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DIFFERENSIAL TENGLAMALARGA QO'YILGAN CHEGARAVIY MASALALARNI GRIN
FUNKSIYASI YORDAMIDA YECHISH
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Annotatsiva. Ushbu magolada chegaraviy masalalarni vechishda go Tlaniladigan Grin funksivasi
tushunchasiga o xialamiz. Yogord tartibli oddiy differensial tenglamalar nazariyasida n-tariibli chizigli
tenglamalar alohida o rin fwtadi. Buning sababi chizigli differensial tenglamalar nazavivasi har tomonlama
chugur o ‘rganib chigilgan, vechish metodiari maviud va chizigli tenglamalar fizika, mexanifa, texnifada
keng tatbig gilinadi.  Matematik fizika va oddiy differensial tenglamalariga go'vilgan masalalarni Grin
finksivast qurih vechish wsuli ham alohida o rin futadi,

Magolada keltivilgan ma lumotiardan matematika ta'lim yo 'nalishida rahsil olayotgan bakalavriar,
magistriar va barcha qiziguvchilar foydalanishlari mumkin.

Kalit so‘zlar: differensial tenglama, chizigli oddiy differensial tenglama, chegaraviy masala, Crin
funksivasi.

PEINEHHE KPAEBBIX 3AJAY, TOCTABIEHHBIX 18 THOPEPEHIIHATBHBIX
YPABHEHHAX, C HCMTOJOBIOBAHHEM @ YHEKIIHH 'PHHA

B amott cmambe Mel ocmanosuuen da nowsmun gvieguy Fpuna, ucnoasivemoMm npu peuieniiu
Epaesmyx daday. B meopun obuxnosehnmx uddhepenynaibunx ypasnenui swciiesa Ropadka  ocoboe
Meco IENUMarm AuNeliible VPaenelia n-20 Ropadkad mak, £ax Meopus Aneinsyx dudepenyuaisinig
VPAGRENU BCCCMOPONIE NIVHENA, CVIGECTEVION MEModhl WX PElenis, @ AUNelNse VPasienis Wuporo
HEROABIVIOMCA & huzure, Mexanuxe u mexhuve.  @ynryns Fpuna — odun uz Memodos pewenun 3adau
Mamesamuseckol sk u o0REReFENITEY dughdepenyiainibx VpagHen.

Hughopuayus, npedcmasienian 8 cmambe, MoNcem Db NCRoTbIoGaNa DOKaIaEDaMy, Masucmpai
I GCEMN FANHMEPECORANNEMUY ANYEMY, 00V MO IMICR 1O HanPaEreniie MameWamugad.

Kmoueswe caosa: dudghepenyuarsnoe ypasnenie, auneinoe obngnoeenioe dughdepenynainioe
ypasienue, kpaeeas wadava, dvisynn puna.

SOLUTION OF BOUNDARY VALUE PROBLEMS POSED FOR DIFFERENTIAL
EQUATIONS USING THE GREEN'S FUNCTION

In this article, we will focus on the concept of the Green's function used in solving boundary value
problems. In the theory of higher-order ordinary differential equations, linear equations of the n-th order
occupy a special place. Since the theory of linear differential equations has been comprehensively studied,
there are methods for solving them, and linear equations are widely used in physics, mechanics, and
engineering. The Green's function is one of the methods for solving problems in mathematical physics and
ordinary differential equations.
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The information presented in the article can be used by bachelors, masters and all interested persons
studying in mathematics.

Keywords: differential equation, linear ordinary differential equation, boundary value problem,
Green's function.

Kirish. Differensial tenglamaga qo‘vilgan Koshi masalasi, shu tenglamaning berilgan nugtadan
o'tuvchi ntegral chizig'ini topishdan iborat edi. Klassik fizikaning va tatbigly matematikaning bir gator
masalalari differensial tenglamaning berilgan ikki nugtadan o*tuvehi integral chizighini topish masalasiga
keltiriladi. Bu masala Koshi masalasidan tubdan farg giladi. Chunki berilgan ikki nugtaning har biri uchun
alohida go*vilgan Koshi masalalan yechimga ega bo'lsa ham yugoridagi masala yechimga ega bo®lishi yoki
bo’ lmasligi ham mumkin, Odatda bunday turdagi masalaga chegaraviy masala deyiladi.

Ikkinchi tartibli chizigli differensial tenglama berilgan bolsin:

ag(xdy” +a (xv' +a.(x)y = f(x), x € [x5; x1]. (1)

Ushbu tenglama tenglamani chegaralangan sohada garasak, tenglamaga quyidagicha chegaraviy shart
qo‘yilishi mumkin.

{ﬂ}"{i’fu) + Bylxg) =0 @)
yy'(xy) + 8y(x,) =0

(1) va (2) ko'rinishdagi masalaga chegaraviy masala deyiladi.

Ushbu chegaraviy masalaning yechimini topish uchun dastlab (1) tenglamaning umumiy yechimini
topamiz va (2) shartlardan foydalanib ixtivoriy o’zgarmaslarni aniglaymiz. Koshi masalasidan fargli ravishda
chegaraviy masala har doim ham yechimga ega bo'lavermaydi.

Oddiy differensial tenglamarga go®yilgan chegaraviy masalalarning Grin funksiyasini qurish hagida
[1-3] adabiyotlarda ma’lumot berilgan. Grin fuksiyasi usuli differensial tenglamalarga goyilgan ko’ pgina
masalarni yechishda keng go*llaniladi [4-6].

Biz ushbu magolada masala yechimi uchun Grin funksiyvasini qurgandan so’ng masala yechimim
topishning o°ziga xos tomonlari aytilib, masalalarda jarayon korsatildi.

Chegaraviy masalalarni yechishning qulay usullaridan biri bu Grin funksivasi usuolidir. Ushbuo
magolada biz asosan oddiy differensial tenglamaga qo‘yilgan chegaraviy masalani yechishda Grin
funksiyasidan foydalanish hagida bayon etamiz. Ular statsionar va statsionar bo'lmagan yechimlarni, shu
jumladan turli xil chegara sharoitlarida topishga yordam beradi. Grin funksiyasi turli chegaraviy shartlarda
statsionar {vaqtga bog'liq bo*lmagan) va nostatsionar (vagtga bog'lig bo*lgan) yechimlarni topishga yordam
beradi.

Asosiy gism. Dastlab differensial tenglamalar nazariyvasida muhim o‘rin tutadigan Grin funksiyasi
ta'rifini keltiramiz.

Ta'rif. (1), (2) chegaraviy masalaning G(x, 5) Grin funksiyasi deb rz = v =5 s=r=1x, da
aniglangan va har bir fiksirlangan s da quyidagi xossalarga ega bo*lgan funksiyaga aytiladi

1. x =5 funksiya (1) tenglamaga mos quyidagi bir jinsli tenglamani qanoatlantiradi:

ag()y" +a; ()" +a,(x)y = 0; (3)
2. x=xpvax = x,damos (2) chegaraviy shartlarni ganoatlantiradi:
3. x=sdaG(x 5) funksiya x o*zgaruvchi bo*yicha uzluksiz va x bo‘yicha birinchi tartibli

hmilasi%rﬂ ga teng bo'lgan sakrashga ega, ya'ni,

1
asls)’
(4)
Grin funksiyasini qurish uchun shunday 14 (x) va 4 (x) funksiyalar topish kerakki, bu funksiyalar (3)
tenglamani ganoatlantiradi. Undan tashgari, w(x) (2) chegaraviy shartlardagi 1- shartni v, (x) esa (2)
chegaraviy shartlardagi 2-shartni ganoatlantiradi.
Aygar vy (x) funksiya bir vagining o‘zida ikkala chegaraviy shartlarni ham ganocatlantirmasa, u vagqtda

Gx'(s +0, 5)— E_X'{s -0,5) =

{ G(s+0, 5) = G(s = 0,5),

Grin funksiyasi mavjud va u quyidagicha tuziladi:
6(x,s) = {a(s}yifx} agar xXp=x=s5,

b(s)v.(x) ager s=<x=x. (5)
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a(s) va b(s) funksiyalar Grin funksiyasining 3-xossasidan topiladi:
b()y2(s) = al(shy(s),
{b(S)y’ 2(s) = a(s)yy () + a—;;)
(6) dan a(s) va b(s) ni topib (5) formulaga qo‘ysak Grin funksiyasi kelib chigadi.
Grin funl;s.iya qurilgandan so‘ng, dastlabki (1)-(2) masalaning yechimini quyidagicha aniqlaymiz:

(6)

y(x) = f G(x,s) f(s)ds. @)

1-masala: Quyidagi chegaraviy masala berilgan bo*lsin:
xy”+y = f(x), (1) = 0 va y(x) chegaralangan funksiya
bo‘lsa, masalaning Grin funksiyasini tuzing.
Yechish. Dastlab berilgan tenglamaga mos bir jinsli tenglamani yechamiz:
xy'+y =0, i—?,/ = —idx, iny' =—Inx +inCy, y'= ‘;—‘ y=Clnx+ C,
Endi chegaraviy shartlardan foydalanamiz:
y(1)=0 = C;=0, ) =inx
Qidirilayotgan funksiya chegaralangan ekanligidan: C; =0, y,(x) =1
Berilgan masalaning Grin funksiyasini tuzamiz. (6) shartdan foydalanib quyidagi sistemani hosil
qilamiz:
b(s) = a(s)ins,
1 1
{b(s) ‘0 =als)-+-.
S
b(s) = a(s)ins, als) = —1, b(s) =—Ins.
—Inx, agar 1 <x<s5,
Demak, G(x,s) = [—lns- Inx, Zgar s<x L oo,
2-masala. Quyidagi chegaraviy masala berilgan bo‘lsin:

y'+y=1 y0)=0, vy (’5') =0.

Masalaning Grin funksiyasini tuzing va yechimini aniglang.
Yechish. Berilgan tenglamaga mos bir jinsli tenglamani yechamiz:
y'+y=0.

Tenglamaning umumiy yechimi: y(x) = Cycosx+ C,sinx.

¥1(x) = sin (x) va y;(x) = cos (x) — birinchi funksiya birinchi chegaraviy shartni, ikkinchisi
ikkinchi chegaraviy shartni qanoatlantiradi, demak Grin funksiyasi mavjud.
Ta'rifdan foydalanib Grin funksiyasini quramiz, (5) ga asosan:
a(s)sin(x) agar 0<x<s,

G(x,5) = {b(s)cos () agar s=x= g

Xossalardan foydalanib, a(s) va b(s) funksiyalarni aniglaymiz, bu uchun quyidagi tenglamalar
sistemasini yechamiz:

{ b(s)cos (s) = als)sin (s),
—b(s) - sin(s) — a(s) cos(s) = 1.

Bundan
{a(s) = —cos (s),
b(s) = —sin (s).

Demak masalaning Grin funksiyasi:
—cos(s)sin(x) agar 0 =x=<s,
G(x,s) =

—sin (s)cos(x) agar s=x= g

Endi (7) formuladan foydalanib, berilgan masalaning yechimini topamiz:
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x 3

Xy 2 x 2
y(x) = j G(x,s)f(s)ds = f G(x,s5) - 1ds = —-cos(x)fsin(s) ds —sin(x)fcos(s) ds =
Xp 0 0 x

(4

= cos{x) cos (5)I§ — sin(x) sin(s)lz = cos?(x) — cos(x) — sin(x) + sin?(x) = 1 — cos(x) — sin(x).

Demak, berilgan masalaning yechimi: ¥(x) = 1 — cos{x) — sin(x).

Izoh: Berilgan masalaning yechimini topishda birinchi integralga Grin funksiyasidagi ikkinchi
Sunksiyani, ikkinchi integralga birinchi funksiyani qo‘yib hisoblash kerak!

Endi masalani yechishning xarakteristikalar usulini ko'rsatamiz. Berilgan tenglamaga mos bir jinsli
tenglamaning umumiy yechimini topamiz: ¥(x) = Cycosx + C,sinx.0*ng tomoniga qarab bir jinsli
bo‘lmagan tenglamaning xususiy yechimini aniglaymiz: ¥(x) = 1. Bir jinsli bo*lmagan chizigli yuqori
tartibli tenglamaning umumiy yechimi haqidagi teoremaga asosan:

y(x) = 3(x) +5(x),

ya'ni ¥(x) = Cycosx+ C,sinx+ 1. Chegaraviy shartlardan Cy va C5 larni aniqlaymiz:
y(0)=C+1=0,y (g) = C,+ 1 = 0,bundan, C; = C; = —1. Demak, berilgan masalaning yechimi:
y(x) =1 — cos(x) —sin(x).

Xulosa. Grin funksiya usulidan nafagat oddiy differensial tenglamalarga qo‘yilgan chegaraviy
masalalrni yechishda, balki xususiy hosilali, kasr tartibli differensial tenglamalarni yechishda ham keng
go*llaniladi.

Yuqoridagi mulohazalarga asoslanib, biz yechimni topishning Grin funksiyasi usuliga to'xtaldik, Bu

usulni o'z ilmiy ishlarida tatbiq giladigan tadqiqotchilarga ushbu magolamiz foydali bo’ladi deb umid
qilamiz.
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