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In the paper we had constructed a function being a metric on the hyperspace of a
metrizable space. Then it had established that this metric generates the Vietoris topology on the
hyperspace. Further on the hyperspace of a uniform space we have allocated a (g, 5)-uniform
family of pseudo metrics, which generates a uniformity on the hyperspace.
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Byn makanana 6u3 MeTpuKanyy MEWKHHIUKTHH TUIIEp MEHKUHAUTHH]IE METPUKA OOJTOH
GyHKIMSIHBI KypaObi3. Bym Mmerpuka rumep MeikuHaukTe VIetOriS TOMONOTHSCHIH TYy36py

aHBIKTANTaH. AHJaH apbl OMp TEKTYY MEUKUHAUKTUH TUNEp MEHKUHIUTUHIE ara OUpACHIuKTH
JKapaTKaH MCEeBJOMETPUSHBIH (g, o ) -yHubOpMIyYy Yi-OyJecy ailbipMmanaHar.

Ypyumyy ceszdep: meTpuka, THIIEPMEUKUHIUK, OUPACHITHK.
B pabore mnoctpoeHa GyHKIHS, SBISIONIASCS METPUKOM HaA THUIEPIPOCTPAHCTBE
METPU3YEMOTO MPOCTPAHCTBA. Y CTAHOBIEHO, YTO 3Ta METPUKA MOPOKIAET TOMOJIOTHIO

BBGTOpI/Ica Ha  TUIEPHPOCTPAaHCTBC. Z[anee, Ha THIepIpoCTpaHCTBE pPaBHOMCPHOI'O

TMPOCTPAHCTBA BBIIEICHO (&, §)-PaBHOMEPHOE CEMEHCTBO IICEBIOMETPHK, MOPOXKIAIOIIEe

PaBHOMEPHOCTH Ha HEM.

Kniouesvie cnosa: merpuka, TMIIEPIPOCTPAHCTBO, PABHOMEPHOCTb.

As it is known, the Hausdorff metric evaluates how two sets differ in their
emplacement in the metric space. Let (X,p) be a metric space. The Hausdorff
distance (metric) p,, between two compact subsets F,, F, of the space X is the
number p, (F,F,)=max{inf{e:£>0,F, cO F},inf{e¢:¢>0,F, =O,F}}.

In this paper, we introduce another metric on the hyperspace, denoted by p, .

For this purpose, we present the following constructions.
Let X be a compact Hausdorff space. Denote (see, [3])
X, =X,=X,=X,X,=X,xX,, X=X, xX,, X, =X, xX,,
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A={(xy)eX?: x=y}, Xy = X, x X, x X,
Consider projections
72 XKy > Xy T i X > Xy T i X —> X,
X, = X, 70X, X, X, X,
X, > X, miXyo X, mliX,, o X,
Lemma 1. Let &, < X,, and ®,, c X, be an arbitrary pair of subsets such
that
7, (@) =7 (D).
Then there exists a set @, = X,,, such that
72 XKy > Xy, (D) =DV
Proof. Putting @,,, =(7.2) " (@, ) N(7) " (®,,) we get the searching set.
Lemma 2. Let F, F, and F, be an arbitrary triple of subsets of X, and
®,c X, and ®,, c X, sets such that
7 (®,)=F, 7, (®,)=F,

7, (®,)=F,, 7223((1323) =F

; -
Then there exists a set @,, < X, such that
(@) =F, 7[31,3((1)13): F.

Proof. According to Lemma 1, we construct a set ®,,, and then put
®,, =7, (D, ). This set has the required conditions.

For a compact Hausdorff space X let eXp X be the hyperspace of X ,i.e.a

set of all closed nonempty subsets of X equipped with the Vietoris topology.
For a compact metric space X we define a function

P, exp X xexp X = R by the equality
p,(F.F,)=inf{sup{p(x,y): (x,y)e®}: DeexpX’, 7z’ (®)=F, 7}’ (®)=F,}.

Lemma 3. For every couple of sets F,, F,eexpX there exists a set
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®,, eexp X* such that z*(®,)=F, 7,’(®,)=F, and
p, (F.F,)=sup{p(x,y):(x,y)e®,}.

Proof. Clearly, for the product F xF, equalities 7z?(F xF,)=F,
7y (F,xF,)=F, hold. Let b=sup{p(x,y):(x,y)eF, xF,}. Since F, and F, are
compact and the metric p is a continuous function on X x X, we have
b=max{p(x,y):(x,y)eF,xF,} <oo. For every ®c F, xF, such that *(®)=F,
, 7 (®)=F, one has 0<sup{p(x,y):(x,y)e®} <b. So, for every net {®“} such
that @ cFxF,, 7’ (0°)=F, z7(®°)=F,, ac?, the number net
{sup{p(x,y):(x,y)e®“}} has a limit. Consider such a net {&“} which besides
listed above properties satisfies the following condition:
sup{p(x,y):(x, y) e @ 2sup{p(x,y):(x,y)}ecbﬁ} for all a, B, a<pB. The
number net {sup{p(x, y): (%) ecI)“}} has a limit. Now using the Zorn’s lemma,

we complete the proof.

Theorem 1. For any metric p on a compact metrizable space X the
function p, is a metric on exp X .

Proof. It is easy to see that p, >0. For any F eexp X we have
p, (F,F)=inf {sup{p(x,y):(x, y)ed}:®eexp X,z (0)=F, 7, (®)= F} <
<sup{p(x,y):(x,y)eA} =0,
i.e. p,(F,F)=0.Letnow p,(F,F,)=0 forsome F, F, eexp X It should exist
a nonempty closed subset ® — X* such that z;*(®)=F,, z,’(®)=F, and ®cA.
The last inclusion implies 7;?(®) =7’ (®). Consequently, F, =F,.

Thus p, (F,F,)=0 ifandonlyif F =F,.

Clearly, the function p, is symmetric.

It reminds to establish the triangle rule. Take any triple F, F,, F, eexp X . Then
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p.(FuF,)+p, (F.F)=inf{sup{p(x,y):(x,y) e @} :® e exp X*, 2" (@) = F..i = 1,2

+inf {sup{p(y,z):(y,z) ed}:DeexpX?, 7 (D) =F,i :2,3}

by force of Lemma 3)=sup{p(x,y):(x,y)e®,}+sup{p(y.2):(y,2)e®,}
by force of Lemma 1)=sup{p(x,y):(X,y,z)e®,}+sup{po(y.z):(X,y,z) e D}
by the property of sup)>sup{p(x,y)+p(y.2):(x,y,2)eD,,,}

\Y

\Y

by force of Lemma 2)=sup{p(x,2):(x,2)e®,,}

v

by the property of inf)xinf{sup{p(x,2):(x,z) e ®}: @ cexp X, 7*(®)=F,,i=13}

(
(
(
(by the triangle axiom)>sup{o(x,z):(x,y,z) e ®,,}
(
(
(

by the definition)=p, (F,F,).

17" 3
Theorem 1 is proved.

Theorem 2. For a compact metric space (X, p) the metric p, generates the
Vietoris topology on exp X .

Proof. Consider a sequence {F,} of closed sets converging in the Vietoris

topology to a closed set F,. Suppose InimpZ(F F,)=a>0. Without losing

n?’ 0

generality we can assume that pz(Fn,FO)zg for all neN. We claim that
: : : a
F Z0.F, and F,Z0.F. . Otherwise we get an inequality: pz(Fn,Fo)sZ. Hence,
s s

F Z0,F, and F,Z0O,F, for all n. Consequently, the sequence {F,} does not
. .

converges to F, in the Vietoris topology. We have obtained a contradiction.

Let us show the opposite. Let p,(F ,F)—0. Take sets @  eexpX®
satisfying the conclusion of Lemma 3. Each set ® , is assigned a number
sup{p(x,y):(x,y)e®,}. It is understandable that the number 0 corresponds to
the only set @, =A(X)n(F xF). According to the data, the sequence

{sup{p(x,y):(x,y)e®,,}}r, has to converge to 0. Then for any & >0 there exists
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n, such that F, < O,F, forall n>n,. So, the sequence {F } converges to F, in the

Vietoris topology.
Theorem 2 is proved.

Lemma 4. For any pseudometric o on X the function p, is a
pseudometric on exp X .

Proof. Since the proof of the Lemma consists of repeating the reasonings
carried out in the proof of Theorem 1, it suffices to note that in this case the

function p, is not a metric on expX. Indeed, let x, ye X, x#y and

p(xy)=0.Then p, ({x},{y})=p(xy)=0 although {x}={y}.
Consider a Tychonoff space X and define a set (see, [2], [5])
expX ={Kc X: K is compact and K =} .

Consider any family 3 of pseudometrics and define
U, (r)={(xy):d(xy)<r}
for d e P and r>0. The resulting family {U, (r): d 93, r >0} of entourages is a

subbase for a uniformity in that the family of finite intersections is a base for a

uniformity, denoted 74, .
Given a sequence {V,:neN} of entourages on a set X such that V, = X?* and

VS

n+1

<V, for all n one can find a pseudometric d on X such that
U,(2")<V, ={(x y):d(y,x)<2™"} for all n. Thus every uniform structure can
be defined by a family of pseudometrics. The family of all pseudometrics d that

satisfy (vr>0)(U,(r)elf) is denoted P,; it is the largest family of

pseudometrics that generate U/ [1], [4]. The family ‘B, satisfies the following two
properties.

(P1) If d,, d, € B, then max{p,p,} eB,;

(P2) If d is a pseudometric and for every ¢ >0 there are p €3, and 6 >0 such

that always p(x,y)<o implies d(x,y)<e then d €5, .
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A family ‘B of pseudometrics with these properties is called a pseudometric
uniformity; it satisfies the equality B, =93 [4].

Theorem 3. For a Tychonoff space X and a family of pseudometrics
B={p} generating a uniformity on X the family

B :{d : dis a pseudometric on exp X and

Ve>0,3peP,36>0 that p,(F,F,)<s=d(F,F,)<s&}
generates a uniformity on exp X .

Proof. We will show that the family ‘B, satisfies the above two conditions
(P1) and (P2).
Let p,, p, € be arbitrary pseudometrics and F,, F, eexp X arbitrary sets. Take
sets @,, ®2 and @), satisfying Lemma 3 for p,, p, and max{p,p,}.
respectively. We have

max{plz,pzz}(lzl, FZ):max{plz (Fl, Fz)vpzz(Fl’ F2)}

:max{iglf sup pl(x,y),icrpl)c sup Pz(X’Y)}

(x,y)ed! (x,y)ed%,

max{( sup p,(X,y), sup pz(X,y)}

X, y)edr, (x,y)e

Smax{ sup p,(x,y), sup Pz(x’y)}

(X, y)e®p (x,y)e®s

= sup {max{p,p,}(xY)}

(x,y)e®r,

= (max{p11p2 })z (I:l’ FZ)’

i.e. max{p,,p,, }(F,F)<(max{p.p,}),(F.F).

Let us show the reverse inequality. One can check that the following are valid.

(max{p,p.}), (F.F,)=inf sup maxip, p;j(x.y)

=inf sup max{p,(x.y),p,(xY)}

® (x,y)ed
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=inf max{ sup p,(X,Y), sup p,(X, y)}

X, GCI) X eCI)
(xy) 2Y)

sir;)f max{ sup ,ol(X, y) sup Pz(x y)}

(%, y)ed, (x,y)e0

smax{ sup p;(X,y), sup pz(x,y)}

(% y)er, (xy)e0l;
=max{p, (F.F,).p, (F.F,)}=max{p,.p0,, }(F.F,).
Due to the arbitrariness of the sets F and F, we get
max{p,,p,, } =(max{p,p,}),. On the other hand max{p,p,}cP. So, by
construction we obtain that max{p,,, p,, } € R, -
For any two pseudometrics d,, d, €3, suppose
Ve>0,3p B, 35, >0 that p,(F,F,) <o =d(F,F)<e i=12; F,F, cexpX.
Then
max{p,,p,, }(F,F)<min{s,d,} = max{d, d,}(F,F) <¢& i=12; F,F, eexp X.
Consequently, max{d,,d, } %, .
there exist pseudometrics p,, p,€‘B such that d, <p, and d,<p,,. Then
max{d,,d, } <max{p,,p,, }. Hence, max{d,,d,} €9,  Condition (P1) is verified.
Let now d be a pseudometric on exp X such that for every & >0 there are d €3
and 6 >0 suchthat d, (F,F,)<d=d(F,F,)<e, F,F, eexpX.
Then by construction there exists d €33, . Condition (P2) is established, and the

proof of Theorem 3 is completed.
The work was carried out within the framework of the project of the Tashkent Institute of

Architecture and Civil Engineering and Bukhara State University, Uzbekistan.
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