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MATHEMATICS

UO*K 51
KASR TARTIBLI HOSILA VA UNING BA’ZI BIR TATBIQLARI

Merajova Shahlo Berdiyevna,

Buxore daviat universiteni differensial tenglamalar
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Annotatsiva. Ushbu magolada ilm-fan sohasida keng o'rganilayvoigan tushunchalardan biri kasr
tartibli  hosila va uning ba'’zi  tadbiglari  hagida ma lumotlar  keltivilgan. Magolada  keltirilgan
ma Tumotlardan matematika vo ‘nalishida rahsil olavorgan bakalavrlar, magistrlar fovdalanishlari mumékin.

Kalit so‘zlar: hosila, maxsusu funksivlar, kasr tartibli hosila, differensial tenglamalar.

MPOH3IBOJHAHA JPOBHOI'O MOPHAIKA H HEKOTOPBIE EE IPHMEHEHHA

Annomayusa. B oaunoll cmamee npedcmagiena uvopmayus 00 o0HOM NI NOHAMUL, WUPOKD
HIVYAEMOM 6 OOIACHIU HAVKN, OpobHoll npouzsodHoll u Hexkomopex ee npumenenuax. Hughopyayua,
HPedCMAasienHan & Camee, MoXcem ObiMe WCHONLI08AHA DAKAIGEPAMU U MAZUCPOMY, 0OVHAOWUMCR 8
HANPARIEHUE MAMEMaMuKa.

Knw4epnie  cnoBa:  npoussodwaA,  cheyuaibHele  yakyuu,  Opodwas  npouzsoduaf,
duchghepenjuansibie VPAGHEHIA.

FRACTIONAL ORDERED DERIVATIVE AND SOME OF ITS IMPLEMENTATIONS

Abstract. This article provides information about one of the concepts widely studied in the field of
science, fractional devivative and some of its applications. The information presented in the article can be
used by bachelors and masters students studving mathematics.

Keywords: derivative, special functions, fractional derivative, differential equations.

Kirish. Kasr tartibli hosila tushunchasi hozirgi kunda fanga kirib keldi va chugur amaliy tatbigga ega.
Butun tartibli hosilalar gatnashgan tenglamalardan tashqgari kasr tartibli hosila gatnashgan tenglamalarga
go‘yilgan masalalar chuqur o‘rganilyapti. Kasr tartibli hosila meteorologiya, kimyoda juda ko'p amahy
masalalarda yuzaga keladi va suyuglik ogimlarining harakatini modellashtirishda, murakkab akustik
tebranishlarning tarqalishida va, albatta, fanning eng birinchi pog'onasida - kvant fizikasida qo'llaniladi. Shu
sababli ushbu magolada biz qisgacha kasr tartibli hosila hagida ma’lumotlar keltinb, ba’zi bir
funksivalarning kasr tartibli hosilalarini hisoblash usullarini keltiramiz.

Dastlab Riman-Liuvill, Kaputo ma’nosidagi kasr tartibli hosila va integrallarining ta riflarini
keltiramiz hamda haqiqiy sonlar o°qining chegaralarangan oralig’ida berilgan uzluksiz funksiyalar uchun
ayrim xossalarini umumlashtiramiz.

Asosiy qism. Kasr tartibli hosila matematik tushunchalaridan biri bo'lgan oddiy hosila
tushunchasining umumlashtirilganidir. Ushbu tushunchaning bir necha xul benilih usullart mavjud, ammo
ularning barchasi natural tartibda oddiy hosila tushunchasi bilan ustma-ust tushadi. Hosilaning fagat kasr
emas, balki manfiy tartiblari ham ko‘rib chigish mumkin. Kasr tartibli hosila haqidagi dastlabki tushunchalar
[Nyuton, GV, Leybnits ishlarida uchraydi [1]. Hozirgt kunda amaliy tadbig'ini topgan bu tushuncha
matematiklar tomonidan keng tadqiq qilinyapti.
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R.R.Ashurov, D.Q.Durdiyev, A.V.Psxu, A.A.Rahmonov, J.Jumayev [2-7] va boshqalarning ilmiy
magqolalarida kasr tartibli tenglama uchun qo‘yilgan to*g‘ri va teskari masalalar tadbiq qilingan.

1. Riman-Liuvill kasr tartibli hosilalari.

R haqiqiy sonlar to‘plamida chegaralangan Q = [a, b] (—% < a < b < =) to‘plam berilgan bolsin.
|a, b] segmentda aniglangan f(x) funktsiya uchun a € C (R(a) > 0) tartibli Riman-Liuvill kasr tartibli
integrallari I, f va If_f mos ravishda quyidagi tengliklar bilan aniglanadi[ 1 (Kilbas)]:

X

f(t)dt
r@) Gx—-e'-«

s
1 f(t)dt
ra)) (t—x)t-«
X
Bu yerda I'(@) Gamma funksiya. Bu integrallar chap tomonlama va o'ng tomonlama kasr tartibli
integrallar deyiladi.
a =n € N bo‘lganda (1.1) va (1.2) formulalar quyidagi n karrali integrallar bilan mos tushadi:

4

N = [ de, f dt; . f f(ta)dty =

(a +f)(x) =

(x> a; R(a) > 0) (1.1)

U5-NEx) =

(x < b; R(a) > 0) (1.2)

1)' f (- 1f(t)dt (neN) (13)

) = f dt, f dt, .. f f(ta)dty =

lnx

B Wf (=P mEN) (14)

x
a € C (R(a) = 0) tartibli Riman-Liuvill kasr tartibli hosilalari D§,y va Df_y mos ravishda quyidagi
tengliklar bilan aniglanadi:

02)0 = (%) ey =

1 d\" [ y(t)dt
“T-a)\dx % =[R@]+Lx>a)  (15)

d
(DF-y)(x) = (- 2Y tpeyy =
- 2y oy

“Tn-a)\ dx/ ) (t-x)an+1’
bu yerda [R(a)] ifoda R(a) ning butun qism?ni bildiradi. Xususiy holda, @ = n € N, bo‘lganda
(D2 )(x) = (Dy_y ) (x) = ¥(x)
D3y )(x) = y™(x)
(DP_y)(x) = (-1)"y™(x) (n€N) (1.7)
bu yerda y™ (x) ifoda y(x) funksiyaning n-tartibli oddiy hosilasi.
Agar 0 < R(a) < 1bo'lsa,

(n=[R@)]+1x<b) (16)

Da _ 1 y(t)dt 0 1 i

(Dgyy )(x) =ra _a)aa" = ye-T@ (0<R(@) <1l;x>a) (1.8)
b

D y)x)=— : d y(t)dltma)] (0<R@)<1;x>b) (19)

rA-aydx) (t—x)

tengliklar o‘rinli.
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Endi esa Kaputo kasr tartibli hosilalari va ularning xossalarini keltiramiz.

2. Kaputo kasr tartibli hosilalari.
[a, b] hagigiy sonlar o°*qi R da chegaralangan oralig bo‘lsin hamda
D& [y(0)](x) = (D, y) (x) va Dy_[y()](x) = (D5_y)(x)
lar mos ravishda (1.8) va (1.9) tengliklar bilan aniglangan @ € C (R(a) = 0) tartibli Riman-Liuvill
kasr tartibli hosilalari bo‘lsin. Ushbu @ € C (R(a) = 0) tartibli Riman-Liuvill kasr tartibli hosilalari
(eDg v)(x) va (cDf_v)(x) lar Riman-Liuvill kasr tartibli hosilalari orgali mos ravishda quyidagi

800 = (02 [y - 0O e — 0] o, @
CoEn = (D5 o - B2 e -0 ) e

tengliklar bilan aniglangan, bu yerda
n=|[R(a)] + 1. agara & W, va n = a, agar & € N, . (2.3)

Bu hosilalar chap tomonlama va o ‘ng tomonfama a tartibli Kaputo kasr tartibli hosilalari deyiladi.
Xususiy holda, 0 < R(ea) < 1 bo‘lganda (2.1) va (2.2) tengliklar quyidagi ko*rimishlarni oladi:
(‘D& ¥)(x) = (D& [¥(t) — ¥(@) (). (24)
(*DE-y)(x) = (DE[y(®) - y(B)]) (x). (25)
Agar o & My hamda y(x) funksiva @ € C (R(a) = 0) tartibli Kaputo kasr tartibli hosilalari
(“D&,y)(x) va (“Df_y)(x) bilan birgalikda Riman-Liuvill kasr tartibli hosilalari (DZ, y)(x) va (D;_y)(x)
lar bir vagtda mavjud bo‘ladigan funksiya bo‘lsa, (1.1) va (1.9) ga ko‘ra, ular quyidagi tengliklar bilan
bog’langan:

n=-1 (k)

CDEND = END - ) T == (@26)
k=0
AN A0

(“Dy_y)(x) = (Dy_y)(x) — (b—x)*s, (2.7)

LiT(k—a+1)

bu yerda n = [R(a)] + 1.
Xususiy holda, 0 < R(a) < 1 bo‘lganda biz

" — [£4 y{a) =ik
(DEN® = D&MW ~ Fr—m =)™ (28)
b
(DEY)(®) = (DEY@) -—r(’;(_)a) (b-x)* (29)

tengliklarga egamiz.
Agar @ & M, bo'lsa, u holda Kaputo kasr tartibli hosilalari (2.1) va (2.2) lar Riman-Liuwvil] kasr tartibli
hosilalari (2.1.5) va (2.1.6) lar bilan quyidagi hollarda o*zaro mos keladi:

(“DE.¥)(x) = (D& ¥)(x), (2.10)
agar y(a) = y'(a) = - =y V(a) = 0 (n = [R(a)] + 1) bo'lsa;
(“DE_y)(x) = (Dy_¥)(x), (2.11)
agar y(b) = y'(b) = - = y'""U(b) = 0 (n = [R(a)] + 1) bo'lsa.
Xususiy holda, 0 < R{x) < 1 bo‘lganda, biz
(‘D y)(x) = (DG ) (x), y(a) =0 (2.12)
(“Dy_y)(x) = (Dg_y)(x), y(b)=0 (2.13)

tengliklarga egamiz.

Agar ¢ = n € M, bo'lsa hamda oddiy n —tartibli hosila yf“:' (x) mavjud bo‘lsa, unda (“DZ,y)(x)
hosila yt"] (x) bilan ustma-ust tushadi, shuningek (“Df_y)(x) hosila y“‘] (x) ning (—1)" ga ko*paytmasi
bilan ustma-ust tushadi:

(“DEy)(x) = y™(x) va (CDEy)(x) = (-1)"y™(x) (n€N). (214)

Kaputo kasr tartibli hosilalari (“DZ,y)(x) va (“D{_y)(x) lar (2.1) va (2.2) ning o‘ng tomonlama
Riman-Liuvill kasr tartibli hosilalari mavjud bo’lgan y(x) funksiyalar uchun aniglangan. Xususiy holda, ular
AC™[a,b] absolyut uzluksiz funksiyalar fazosiga tegishli y(x) lar uchun aniglangan. Quyidagi teorema
o‘rinli.

2.1-teorema. R(a) = 0 o'lsin va n (2.3) shartni gancatlantirsin. Agar y(x) € AC™[a, b] bo‘lsa,
Kaputo kasr tartibli hosilalari (*DZ, y)(x) va (D y)(x) lar [a, b] ning deyarli hamma yerda aniglangan.

SCIENTIFIC REPORTS OF BUKHARA STATE UNIVERSITY 2024/6 (111) 15
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a) Agar @ € My bo‘lsa, (*DZ.y)(x) va (“Dy_y) (x) lar mos ravishda quyidagi

M (yde
(“DEy)(x) = T n = R]J. (xy_ tga) w1 = Uy Dy (x), (2.15)

(-1 y@(E)dt e
- ) - = (—1D)"(FZ*D"y)(x) (2.16)

tengliklar orgali aniglanadi, bu yerda D = :—xva n = [Ria)] + 1.
Xususiy holda, 0 < R(a) < 1va y(x) € AC|a, b] bo'lsa,
x
1 y'(t)dt

(DENW =77 | Gr—pe = WDN®,  (217)

(“DE-¥)(x) =

1 [y'®dt
rl-a)) (t-x)"

(“DF_y)(x) = = =—(R,Z°D"y)(x)  (218)

tengliklar o*rinli.

b) Agar @ = n € My bo'lsa (DZ,¥)(x) va (“Dy_y)(x) lar (2.14) tenglik bilan aniglangan. Xususiy
holda,

(“D5-¥)(x) = (“Dp-y)(x) = y(x) (2.19)

bo‘lad.

3. Misollar.

Misol 1. y = x funksiyaning a = %nuqtﬂ atrofida o'ng tomonlama %~tarribli hosilasini hisoblang.

Yechish: Buning uchun quyidagi lemmadan foydalanamiz:

Lemma. R(x) =0 va n = [R(a)] + 1 berilgan bo‘lsin. Agar y(x) € AC"[a, b] bo'lsa, D,y va
Dy y kasr tartibli hosilalar [a,b] oraligning deyarli hamma yerida mavjud va mos ravishda quyidagi
tengliklar bilan ifodalanishi mumkin:

n-1 x
u B },(k.'l(a) e 1 yt"}(t)dt
(D y)(x) = =nm(x - a)k + rMm-a)) (x- t]rx—'rﬂ—l'
-1 b
a _ N DR . D y®(Rae
(Db—y} (X) - =um(b - I)k + F(n _ [I] (t — x)r.r—n-l-i'

Demak bizning misolda:

r:r:%, a=1, r(l—%)zr@]:ﬁ, n=[Rla)] +1=1

7 Y@ gy y’(t)dt
(x) =—%737 =
( ) ( ) r (z}f P

- x-1) = DT-20-07 | =
- =G 1“ﬁf—rﬁ[@f‘ )z~ (x—r)zj—

1 (x—1)2
1 1 1 1
:—[(x —1)T-2(x— )7+ 2(x — 1)5]

1 1 1
= =|e- z+z(x—1)z].

Javob: ( 1+y) (x)= —[(_x - 1]__ +2(x - 1)%].

Biz hilamizki, y = x funksiyaning hirinchi tartibli natural tartibli hosilasi 1 ga teng. Bu natijani hosila
ta'rifidan foydalanib aniglash qiyin emas:
o yx+Mx)-y(x) . x+dx—x
Yy = J;r—[-lc- Ax - J;Ta Ax =1
Misol 2. y = x™,m > —1 funksiyaning a nugta atrofida o'ng tomonlama a-tartibli hosilasini

hisoblang.
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MATHEMATICS

Yechish: Buning uchun lemmal dan foydalanamiz va Kaputo ma’nosidagi kasr tartibli hosilani
hisoblaymiz.:

r g
. B y™(de 1 gem (™de
(C'Dﬂ*-y} (x) = rm—a)) (x - t]“'""’l - rn—a)l (x— r)u-ﬁfi
4} el
_ 1 _ pyi—a=1 m! =
_F(n-a)f(x t [(m-n)!r ]dt
— r(l + m] [ mn=a=1 £ et m=—it — r(]' + m) m=i
“Tm-a)(l+m+n) (1-_) Bt = Tm—a) "

Xulosa. Ushbu maqolada keltrilgan ma’lumotlar o*z ilmiy ishlarida kasr tartibli hosila tushunchasidan
toydalanadigan tadqigotchilarga dastlabki ma’lumotlarni olish imkonini beradi.
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