ax;

*

(resp. x,=0) = x (1—ax,)=0 = x]*(]) =0 and Xy =

S (resp. x, =0). Hence, we have that x, = 0.
a

In the case 0 <y <1 (resp. y =0 ) using latter the from the 2-nd equation of (4) one has x, =0 (resp. x, =0) =

x(1-7x,)=0 = x;(,) =0 and x,, = % >1 (resp. x, =0). Therefore, we have that x, =0. Using x, =0 and x, =0
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we get X, =1 and consequently we obtain that in the case 0<a <1 and 0<y <1 the vertex e, = (0, 0,1) is a single

stationary point of the operator V.

To determine the types of the fixed points we rewrite operator (3) as follows

(X =ax,
x, = Bx] +yx; +2x,x,,
where x, and x, are the 1-st and 2-nd coordinates of the point x € S°.

From (7) the one has

ox, ox, ox. ox,;
—L =2ax,,—L+=0,—2=28x, +2yx,,—==2yx, +2yX,.
ox Y, Bx +2yx, ox, yX, +2yx%

At the fixed point e, = (1, 0,0) we have

2 0 200 — 0
DB(el):[ “ j = det[ “H j:O = u=2a, u=2y.

2B 2y 2 2y-—p
At the fixed point ¢, =(0,1,0) we have
0 0 _u 0
D = = det =0 = =0, =2y.
5 () (2[; 2y] e[zﬂ 27_ﬂ] =0, =2y

Similarly, at the fixed point e, = (O, 0,1) we have

00 0
DB(%):(O 0] = det(o —yJZO = u=u=0.

1
repelling, if 0<y< >

1
If @ =1, 0<y <1 then e has the type {non—hyperbolic, if y = >

saddle, if%< y <L

1
attracting, if 0<y< 5,

>

1
If y =1, 0<a <1 then e, has the type {non—hyperbolic, if y =5

saddle, if%<;/§l.

If 0<a <l and 0<y <1 then e, has the type attracting.

Let x¥ e §? \Fix(V). Then from the 1-st equation of (3) we have
' " n 2"

x=ax = x =ax = " =a"" (xl(o)) , n=0,1,2,3....

Therefore, it follows that there is the limit lim x = 0. Also, from the 1-st equation of (3) we obtain

n—om
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x, =(l—a-p)x +(1—}/)x§ +2(1—7/)x1)c2 +5 +2(x +x, ) x, 2 x,,
where, we have used 0<a, f,a+ 3,7 <1. Consequently, we get xg"“) 2x;, n=0,1,2,3,... As a result, the sequence

converges to a limit limx{"” = x;. Hence, we have limx{" =1-x;. We claim, that it holds x; =1. Suppose on the

n—»o n—om

contrary, that is, let x; < 1. Then one has

] —x§"+1) ) l—xg”) (1+xl(”) +x§"))
1=1lim <lim =
n—w | — x;") n—o 1— x;")
(n) (.(n) (n) (n) (n)
.M ('xl X, ) .M (1 R ) . ()
=1—11m—=1—11m—=1—11mx .
n—w 1 (n) (n) 3
— x3 n—om 1-— x3 n—»m

From the latter we get lim x{" = 0. The latter contradicts to the fact {x§’”} is an increasing sequence. Therefore, it follows

n—om

that x; =1 and consequently, we have lim V(x“’)) =e, = (O, 0,1).

4. CONCLUSION

In the paper [7], dynamical systems formed by the composition of Volterra operators with distinct features, defined on the
two-dimensional simplex, have been investigated. It was demonstrated that the long-term behavior of arbitrary trajectories
under the superposed operator significantly differs from the asymptotic properties of the trajectories associated with the
individual original operators.. In contrast to this paper, the result of the superposition of a linear operator and a quadratic
stochastic Volterra operator is defined on a two-dimensional simplex. The fixed points of the superposition operator are
found and their types are determined. In addition, it is proven that almost any orbit for such an operator converges to the
third vertex of a two-dimensional simplex. The results obtained in this paper are of great importance in constructing and
studying the mathematical models of physical and biological processes.

REFERENCES

[1] Bernstein, S., “Solution of a mathematical problem with the theory of heredity,” Ann. Math. Stat.13, 53-61 (1942).

[2] Kesten, H., “Quadradic transformations: A model for population growth,” Adv. Appl. Prob. 2(1), 1-82 (1970).

[3] Ganikhodzhaev, R. N., “Quadratic stochastic operators, Lyapunov functions and toumaments,” Sib. Math. 76, 489-506
(1993).

[4] Lyubich, Yu. L., [Mathematical Structures in Population Genetics], Sprenger, Berlin (1992).

[5] Khamraev, A. Yu., “On the dynamics of quasistrictly non-Volterra quadratic stochastic operator,” Ukr. Math. J. 71,
1116-1122 (2019).

[6] Jamilov, U. U., Ladra, M. and Mukhitdinov, R. T., “On the equip able strictly on-Volterra quadratic stochastic
operators,” Qual. Theory Dyn. Syst. 16(3), 645-655 (2017). https://doi.org10.1007/s12346-016-0209-9

[7] Eshmamatova, D. B., Seytov, S. J. and Narziev, N. B., “Basins of fixed points for composition of the Lotka-Volterra
mappings and their classification,” Lob. Jour. Math. 44, 558-569 (2023). https://doi.org/10.1134/s1995080223020142

[8] Mamurov, B. J., “Convergence of the trajectories of a non-Volterra quadratic stochastic operator,” Russian
Mathematics 10, 45-50 (2024). https://doi.org/10.26907/0021-3446-2024-10-45-50

[9] Zakharevich, M. 1., “On the behavior of trajectories and ergodic hypothesis for quadratic mapping of a simplex,” Russ.
Math. Surv. 33, 265-266 (1978).

[10] Devaney, R. L., [An introduction to chaotic dynamical systems], Westview Press, New York (2003).

Proc. of SPIE Vol. 13803 138030M-6



