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CXOJAUMOCTHh TPAEKTOPUN HEBOJIBTEPPOBCKOTO
KBAJIPATNNYHOTO CTOXACTUYECKOTI'O OIIEPATOPA

Amnnoranus. PaccMaTpuBaioTCs HEBOJILTEPPOBCKIE KBAIPATUYHLIE CTOXaCTHUYECKUE OIEPATOPHI, OIl-
pe/ie/ieHHbIe HA IBYMEPHOM CHMILTEKCEe B 3aBHCHMOCTH OT mapamerpa «. Ilokasamo, 9T0 Takoit
OIepaTop UMeeT eIUHCTBEHHYIO HEMOABUKHYIO TOUKY U BCE TPAEKTOPHUHU CXOIATCI K € TUHCTBEHHON
HEIIOABUKHOM TOYKeE.

KirogeBbre cjioBa: KBaJAPATUIHbBIA CTOXaCTHYECKUN OMEPATOD, BOJIHTEPPOBCKUII U HEBOJIHTEPPOB-
CKUH OIIEPATOD, TPACKTOPUS, CUMILIEKC.
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[IycTb

m
Sm_lz {X:($17$27-..;$m) ERmJ:’LZO AJ1d BCEX % 1 Z:L‘l:l}

i=1
— (m — 1)-mepubiit cummiexc. Orobpasxenne V u3 S™7! B cebs HazbIBACTCH KEAOPAMULHDBIM
cmozacmuueckum onepamopom (KCO), ecn

m
(Vx)r, = Z Dij kTiZj

t,j=1
nist siioboro X € S™ 1 u st Bcex k= 1,...,m, e
m
Pijk >0, Pijk = Djik A1 seex i, jo ks Y pijr = 1.
k=1

Onpenesienue 1. KBaapaTuvHbIi CTOXACTUYECKUI OMEPATOP HABBIBACTCS G0ABMEPPOSCKUM, €C-

s
pije =0 nngscex k¢ {i,j}, i,5,k=1,...,m.
[IpennosoxkuM, 9TO {x(") €Sm1:n=0,1,2,...} — TpaekTopms HawaILHON TOUKH X € S™ 1
rae x("H) = V(x() g Beex n=0,1,2,. .., mpu srom x(0) = x.

Oupenenenne 2. Touka x € S™ ! mazpiBaercss nenodeusicroti TOUKO oTobpakenus V, ecyn
V(x) =x.

Yepes Fix (V') 6ymem 0603HaUATE MHOKECTBO BCEX HETOJBUKHBIX TOUEK.

MMocrynuna B pegaknuto 20.11.2023, nocte gopadorku 20.11.2023. ITpunsara k meuarn 26.12.2024.
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Onpenesienne 3. KCO V HazbiBaeTcs peaysapHbim, ecau npejgesn lim (x(”)) CYIIECTBYET Jjist
n—oo

J060# HavaIbHOH Touky X € S™ L,

Onpegenenne 4. KCO V naswiBaercs apzoduueckum, €Cau mpeaes

n—oo N

n—1
1
lim ~ > V*(x)
k=0

cymecTByeT st 060it Toukn X € ST L

OrmernM, ato peryasipubiit KCO saBasercs spromudecknM, HO B OOIIEM CIydae U3 3PTOTHI-
HOCTHU HE CJEIYET PETYASPHOCTD.

[Iycrs wy (X(O)) — MHOXKECTBO TIPeJIeJIbHBIX TOo4YeK TpaekTopuu {V" (X(O))}nzo. Taxwum obpa-
3oM, HenoaBuzKHbIE To9kr KCO 0OmuchIBaiOT MpeseibHoe WK JOJTOCPOTHOE TIOBEIEHIE TPACKTO-
putt mrst 060t Haga hHON ToukH. [[pemesbHoe moBeneHne TPACKTOPUH W HETIOABUKHBIE TOUKHN
UIPAIOT BasKHYIO POJIb BO MHOIUX IPUKIAJHBIX 3anagax (cm. [1]-[12]). Buomornueckoe 3uagenue
perynaproctr KCO mocTaTovno 0MeBUIHO: B JOATOCPOTHON TEPCIEKTUBE PACITPEICTCHNE BATOB
B CJIEAYIONEM TTOKOJEHUU COBIIQIAET C PACIPEIECJEHHEM BHUIOB B MPEIABIAYINEM, T.€. OyayIee
CHUCTEMBI CTADMILHO.

1. ITIOCTAHOBKA 3AJIAYU U ®OPMYJIMPOBKA OCHOBHBIX PE3VJILTATOB

Paccemotrpum meBonbrepposekuit KCO, umeroruit B

, 1 9 1 5 145 1
T = §+a x1+§x2+§x3+§x1x2;
1 1 1
1 1 2
Th = gm% + gxg + gxg + 35192,

!
e o« ——,—|.
A 33

Teopema. Jlasn KCO (1) cnpasedausn caedyrowue ymeepocierun:

i) cywecmeyem eduncmeennan nenodsuscnas mouka X* € 5%, ede vt =1 — xh — ¥,

3aV/17 + V2160 — 78 — 12017 + 34V17T — V1T —3a—5 , 5—+17
4(3a — 2) U AV

Ty =

il) me cywecmeyem nepuoduNECKUT MOYer, KPoMe HENodSUNCHOT MOUKY;

iil) das w060t nauaavnot mowsu x© € int S? umeem lim V" (X(O)) =x"
n—oo

iv) onepamop (1) Asasemca pezyiaprvim.
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Jlokasameavcmeo. 1) Hanomuaum, uro nenogpuxkuas rouka KCO V' asisercs penienuem ypas-
HeHust V(X) = X, ¥ 910 ypaBHEHUE UMEET BU/L

r1 =\ = | T - - —T1T2;
! 3 ! 3 2 3 3 1

3
1 1 1
T9 = (3 — a) x% + gcc% + gaﬁg; (2)
1 1 2
T3 = g:z% + gxg + gl‘g + gxle.

13 Tperbero ypaBHeHust cucTeMbl (2) mojydaem
1 1
T3 =3 (x%—&-x%—i—%clwg) + §x§ = 3z3 = (21 +x2)2+x§ = 223 —br3+1=0,

[J1e Mbl UCHOJIB30BaJIM PABEHCTBO X1 + 2 = 1 — x3. Torpa nocieanee ypasHeHue umeer penieHmst

5-VIT .. 5417
-4 o BT T
Hecnoxno nposeputb, uro 0 < x5 < 1un 3" > 1.

U3 Broporo ypashenus B (2) nosyuaem

3

1 1 1
X9 = <3 —a) (1 -z —x3)% + §m§+ g:n%,

5— V17
4

2 2
27 \3 ? 4 37273\ 4

()te (o) e () 25T () (5T

JIerko MpoBepHUTE, UTO IMOCIEIHEE YPABHEHIE UMEET IBa PEIICHAS K OFHO I3 HUX IPUHAIJICIKAT
[0, 1]. D10 perreHue UMeeT CAETYIOMINN BUT:

. 3aV1T+ V2160 — 78 — 72a/17 + 34V/17 — V1T — 3a — 5
Te = .
2 4(3a — 2)

Takum 0bpaszom, U3 paBeHcrBa ] = 1 — x5 — x5 nosry4daem

.1 30V17 4 /2160 — 78 — T20/17 + 3417 — V1T — 30— 5
xl:*<m_1>_ 430 —2) '

HCIOJIB3YH T = , IMeeM

4

ii) 3 tpernero ypasaenus B (1) moaygaem

L) 2(1,(”))2 2, m 1

3 :g 3 3

- 2af
n o o
T. €. TPaeKTOpPHUA .Té ) 3adaeTCAd JUHAMHNYCCKOU CUCTEMOU
2., 2 1

g(az):§x —§x+§, zz =z € [0,1].
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Yepes g™ = g o - -+ 0 g 0603HaUUM N-KPATHYIO KOMIIo3unuio g(x) ¢ camoii coboit. Torga nosyuaem
——

n pa3

2 /2 2 1\? 27/2 2 1 1
2 _ _2(=2_“ ) _Z(Z2_ 2 - Z =
g~ (z) = g(g(x)) 3 <3ﬂf 31’+3) 3 <393 37T 3> T3

1
(8z* — 1623 + 42 + 4z + 5).

27
Mpbr yTBEpKIaeM, 9TO 92(:1/:) = x me nmeer pemennii z € [0,1], OTIMYHBIX OT HEIOABUKHOI
rouxn. JleiicTBuTebHO, IOCKOMbKY pemenne ¢(x) = x apiserca pemrenuem g¢2(r) = x, HAM

HYZKHO PacCMOTDETh CJIeJIYIOIee ypaBHEHHe:
*(z) —x 8z — 162% + 42% — 232 45

= =4da® +2 = 0.
g(x) —x 9(z2 — bz +1) vA2wts=0

Mockonbky 422 + 2z + 5 = (z 4+ 1)2 4+ 322 + 4 > 0, nocieanee ypasnenne periennii He MMeer.
Taxum obpaszom, 1o reopeme [Tapkosckoro (cum., nanpumep, [13|) ypaBuenue ¢"(x) = = e umeer
pertennii npu JiIOObIX N > 2.

iii)
Onpenesienne 5. llycrs f: A — Aug: B - B — aBa orobpaxenus. f u g Ha3BIBAKOTCS
TOMOJIOTHYECKH COIPSAXKEHHBIMU, €CJIU CYIIECTByeT romeomopdusm h 1 A — B takoii, ato ho f =
goh.

OTMeTI/IM, YTO TOIIOJIOTUYICCKU COIIPAKCHHDBIC OTO6pa?KeHI/IH [IOJIHOCTBIO 9KBUBAJIEHTHbI B CBOEH
auHAMEUKE. B 9acTHOCTH, h 3aJaeT B3aNMHO-OJHO3HAYHOE COOTBETCTBHE MEXKIY TIPeIe]bHLIME
toukamu f u g. Hanmpumep, 7ist JIOPHCTHIECKOTO OTOOpasKEeHUsT U3BECTHO cyefyiomiee (cM. [13]).

Pacemorpum dyrkmmio g(x). Ecan B3ste h(x) = bx + d, T0 MOXKHO 3aMeTHTh, uTO ¢() sAB-
JISIETCST TOMOJIOTHMYECKH COTPSIZKEHHBIM K IIUPOKO M3BECTHOMY JIOTHCTUYECKOMY OTOOPAYKEHUIO

f(x) = px(l —z), vae

18 + /612 ) 11
— OV 937, b=~ ~ 0281, d= — + - ~ 0.681.
a 18 31 3 2
[Mockompky 1 < p < 3 u BBUJY CONPSZKEHHOCTH BCE TPACKTOPHUU ¢(x) TPUOJIHKAIOTCH K
HEIOJBUKHOM TOUKe I3, MBI IMeeM

n—00 g ( 3) 4 ’
T. €. J1J1s1 JIH060ro Masioro € > 0 cyliecTByer HaTypa/bHOe YUCI0 Ny TaKoe, 4To Jj1d J0boro n > ng

BBITIOJIHACTCA

(n)_5—\/ﬁ

Tg 4

5—V17 n 5 — 17
SR S GO S

U3 sroporo ypasuenus B (1) mmeem

:anﬂ) = <; - a> (1 — :cgn) - :):gn)>2 + % (xén)>2 + % (acgn)y . (3)

Ucnone3yst moc/ieiHre HEpABEHCTBA U ypaBHeHue (3), moaydaem

(o) <5 (o) < 200 < 5 (o) 425 (o),
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~( (n 2 n) 2 17-1 n) 1 9 5 — V17
g(w?):(—a) (mé)) _,_7\/» (3a—1)xg)+—a\/ﬁ—foz+7\/»

3 6 8 8 4 7
g(azg)): 2x§)+C—5 a—f—g(ﬂsg)—i-e—kl)

UseectHo, uto —1/3 < o < 1/3. Pacemorpum dyHKIIMIO

~ 2 17 -1 1 9 5— 17
g(z) = (3 —a) z? + \/>6(3oz— 1)x + gam— ga—i- 4\/».

Oynuxrug §(r) nmeer gBe HenoABrKHbIe ToUKN. OHA U3 9TH TOUYEK T3, a APyrasd He IPUHAJ-
nexur [0,1].

Eciu B3s1h h(2) = ma+mn, 70 MOXKHO yBUIETH, 9T0 DyHKIWMs f(2) TONOJOTHIECKH COMPSIKEHA
K Jioructuaeckomy orobpaxkenuto f(x) = px(l — x), rue

1 o 6o — 4 — (vIT — 1)(3a — 1)m 30— 2
== y M= ) = )
4(9V/17a) 4+ 3602 — 87a + 44 12c0 — 8 3m

C = (—3\/ 17 — 27+ \/2520a — 1441402 — 702 + 24V 170 — 129602 — 14+ 17) (B — 2).
3o — 2

1 1
< 3 mpum -3 <a< 3 Orcrosia u BBUJLY CONPSIZKEHHOCTH

(n)

Jlerko mpoBeputh, uto 1 < p =
(n)

nosmyuaem lim x,” = x}. Taxum obpazom, lim z7" = lim (1 — :rén) — acén)> = T}, 1 MBI UMeeM
n—oo n—oo

n—o0

lim V™ (x(o)) = x* s moboit x(© € §2.
n—oo

iv) Crenyer u3 iii).
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B.J. Mamurov

Convergence of the trajectories of a non-Volterra quadratic stochastic operator

Abstract. In the present paper we consider non-Volterra quadratic stochastic operators defined on
the two-dimensional simplex depending on a parameter . We show that such an operator has a
unique fixed point and all the trajectories converge to this unique fixed point.

Keywords: quadratic stochastic operator, Volterra and non-Volterra operator, trajectory, simplex.
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