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ÑÕÎÄÈÌÎÑÒÜ ÒÐÀÅÊÒÎÐÈÉ ÍÅÂÎËÜÒÅÐÐÎÂÑÊÎÃÎ
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Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ íåâîëüòåððîâñêèå êâàäðàòè÷íûå ñòîõàñòè÷åñêèå îïåðàòîðû, îï-
ðåäåëåííûå íà äâóìåðíîì ñèìïëåêñå â çàâèñèìîñòè îò ïàðàìåòðà α. Ïîêàçàíî, ÷òî òàêîé
îïåðàòîð èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó è âñå òðàåêòîðèè ñõîäÿòñÿ ê åäèíñòâåííîé
íåïîäâèæíîé òî÷êå.

Êëþ÷åâûå ñëîâà: êâàäðàòè÷íûé ñòîõàñòè÷åñêèé îïåðàòîð, âîëüòåððîâñêèé è íåâîëüòåððîâ-
ñêèé îïåðàòîð, òðàåêòîðèÿ, ñèìïëåêñ.
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Ââåäåíèå

Ïóñòü

Sm−1 =

{
x = (x1, x2, . . . , xm) ∈ Rm : xi ≥ 0 äëÿ âñåõ i è

m∑
i=1

xi = 1

}
� (m − 1)-ìåðíûé ñèìïëåêñ. Îòîáðàæåíèå V èç Sm−1 â ñåáÿ íàçûâàåòñÿ êâàäðàòè÷íûì

ñòîõàñòè÷åñêèì îïåðàòîðîì (ÊÑÎ), åñëè

(V x)k =

m∑
i,j=1

pij,kxixj

äëÿ ëþáîãî x ∈ Sm−1 è äëÿ âñåõ k = 1, . . . ,m, ãäå

pij,k ≥ 0, pij,k = pji,k äëÿ âñåõ i, j, k;
m∑
k=1

pij,k = 1.

Îïðåäåëåíèå 1. Êâàäðàòè÷íûé ñòîõàñòè÷åñêèé îïåðàòîð íàçûâàåòñÿ âîëüòåððîâñêèì, åñ-
ëè

pij,k = 0 äëÿ âñåõ k /∈ {i, j}, i, j, k = 1, . . . ,m.

Ïðåäïîëîæèì, ÷òî {x(n)∈Sm−1 : n = 0, 1, 2, . . . } � òðàåêòîðèÿ íà÷àëüíîé òî÷êè x∈Sm−1,

ãäå x(n+1) = V (x(n)) äëÿ âñåõ n = 0, 1, 2, . . . , ïðè ýòîì x(0) = x.

Îïðåäåëåíèå 2. Òî÷êà x ∈ Sm−1 íàçûâàåòñÿ íåïîäâèæíîé òî÷êîé îòîáðàæåíèÿ V , åñëè
V (x) = x.

×åðåç Fix (V ) áóäåì îáîçíà÷àòü ìíîæåñòâî âñåõ íåïîäâèæíûõ òî÷åê.

Ïîñòóïèëà â ðåäàêöèþ 20.11.2023, ïîñëå äîðàáîòêè 20.11.2023. Ïðèíÿòà ê ïå÷àòè 26.12.2024.
45
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Îïðåäåëåíèå 3. ÊÑÎ V íàçûâàåòñÿ ðåãóëÿðíûì, åñëè ïðåäåë lim
n→∞

V (x(n)) ñóùåñòâóåò äëÿ

ëþáîé íà÷àëüíîé òî÷êè x ∈ Sm−1.

Îïðåäåëåíèå 4. ÊÑÎ V íàçûâàåòñÿ ýðãîäè÷åñêèì, åñëè ïðåäåë

lim
n→∞

1

n

n−1∑
k=0

V k(x)

ñóùåñòâóåò äëÿ ëþáîé òî÷êè x ∈ Sm−1.

Îòìåòèì, ÷òî ðåãóëÿðíûé ÊÑÎ ÿâëÿåòñÿ ýðãîäè÷åñêèì, íî â îáùåì ñëó÷àå èç ýðãîäè÷-
íîñòè íå ñëåäóåò ðåãóëÿðíîñòü.
Ïóñòü ωV

(
x(0)

)
� ìíîæåñòâî ïðåäåëüíûõ òî÷åê òðàåêòîðèè {V n

(
x(0)

)
}n≥0. Òàêèì îáðà-

çîì, íåïîäâèæíûå òî÷êè ÊÑÎ îïèñûâàþò ïðåäåëüíîå èëè äîëãîñðî÷íîå ïîâåäåíèå òðàåêòî-
ðèé äëÿ ëþáîé íà÷àëüíîé òî÷êè. Ïðåäåëüíîå ïîâåäåíèå òðàåêòîðèé è íåïîäâèæíûå òî÷êè
èãðàþò âàæíóþ ðîëü âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ (ñì. [1]�[12]). Áèîëîãè÷åñêîå çíà÷åíèå
ðåãóëÿðíîñòè ÊÑÎ äîñòàòî÷íî î÷åâèäíî: â äîëãîñðî÷íîé ïåðñïåêòèâå ðàñïðåäåëåíèå âèäîâ
â ñëåäóþùåì ïîêîëåíèè ñîâïàäàåò ñ ðàñïðåäåëåíèåì âèäîâ â ïðåäûäóùåì, ò. å. áóäóùåå
ñèñòåìû ñòàáèëüíî.

1. Ïîñòàíîâêà çàäà÷è è ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ðàññìîòðèì íåâîëüòåððîâñêèé ÊÑÎ, èìåþùèé âèä

V :



x′1 =

(
1

3
+ α

)
x21 +

1

3
x22 +

1

3
x23 +

1

3
x1x2;

x′2 =

(
1

3
− α

)
x21 +

1

3
x22 +

1

3
x23;

x′3 =
1

3
x21 +

1

3
x22 +

1

3
x23 +

2

3
x1x2,

(1)

ãäå α ∈
[
−1

3
,
1

3

]
.

Òåîðåìà. Äëÿ ÊÑÎ (1) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

i) ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷êà x∗ ∈ S2, ãäå x∗1 = 1− x∗2 − x∗3,

x∗2 =
3α
√
17 +

√
216α− 78− 72α

√
17 + 34

√
17−

√
17− 3α− 5

4(3α− 2)
, x∗3 =

5−
√
17

4
;

ii) íå ñóùåñòâóåò ïåðèîäè÷åñêèõ òî÷åê, êðîìå íåïîäâèæíîé òî÷êè;

iii) äëÿ ëþáîé íà÷àëüíîé òî÷êè x(0) ∈ intS2 èìååì lim
n→∞

V n
(
x(0)

)
= x∗;

iv) îïåðàòîð (1) ÿâëÿåòñÿ ðåãóëÿðíûì.
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Äîêàçàòåëüñòâî. i) Íàïîìíèì, ÷òî íåïîäâèæíàÿ òî÷êà ÊÑÎ V ÿâëÿåòñÿ ðåøåíèåì óðàâ-
íåíèÿ V (x) = x, è ýòî óðàâíåíèå èìååò âèä

x1 =

(
1

3
+ α

)
x21 +

1

3
x22 +

1

3
x23 +

1

3
x1x2;

x2 =

(
1

3
− α

)
x21 +

1

3
x22 +

1

3
x23;

x3 =
1

3
x21 +

1

3
x22 +

1

3
x23 +

2

3
x1x2.

(2)

Èç òðåòüåãî óðàâíåíèÿ ñèñòåìû (2) ïîëó÷àåì

x3 =
1

3

(
x21 + x22 + 2x1x2

)
+

1

3
x23 ⇒ 3x3 = (x1 + x2)

2 + x23 ⇒ 2x23 − 5x3 + 1 = 0,

ãäå ìû èñïîëüçîâàëè ðàâåíñòâî x1+x2 = 1−x3. Òîãäà ïîñëåäíåå óðàâíåíèå èìååò ðåøåíèÿ

x∗3 =
5−
√
17

4
, x∗∗3 =

5 +
√
17

4
.

Íåñëîæíî ïðîâåðèòü, ÷òî 0 ≤ x∗3 ≤ 1 è x∗∗3 > 1.
Èç âòîðîãî óðàâíåíèÿ â (2) ïîëó÷àåì

x2 =

(
1

3
− α

)
(1− x2 − x3)2 +

1

3
x22 +

1

3
x23,

èñïîëüçóÿ x∗3 =
5−
√
17

4
, èìååì

x2 =

(
1

3
− α

)(
1− x2 −

5−
√
17

4

)2

+
1

3
x22 +

1

3

(
5−
√
17

4

)2

⇒

(
2

3
− α

)
x22 +

(
2

3
− α

)
1−
√
17

2
x2 +

(
1

3
− α

)
−2 +

√
17

2
+

(
2

3
− α

)(
5−
√
17

4

)2

= 0.

Ëåãêî ïðîâåðèòü, ÷òî ïîñëåäíåå óðàâíåíèå èìååò äâà ðåøåíèÿ è îäíî èç íèõ ïðèíàäëåæèò
[0, 1]. Ýòî ðåøåíèå èìååò ñëåäóþùèé âèä:

x∗2 =
3α
√
17 +

√
216α− 78− 72α

√
17 + 34

√
17−

√
17− 3α− 5

4(3α− 2)
.

Òàêèì îáðàçîì, èç ðàâåíñòâà x∗1 = 1− x∗2 − x∗3 ïîëó÷àåì

x∗1 =
1

4

(√
17− 1

)
− 3α

√
17 +

√
216α− 78− 72α

√
17 + 34

√
17−

√
17− 3α− 5

4(3α− 2)
.

ii) Èç òðåòüåãî óðàâíåíèÿ â (1) ïîëó÷àåì

x
(n+1)
3 =

2

3

(
x
(n)
3

)2
− 2

3
x
(n)
3 +

1

3
,

ò. å. òðàåêòîðèÿ x
(n)
3 çàäàåòñÿ äèíàìè÷åñêîé ñèñòåìîé

g(x) =
2

3
x2 − 2

3
x+

1

3
, x3 = x ∈ [0, 1].
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×åðåç gn = g ◦ · · · ◦ g︸ ︷︷ ︸
nðàç

îáîçíà÷èì n-êðàòíóþ êîìïîçèöèþ g(x) ñ ñàìîé ñîáîé. Òîãäà ïîëó÷àåì

g2(x) = g(g(x)) =
2

3

(
2

3
x2 − 2

3
x+

1

3

)2

− 2

3

(
2

3
x2 − 2

3
x+

1

3

)
+

1

3
=

=
1

27
(8x4 − 16x3 + 4x2 + 4x+ 5).

Ìû óòâåðæäàåì, ÷òî g2(x) = x íå èìååò ðåøåíèé x ∈ [0, 1], îòëè÷íûõ îò íåïîäâèæíîé
òî÷êè. Äåéñòâèòåëüíî, ïîñêîëüêó ðåøåíèå g(x) = x ÿâëÿåòñÿ ðåøåíèåì g2(x) = x, íàì
íóæíî ðàññìîòðåòü ñëåäóþùåå óðàâíåíèå:

g2(x)− x
g(x)− x

=
8x4 − 16x3 + 4x2 − 23x+ 5

9(x2 − 5x+ 1)
= 4x2 + 2x+ 5 = 0.

Ïîñêîëüêó 4x2 + 2x + 5 = (x + 1)2 + 3x2 + 4 > 0, ïîñëåäíåå óðàâíåíèå ðåøåíèé íå èìååò.
Òàêèì îáðàçîì, ïî òåîðåìå Øàðêîâñêîãî (ñì., íàïðèìåð, [13]) óðàâíåíèå gn(x) = x íå èìååò
ðåøåíèé ïðè ëþáûõ n ≥ 2.
iii)

Îïðåäåëåíèå 5. Ïóñòü f : A → A è g : B → B � äâà îòîáðàæåíèÿ. f è g íàçûâàþòñÿ
òîïîëîãè÷åñêè ñîïðÿæåííûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì h : A→ B òàêîé, ÷òî h◦f =
g ◦ h.

Îòìåòèì, ÷òî òîïîëîãè÷åñêè ñîïðÿæåííûå îòîáðàæåíèÿ ïîëíîñòüþ ýêâèâàëåíòíû â ñâîåé
äèíàìèêå. Â ÷àñòíîñòè, h çàäàåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ïðåäåëüíûìè
òî÷êàìè f è g. Íàïðèìåð, äëÿ ëîãèñòè÷åñêîãî îòîáðàæåíèÿ èçâåñòíî ñëåäóþùåå (ñì. [13]).
Ðàññìîòðèì ôóíêöèþ g(x). Åñëè âçÿòü h(x) = bx + d, òî ìîæíî çàìåòèòü, ÷òî g(x) ÿâ-

ëÿåòñÿ òîïîëîãè÷åñêè ñîïðÿæåííûì ê øèðîêî èçâåñòíîìó ëîãèñòè÷åñêîìó îòîáðàæåíèþ
f(x) = µx(1− x), ãäå

µ =
18 +

√
612

18
≈ 2.37, b =

−2
3µ
≈ −0.281, d =

1

3µ
+

1

2
≈ 0.681.

Ïîñêîëüêó 1 < µ < 3 è ââèäó ñîïðÿæåííîñòè âñå òðàåêòîðèè g(x) ïðèáëèæàþòñÿ ê
íåïîäâèæíîé òî÷êå x∗3, ìû èìååì

lim
n→∞

gn(x3) =
5−
√
17

4
,

ò. å. äëÿ ëþáîãî ìàëîãî ε > 0 ñóùåñòâóåò íàòóðàëüíîå ÷èñëî n0 òàêîå, ÷òî äëÿ ëþáîãî n > n0
âûïîëíÿåòñÿ ∣∣∣∣∣x(n)3 − 5−

√
17

4

∣∣∣∣∣ < ε⇔ −ε+ 5−
√
17

4
< x

(n)
3 < ε+

5−
√
17

4
.

Èç âòîðîãî óðàâíåíèÿ â (1) èìååì

x
(n+1)
2 =

(
1

3
− α

)(
1− x(n)1 − x(n)3

)2
+

1

3

(
x
(n)
2

)2
+

1

3

(
x
(n)
3

)2
. (3)

Èñïîëüçóÿ ïîñëåäíèå íåðàâåíñòâà è óðàâíåíèå (3), ïîëó÷àåì

g̃
(
x
(n)
2

)
− εĝ

(
x
(n)
2

)
< x

(n+1)
2 < g̃

(
x
(n)
2

)
+ εĝ

(
x
(n)
2

)
,
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g̃
(
x
(n)
2

)
=

(
2

3
− α

)(
x
(n)
2

)2
+

√
17− 1

6
(3α− 1)x

(n)
2 +

1

8
α
√
17− 9

8
α+

5−
√
17

4
,

ĝ(x
(n)
2 ) =

((
2x

(n)
2 +

√
17− 1

2
− ε

)
α+

2

3

(
x
(n)
2 + ε+ 1

))
.

Èçâåñòíî, ÷òî −1/3 ≤ α ≤ 1/3. Ðàññìîòðèì ôóíêöèþ

g̃(x) =

(
2

3
− α

)
x2 +

√
17− 1

6
(3α− 1)x+

1

8
α
√
17− 9

8
α+

5−
√
17

4
.

Ôóíêöèÿ g̃(x) èìååò äâå íåïîäâèæíûå òî÷êè. Îäíà èç ýòè òî÷åê x∗2, à äðóãàÿ íå ïðèíàä-
ëåæèò [0, 1].
Åñëè âçÿòü h(x) = mx+n, òî ìîæíî óâèäåòü, ÷òî ôóíêöèÿ f(x) òîïîëîãè÷åñêè ñîïðÿæåíà

ê ëîãèñòè÷åñêîìó îòîáðàæåíèþ f(x) = µx(1− x), ãäå

m = − 1

4(9
√
17α) + 36α2 − 87α+ 44

C, n =
6α− 4− (

√
17− 1)(3α− 1)m

12α− 8
, µ =

3α− 2

3m
,

C =

(
−3
√
17− 27 +

√
2520α− 144

√
14α2 − 702 + 24

√
17α− 1296α2 − 14

√
17

)
(3α− 2).

Ëåãêî ïðîâåðèòü, ÷òî 1 < µ =
3α− 2

3m
< 3 ïðè −1

3
< α <

1

3
. Îòñþäà è ââèäó ñîïðÿæåííîñòè

ïîëó÷àåì lim
n→∞

x
(n)
2 = x∗2. Òàêèì îáðàçîì, lim

n→∞
x
(n)
1 = lim

n→∞

(
1− x(n)2 − x(n)3

)
= x∗1, è ìû èìååì

lim
n→∞

V n
(
x(0)

)
= x∗ äëÿ ëþáîé x(0) ∈ S2.

iv) Ñëåäóåò èç iii).
�
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Convergence of the trajectories of a non-Volterra quadratic stochastic operator

Abstract. In the present paper we consider non-Volterra quadratic stochastic operators de�ned on
the two-dimensional simplex depending on a parameter α. We show that such an operator has a
unique �xed point and all the trajectories converge to this unique �xed point.
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