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Abstract—In the paper, we consider a family of discrete-time dynamical systems generated by
non-Volterra stochastic operators. Namely non-Volterra stochastic operators depending on the
two parameters a,b € [—1,1]. It is described the set of fixed points and their types and the set of
periodic points. We proved that for any parameters any trajectory of a non-Volterra QSO from this
family converges to either period point with period two or a fixed point, that is we showed that such
operators have a property of being ergodic.
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1. INTRODUCTION
Let E = {1,...,m} be a finite set and the set of all probability distributions on E

Sm_l:{x:(ml,...,xm)eRm:xkzo, VkeE, Zxkzl}
k=1

be the (m — 1)-dimensional simplex.

Let us consider a continuous mapping ¥: S™~! — S™~1 The mapping ¥ is called stochastic
operator, that is, if W(S™~1) € §™1 then ¥ is a stochastic operator.

The trajectory {x(™} _ of ¥ for an initial value x(*) € S™~1 is defined by
x D) = g (x(")> = gnil <x(0)> , n=0,1,2,...

By wy (x(?) we denote w-limit set points of the trajectory {x(™},>o.
A mapping W is called regular, if there is the limit 1i_>m U"(x) for any initial value x € S™~1. A

mapping W is said to be ergodic, if the limit

n—oo n

n—1
1
lim — Z TF(x)
k=0

"E-mail:uygun. jamilov@mathinst .uz, jamilovu@yandex.ru
" E-mail:bmamurov.51@mail . ru

3174



ASYMPTOTICAL BEHAVIOR OF TRAJECTORIES 3175

exists for any x € S™1,

A quadratic stochastic operator (QSO)is a mapping V : S™~1 — §m~1 of the simplex into itself,
of the form V' (x) = x’ € S™1, where

Vi = Z PijkTiTj, ke kE, (1)
i,jeE
and the coefficients p;; ;. satisly
m
Dij .k = Pjik > 07 Zplj,k = 17 i)jv ke FE. (2)
k=1

Such operators irequently arise in many models of mathematical genetics, namely theory of heredity (see
e.g. [1—4]).

The main problem in mathematical biology consists in the study of the asymptotical behaviour of
the trajectories for a given QSO. In other words, the main task is the description of the w-limit set
wy (x(@) for any initial point x(*) € ™~ for a given QSO V. This problem is an open problem even in
two-dimensional case. This is a motivation considering the quadratic stochastic operator (5).

A QSOis called a Volterra operator, if p;; . = Oforany k ¢ {i,5},4,7,k = 1,...,m. The asymptotic
behaviour of trajectories Volterra QSOs was analysed in [5, 6] using the theory of Lyapunov functions
and tournaments.

On the basis of numerical calculations, Ulam conjectured that any QSO is ergodic [7]. But in 1978
in [8], Zakharevich considered the following QSO on S?

o) =2t 4 2wyx0,  ah =3+ 2wow3, b =2+ 22173 (3)

and showed that it is a non-ergodic transformation, that is he proved that Ulam’s conjecture is false
in general. Later in [9] established a sufficient condition for a QSO defined on S? to be a non-ergodic
transformation, that is Zakharevich’s result was generalized to a class of Volterra QSOs defined on
S2. In [10], we have shown the correlation between non-ergodicity of Volterra QSOs and rock-paper-
scissors games, so the QSO (3) can be reinterpreted in terms game theory as a rock-paper-scissors
game. In [11] the random dynamics of Volterra QSOs is studied. In [12—19] some classes of non-
Volterra QSOs were studied. For a recent review on the theory of quadratic stochastic operators see
[20].

In the present paper we consider a family of discrete-time dynamical systems generated by non-
Volterra QSOs depending on the parameters a,b € [—1,1]. We proved that if a = b = —1, then for the
corresponding QSO there are infinitely many invariant sets. Moreover, this operator has two fixed points
and infinitely many two-periodic points. It is shown that almost all trajectories of the QSO converge to a
two-periodic orbit (Theorems 2, 3). [fa = b = 1, then for the corresponding QSO there are two invariant
sets and infinitely many fixed points. Moreover, any trajectory of such non-Volterra QSO converges to
a fixed point (Theorems 2, 4). There are two fixed points and any trajectory of the operator (5) converges
to a fixed point when —1 < a,b < 1 (Theorems 2, 7). These facts show that depending on parameters
the discrete-time dynamical systems generated by non-Volterra QSOs may exhibit varied dynamics.
Therefore, each non-Volterra QSO provides an interesting example in the theory of nonlinear dynamical
systems and such operators require investigation even in the small dimensional cases.

The paper is organized as follows. In Section 2 we recall the necessary definitions, give the form of a
non-Volterra stochastic operator and describe the set of fixed points. In Section 3 we prove that for any
parameters a non-Volterra QSO from this family is an ergodic operator.

2. A NON-VOLTERRA QSO AND ITS FIXED POINTS

Let us recall necessary definitions. Let V' be a quadratic stochastic operator. A point x € ™! is
called a periodic point of V' if there exists an n such that V" (x) = x. The smallest positive integer n
satisfying V™ (x) = x is called the prime period or least period of the point x. A period-one point is
called a fixed point of V.
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Denote the set of all fixed points by Fix (V') and the set of all periodic points of (not necessarily prime)
period n by Per,, (V). Evidently that the set of all iterates of a periodic point form a periodic trajectory
(orbit).

Let DV (x*) = (0V;/0x; (x*));"j:1 be the Jacobi matrix of operator V' at the point x*.

A fixed point x* is called Ayperbolic, if its Jacobi matrix DV (x*) has no eigenvalues 1 in absolute
value. A hyperbolic fixed point x* is called atfracting (respectively, repelling), if all the eigenvalues of
the Jacobi matrix DV (x*) are less (respectively, greater) than 1 in absolute value; it is called a saddle,
if some of the eigenvalues of DV (x*) are less than 1 in absolute value and other eigenvalues are greater
than 1 in absolute value (see [21]).

A QSO V given by (1) on the S? has the form

o) = p11123 + pa2123 + p33123 + 2p1217122 + 2p1312123 + 2pa3 1 TaTs,
Vi Q@ = p112%% + po2273 + P33 2xi + 2p12,271%2 + 2p13 20123 + 2p23 27273, (4)
Ty = p11,373 + Pa2,3%3 + P33,375 + 2p12,371T2 + 2p13, 37123 + 2pa3 30273
In [5] the QSO (4) studied in the case pi1;1 = pa22 = p333 =1, P22,1 = P33,1 = P23,1 = P112 =

P332 = P132 = P11,3 = P22,3 = p12,3 = 0 and other coefficients of the QSO given by (4) are non-
negative.

In [19] the QSO (4) studied in the case pa31 = pi32 = p12,3 =1, p11,1 = P22 = P33,3 = P121 =
D122 = P13,1 = P13,3 = P23,2 = p23,3 = 0, and other coefficients of the QSO given by (4) are non-
negative.

In [22] the QSO (4) studied in the case pa31 = p132 = p123 =1, p11,1 = Pa22 = P12,1 = P12,2 =
P13,1 = P13,3 = P23,2 = p23,3 = 0, and other coefficients of the QSO given by (4) are non-negative.

We consider the following family of non-Volterra QSOs defined on S?

) = (14 a)riz3 + (1 — b)zows,
Vil =(1—a)zizs+ (14 b)zoxs, (5)
rh = 23 + (71 + 79)?,
where a,b € [—1,1].

Note the QSO (5) does not coincide with the QSOs which are investigated in [5, 19, 22]. Since in
general case the main problem is an open problem even in two-dimensional case. [t plays as motivation

of considering the QSO (5). Let I';; = {x €S5%: 1, =0; k ¢ {i,j}},z’ #j,1,7 € {1,2,3} be the faces
of $? and let m; = (0,1/2,1/2) ,mg = (1/2,0,1/2) ,m3 = (1/2,1/2,0) be their centers, respectively.
Denote by e; = (1,0,0) ,e2 = (0,1,0) ,e3 = (0,0,1) the vertices of the S? and also denote

1 1 1-9b 1—a 1
M = 2: = = =3 ab — 2/
{xeS x1 + 22 5 T3 2}7 Xab <2(2_a—b)’2(2—a—b)’2>

First, we consider the following function
flz) =222 —2¢+1, z<][0,1]. (6)
Denote f*(xz) =f o---o f(z), the n-fold composition of f(x) with itself.
—_——

n times
Theorem 1[16]. For the function f defined by (6) the followings are true:
i) the points x = 1/2 and x = 1 are fixed points;
i1) there is no periodic orbit of f(x) with period n > 2;
i) if 0 <z <1, then lim f"(z) = 1/2 and f(0) = f(1) = L.
Theorem 2. For the operator V the following statements are true:

) Fix (V) = {es}UM, if a=1orb=1,
{eg,xa,b}, i —1<a,b<1;
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i1) The vertex es is repelling (respectively, non-hyperbolic, saddle) point when |a+ b| > 1
(respectively, |a+ bl =1, |a+b| < 1).

iii) If a + b < 2, then the fixed points from the set M are attracting points and they are non-
hyperbolic points when a + b = 2;

i) If =1 < a,b < 1, then the fixed point x,y is an attracting point and it is a non-hyperbolic
point whena =5b= —1.

Proof. i) A fixed point of the operator V' is a solution of the equation V(x) = x, that is

1= (1+a)xizs + (1 — b)zoxs,
x9 = (1 —a)x1z3 + (1 + b)zoxs, (7)
T3 = 23 + (71 + 79)?,
where a,b € [—1,1]. Using the x1 + x2 + x3 = 1, we can write the third equation of the system (7) in
the form
x§—2x3+1:x3.
Due to Theorem 1 the last equation has the solutions 23§ = 1 and z% = 1/2. If we take z% = 1, then it

follows that the vertex e is a fixed point of the operator (5) for any parameters. Let 2% = 1/2. Then, the
simple analysis of the following

1+a 1-0
r1 = 1+

1—a 1+0b

5 1t

where a,b € [—1, 1], system of linear equation gives that the set of fixed points has form either
Fix (V) ={es} UM or Fix(V)={es,xap}-

x2,

T9 = T2,

To check the types of the fixed points, we rewrite the operator V' in the following form
=0 —-z1—22) (1 +a)z; + (1 —b)za),
2h=(1—-21—22) (1 —a)xy + (1 +b)xs), (8)

where (z1,z2) € S = {(z1,22) : 1,22 > 0,21 + 2 € [0; 1]} and x1, x are the first two coordinates of
a point lying in the simplex S2.

i1) It is easy to verify that the Jacobian of the operator (8) at the vertex es has the eigenvalues
1 = 2,2 =a+0b. Since a,b € [—1,1] it follows that the vertex es is a non-hyperbolic (repelling,
saddle) point when |a +b| = 1 (la +b|] > 1, |[a + b < 1).

ii1) x € M is a fixed point for the (8) and it has the eigenvalues u; = 0 and po = (a + b)/2. Therefore,
ifa+b < 2(resp. a + b= 2),then any point from this set an attracting (a non-hyperbolic) point.

iv) After simple algebra one has that the Jacobian of the operator (8) at the point x,;, has the
eigenvalues p; = 0 and p2 = (a +b)/2. Therefore, if a,b € (—1,1) it follows that the fixed point x,,
is an attracting point and it is a non-hyperbolic point when a = b = —1.

The theorem is proved. O

3. THE SET OF LIMIT POINTS OF A TRAJECTORY

Let us describe the set of w-limit points of a trajectory. The problem of describing the wy (x(o)) of a
trajectory is of great importance in the theory of dynamical systems. Since wy (x(o)) of a trajectory is a

subset of $2, and since S? is compact, it follows that wy (x(o)) # (). We note that if wy (x(o)) consists
of a single point, then the trajectory converges to this point, as it is a fixed point of the operator V' given
by (5).

We will consider all possible cases.

Theorem 3. Let a = b= —1. Then, for the QSO V given by (5) the following statements are
true.
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3178 JAMILOV, MAMUROV
i) thevertex ez and x_1 1 = (1/4,1/4,1/2) are fixed points;

ii) Pery (V) ={x€ 8% : a1 +a0=1/2,23 =1/2};

iii) the sets M,, = {X €S?.0py=vraVay= 1/381} forv >0, and My = {x €52 xix9 = 0} for
v =0, are invariant sets of V,

iv) if x(0 € I'15 U {es}, then wy (x(0 ) ={es};
v) wy (x) = {my,my} for any initial x € My;

vi) for any x© € S%\ T, there exists M,, v € (0,4+00) such that x© € M, and wy (x0) =
{x,%x}, where

X = (2(111/)’2(111/)’%) and X = (2(11@’2(1:1/)’%)'

Proof. Let a = b = —1, then the QSO (5) has the form
x| = 2z9ux3,
V. ;L'/z = 22123, (9)
ah = a3 + (x1 + x)*

and this operator was studied in [23]. Consequently the proofs of assertions of Theorem 3 follow from
the results of [23]. O

Theorem 4. Let a = b= 1. For the QSO V given by (5) the following statements are true:

i) the faces I'13 and I'a3 are invariant sets;

{es}, if X(O) E Iz U{er, eq e3},
ii) wy (X(O)) = {mg} if X E Flg \ {61,63}
{ml} if X E T'os \ {eg, 63}

i) if x©) € int §% = {x € §%: zywox3 > 0}, then

o 20 O
X = 2z (°)+x<>)’2( <>+x5>) 3

Proof. Assume that a = 1, b = 1. In this case the QSO (5) has the form

x) = 2x1x3,
Vi xh = 2zows, (10)
wlhy =23 + (v + 22)2
i) Obviously.
ii)a) Let x(® € T'12 U {e1, ez, e3} be an initial point. Then, it is clear that V (x(?)) = ej.
b)Let x(©) € I'13 \ {e1, e3}. Then, from (10) one has that

x§”)>0, and a:g’“:o forany n=0,1,2,...
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and using
1
in zh = min (222 —2z3+1) = =, 11
B8 = 1oy (B8 20 1) = 5 (h
one has that
N> = x&nﬂ) > mﬁ”’, n=012,... = li_)m x&”) = a7
Consequently, it follows that li_)m acg”) =1 — 27, and we have

7}1_)nolox =x" = (27,0,1 —27).

Since the limit point should be a fixed point we have x* = ms.
¢) Similarly in the case x(9) € T'y3 \ {e2, €3} we obtain 1i_>m x( =m,.

iii) Let x(9) € int $2. Then, due to Theorem 1 we have

n 1
Jm o =i = 5
Using (11), we have
> = x&”*l) > xﬁ"), n=0,12,... = li_)m :rgn) =z,
rh> 19 = a:gﬁl) > mé”’, n=012,... = li_>m a:g”) = 3.
Moreover, from (10) it follows that
(n) (0) * (0)
S =t =012 = S-S
Ty 2 T2 @y
Consequently, we obtain
0 0
0 0\’ 0 0\’ ’
2<x§)+xé)) 2(x§)+x§)) 2
Thus, for any x(© e int 52 we obtain
(0) (0)
lim x™ = | , 2 ,1
oo 2 (azgo) + a:éo)) 2 (azgo) + :L‘go)) 2
The proof of the theorem is complete. O

Theorem 5. For the operator V' given by (5) the following statements are true:
i) if xO e Ty U{er,eq,e3}, then V (x(o)) = es;

i) ifa=1,-1<b<landx? ¢ I'5U{er, ez, e3}, thenwy (xV) = {my};

i) ifb=1,-1<a<1landx® ¢ T12U {e1, ez, e3}, thenwy (x0) = {m}.

Proof. Assume thata = 1, —1 < b < 1. In this case the QSO (5) has the form

) = 2z123 4 (1 — b)zozs,
Vidah=(1+0b)zoxs, (12)
ah = a3 + (@1 + 22)2.
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i)Letx@ e I'jp U {e1,e9,e3} be an initial point. Then, it is clear that V/ ( (0)) = es.
i) Let x(© gé '3 U {e1,ez,e3}. Then, by Theorem | we have hm m( = 1/2, that is for any small

¢ > 0 there is a natural number ng such that for any n > ny it holds

1 1 1
xén)—i <e & §—€<m§")<§+.€.

Using the last inequalities, from the second equation of (7) one has

Txg>_e<1+b>(xg >)<xg+><7xg>+s<1+b>(zg ). (13)
Since —1 < b < 1, it follows that 0 < (1 4 b) < 2 and, usingitforallxéo) € [0, 1], we have
m _ (LE0\" o _
nh_}]flgom2 —< 5 > Ty =0, (14)
lim z{ = 1 lim z{” = = (15)
nesoo 1 nosoo 2 2°

Therefore, using the relations (13), (14) and the last (15) we obtain

1 1
i (n) — — (2.0 =
i X = my <2’0’2>'
iii) The case b = 1, —1 < a < 1 can be considered in a similar manner. O
Theorem 6. For the operator V' given by (5) the following statements are true:

1) le EF12U{61,62,83} thenV( (0 )) = es3;
i) ifa=—-1,—-1<b<1andxO ¢ I'o U{ey,eq,e3}, then wy (X(O)) ={x_1};
i) ifb=—1,-1<a < 1andx© ¢ o U{ey,eq,e3}, then wy (X(O)) ={xq,1}.

Proof. Assume that a = —1, —1 < b < 1. In this case the QSO (5) has the form
,1 (1 — b)ZL‘QZL‘g,
Vi wy = 2zi23 + (1 + b)wars, (16)
ol = a3 + (@1 + 22)%.

i)Let x(9) € T'j5 U {ey, ez, e3} be an initial point. Then, it is clear that V/ (x (0)) = es.

ii) Let x(O ¢ I';5 U {e1, e, e3}. Then, by Theorem 1 we have hm ac( = 1/2, that is for any small

e > 0 there is a natural number ng such that for any n > ny it holds

1 1 1
xén)—§'<€ & §—€<m§)<2+5

Using the last inequalities and x; + x3 + x5 = 1, from the first equation of (16) one has
=0 (x{ = (af? +2+¢)) <ol <1 -p) (x{7 +¢ (P +2-¢)),  (7)

where we have used the following notation
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Since —1 < b < 1itfollows that 0 < 1 — b < 2 and using it for all :rgo) € [0, 1] we have

n n—1 k
. (n) o (l-0D © 1-0b ok [(1=0b 10
Jim " =l << v () L () ) sy 09

k=0

S () B RN (O B
BT T TN Ty (19

Therefore, using the relations (17), (18) and the last (19) we obtain

lim ™ = x o (A0 11
noo T \2B3=0)3-0b'2)

iii) Similarly in the case b = —1, —1 < a < 1 can be proved

lim x™ —x, 4= (1 17e 1)
n—00 ’ 3—a 2(3—(1) 2

O
Theorem 7. Let —1<a<1 and —1<b< 1. Then, for the operator V given by (5) the
following statements are true:
i) ifx® € T1oU{er, e, 3}, then V (x(V) = es;
i) ifx©) ¢ T1oU {e1,eq,e3}, thenwy (xV) = {x,,}, where
N 1-5 l1-a 1
“T\2@2—a—-b)22-a—-0)"2)"

Proof. i) Let x e uU {e1,e2,e3} be an initial point. Then, it is clear that V' (x(o)) = es.

ii) Let x(O ¢ I';5 U {e1, e, e3}. Then, by Theorem 1 we have lgn mé") = 1/2, that is for any small

e > 0 there is a natural number ng such that for any n > ng it holds

x(n)—l <e & 1—€<l’(n)<l+6.
52 2 572
Using the last inequalities, from the first equation of (7) one has
glal™) == (o) <2l < g(af) + 5 (o) (20)

where g(z) = “Terac + IT_b, gx)=(a+bz—(1-0b)(1—-¢), g(x)=(a+b)x+ (1 —0b)(1+¢).
Since —1 <a <1, —1 < b < litfollows that |a + b| < 2 and using it for all z € [0, 1] we have

N ] @y
Therefore, using the relations (20), (21) and the last (22), we obtain
limx(”):xab:< L-b ; L-a ,1>
n—00 ’ 22—-a—-b)"2(2—a—b) 2
The proof of the theorem is complete. 0

[f an operator is regular, then it satisfies the ergodic hypothesis, and by Theorems 4—7 a non-Volterra
QSO (b)is aregular transformation. Hence, from the Theorems 3—7 we have the following corollary.

Corollary 1. Any non-Volterra QSO (5) is an ergodic transformation.
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