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In the paper we had constructed a function being a metric on the hyperspace of a 

metrizable space. Then it had established that this metric generates the Vietoris topology on the 

hyperspace. Further on the hyperspace of a uniform space we have allocated a  ,   -uniform 

family of pseudo metrics, which generates a uniformity on the hyperspace. 
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Бул макалада биз метрикалуу мейкиндиктин гипер мейкиндигинде метрика болгон 

функцияны курабыз. Бул метрика гипер мейкиндикте Vietoris топологиясын түзөрү 

аныкталган. Андан ары бир тектүү мейкиндиктин гипер мейкиндигинде ага бирдейликти 

жараткан псевдометриянын  ,   -униформдуу үй-бүлөсү айырмаланат. 

Урунтуу сөздөр: метрика, гипермейкиндик, бирдейлик. 

В работе построена функция, являющаяся метрикой на гиперпространстве 

метризуемого пространства. Установлено, что эта метрика порождает топологию 

Вьеториса на гиперпространстве. Далее, на гиперпространстве равномерного 

пространства выделено  ,   -равномерное семейство псевдометрик, порождающее 

равномерность на нем. 

Ключевые слова: метрика, гиперпространство, равномерность. 

 

As it is known, the Hausdorff metric evaluates how two sets differ in their 

emplacement in the metric space. Let  , X   be a metric space. The Hausdorff 

distance (metric) H
  between two compact subsets 1

F , 2
F  of the space X  is the 

number  1 2 2 1 1 2
,  max{inf{ :  0,  }, inf{ :  0,  }}

H
F F F O F F O F

 
         . 

In this paper, we introduce another metric on the hyperspace, denoted by Z
 . 

For this purpose, we present the following constructions. 

Let X  be a compact Hausdorff space. Denote (see, [3])  

1 2 3
,X X X X  

12 1 2
X X X  ,   13 1 3

X X X  ,   23 2 3
X X X  , 
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  2Δ ,  :   ,x y X x y   123 1 2 3
.X X X X    

Consider projections 

123 12

123

12
:X X  ,   

123 13

123

13
:X X  ,   

123 23

123

23
:X X  , 

1

12

1 12
:X X  ,   

1

13

1 13
:X X  ,   

2

23

2 23
:X X  , 

2 2

12

12
:X X  ,   

3 3

13

13
:X X  ,   

3 3

23

23
:X X  . 

Lemma 1. Let 
12 12

Φ X  and 
23 23

Φ X  be an arbitrary pair of subsets such 

that  

   12 23

2 12 2 23
Φ Φ .   

Then there exists a set 123 123
Φ X  such that  

3 3

23

23
:X X  ,    123

23 123 23
Φ Φ  v 

Proof. Putting        
1 1

123 123

123 12 12 23 23
Φ Φ Φ 

 

  we get the searching set. 

Lemma 2. Let 
1

F , 
2

F  and 
3

F  be an arbitrary triple of subsets of X , and 

12 12
Φ X  and 

23 23
Φ X  sets such that  

 12

1 12 1
Φ  F  ,    23

2 23 2
Φ F  , 

 12

2 12 2
Φ  F  ,    23

3 23 3
Φ F  . 

Then there exists a set 13 13
Φ X  such that  

 13

1 13 1
Φ F  ,    13

3 13 3
Φ F  . 

Proof. According to Lemma 1, we construct a set 123
Φ , and then put 

 123

13 13 123
Φ Φ . This set has the required conditions.  

For a compact Hausdorff space X  let exp X  be the hyperspace of X , i. e. a 

set of all closed nonempty subsets of X  equipped with the Vietoris topology. 

For a compact metric space X  we define a function 

: exp  exp 
Z

X X    by the equality  

           2 12 12

1 2 1 1 2 2
,  inf sup ,  :   ,  Φ : Φ exp  ,  Φ ,  Φ

Z
F F x y x y X F F        . 

Lemma 3. For every couple of sets 1
F , 2

exp F X  there exists a set 



29 Herald of Institute of Mathematics of NAS of KR, 2022, No. 2 

 

2

12
Φ exp X  such that  12

1 12 1
Φ F  ,  12

2 12 2
Φ F   and 

      1 2 12
,  sup ,  :  ,  Φ

Z
F F x y x y   . 

Proof. Clearly, for the product 
1 2

F F  equalities  12

1 1 2 1
F F F   , 

 12

2 1 2 2
F F F    hold. Let     1 2

sup ,  :  , b x y x y F F   . Since 
1

F  and 
2

F  are 

compact and the metric   is a continuous function on X X , we have 

    1 2
max ,  :  , b x y x y F F    . For every 1 2

Φ F F   such that  12

1 1
Φ F 

,  12

2 2
Φ F   one has     0 sup ,  :  ,  Φx y x y b   . So, for every net  Φ  such 

that 
1 2

Φ F F   ,  12

1 1
Φ F  ,  12

2 2
Φ F  , A , the number net 

     sup ,  :  ,  Φx y x y    has a limit. Consider such a net  Φ  which besides 

listed above properties satisfies the following condition: 

         sup ,  :  ,  Φ sup ,  :  ,  Φx y x y x y x y      for all  ,  ,   . The 

number net      sup ,  :   ,  Φx y x y    has a limit. Now using the Zorn’s lemma, 

we complete the proof.  

Theorem 1. For any metric   on a compact metrizable space X  the 

function Z
  is a metric on exp X . 

Proof. It is easy to see that 0
Z

  . For any exp F X  we have  

           2 12 12

1 2
,  inf sup ,  :  ,  Φ : Φ exp  ,  Φ ,  Φ

Z
F F x y x y X F F          

    sup ,  :  ,  Δ 0,x y x y    

i. e.  ,  0
Z

F F  . Let now  1 2
,  0

Z
F F   for some 1

F , 2
exp F X . It should exist 

a nonempty closed subset 
2Φ X  such that  12

1 1
Φ F  ,  12

2 2
Φ F   and Φ Δ . 

The last inclusion implies    12 12

1 2
Φ Φ  . Consequently, 1 2

F F . 

Thus  1 2
,  0

Z
F F   if and only if 1 2

F F . 

Clearly, the function Z
  is symmetric. 

It reminds to establish the triangle rule. Take any triple 1
F , 2

F , 3
exp F X . Then 
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           2 12

1 2 2 3
,  ,  inf sup ,  :  ,  Φ : Φ exp  ,  Φ ,  1, 2

Z Z i i
F F F F x y x y X F i        

 

       2 23inf sup ,  :  ,  Φ : Φ exp  ,  Φ ,  2, 3
i i

y z y z X F i       

           12 23
             3  sup ,  :  ,  Φ sup ,  :  ,  Φby force of Lemma x y x y y z y z     

           123 123
            1    sup ,  :  ,  ,  Φ sup ,  :  ,  ,  Φby force of Lemma x y x y z y z x y z     

        123
              sup sup ,  ,  :  ,  ,  Φby the property of x y y z x y z      

      123
             sup ,  :  ,  ,  Φby the triangle axiom x z x y z    

      13
             2  sup ,  :  ,  Φby force of Lemma x z x z  

         2 13              inf inf sup ,  :  ,  Φ : Φ exp  ,  Φ ,  1, 3
i i

by the property of x z x z X F i      

   1 3
          , 

Z
by the definition F F  . 

Theorem 1 is proved. 

Theorem 2. For a compact metric space  , X   the metric Z
  generates the 

Vietoris topology on exp X . 

Proof. Consider a sequence  n
F  of closed sets converging in the Vietoris 

topology to a closed set 0
F . Suppose  0

lim ,  0
Z n

n
F F a


  . Without losing 

generality we can assume that  0
, 

2
Z n

a
F F   for all n . We claim that 

n
F 

0

4

a
O F  and 0

F 
4

a n
O F . Otherwise we get an inequality:  0

, 
4

Z n

a
F F  . Hence, 

n
F 

0

4

a
O F  and 0

F 
4

a n
O F  for all n . Consequently, the sequence  n

F  does not 

converges to 0
F  in the Vietoris topology. We have obtained a contradiction. 

Let us show the opposite. Let  0
,  0

Z n
F F  . Take sets 2

0
Φ exp 

n
X  

satisfying the conclusion of Lemma 3. Each set 0
Φ

n  is assigned a number 

    0sup ,  :  ,  Φ
n

x y x y  . It is understandable that the number 0  corresponds to 

the only set    00 0 0
Φ Δ X F F   . According to the data, the sequence 

    0 1
{sup ,  :  ,  Φ }

n n
x y x y 


  has to converge to 0 . Then for any 0   there exists 
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0
n  such that 

0n
F O F


  for all 

0
n n . So, the sequence  n

F  converges to 
0

F  in the 

Vietoris topology. 

Theorem 2 is proved. 

Lemma 4. For any pseudometric   on X  the function 
Z

  is a 

pseudometric on exp X . 

Proof. Since the proof of the Lemma consists of repeating the reasonings 

carried out in the proof of Theorem 1, it suffices to note that in this case the 

function 
Z

  is not a metric on exp X . Indeed, let x , y X , x y  and 

 ,  0x y  . Then       ,  ,  0
Z

x y x y    although    x y . 

Consider a Tychonoff space X  and define a set (see, [2], [5])  

 exp  :             X K X K is compact and K   . 

Consider any family P  of pseudometrics and define  

      ,  :  , 
d

U r x y d x y r   

for d P  and 0r  . The resulting family   :  ,  0
d

U r d r P  of entourages is a 

subbase for a uniformity in that the family of finite intersections is a base for a 

uniformity, denoted 
P

. 

Given a sequence  : 
n

V n  of entourages on a set X  such that 2

0
V X  and 

3

1n n
V V


  for all n  one can find a pseudometric d  on X  such that 

      2 ,   :  ,  2n n

d n
U V x y d y x     for all n . Thus every uniform structure can 

be defined by a family of pseudometrics. The family of all pseudometrics d  that 

satisfy   (   0)
d

r U r    is denoted P ; it is the largest family of 

pseudometrics that generate  [1], [4]. The family P  satisfies the following two 

properties. 

 1P  If 1
d , 2

d  P  then  1 2
max ,   P ; 

 2P  If d  is a pseudometric and for every 0   there are P  and 0   such 

that always  , x y   implies  , d x y   then d P . 
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A family P  of pseudometrics with these properties is called a pseudometric 

uniformity; it satisfies the equality 
P

P P  [4]. 

Theorem 3. For a Tychonoff space X  and a family of pseudometrics 

 P  generating a uniformity on X  the family  

exp
:               exp       d d is a pseudometric on X andP  

    1 2 1 2
0,  ,  0        ,  , 

Z
that F F d F F             P  

generates a uniformity on exp X . 

Proof. We will show that the family 
exp
P  satisfies the above two conditions 

(P1) and (P2). 

Let 1
 , 2

  P  be arbitrary pseudometrics and 1
F , 2

exp F X  arbitrary sets. Take 

sets 1

12
Φ , 2

12
Φ  and 

12
Φ  satisfying Lemma 3 for 1

 , 2
  and  1 2

max ,   , 

respectively. We have  

       1 2 1 2 1 1 2 2 1 2
max ,  ,  max ,  ,  , 

Z Z Z Z
F F F F F F     

 

 
 

 
1 2

1 2
12

1 2
Φ Φ,  Φ ,  Φ

max inf sup ,  , inf sup , 
x y x y

x y x y 
 

 
  

 
 

 

 
 

 
1 2
12 12

1 2
,  Φ ,  Φ

max sup ,  ,  sup , 
x y x y

x y x y 
 

 
  

 
 

 

 
 

 
12 12

1 2
,  Φ ,  Φ

max sup ,  ,  sup , 
x y x y

x y x y 
  

 
  

 
 

 

   
12

1 2
,  Φ

sup max ,  , 
x y

x y 


  

   1 2 1 2
(max ,  ) ,  ,

Z
F F   

i. e.       1 2 1 2 1 2 1 2
max ,  ,  (max ,  ) , 

Z Z Z
F F F F    . 

Let us show the reverse inequality. One can check that the following are valid.  

   
 

  1 2 1 2 1 2
Φ ,  Φ

(max ,  ) ,  inf sup max ,  , 
Z

x y

F F x y   


  

 
    1 2

Φ ,  Φ

inf sup max ,  ,  , 
x y

x y x y 


  
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 
 

 
 1 2

Φ ,  Φ ,  Φ

inf max sup ,  , sup , 
x y x y

x y x y 
 

 
  

 
 

 

 
 

 
1
12

1 2
Φ ,  Φ,  Φ

inf max sup ,  , sup , 
x yx y

x y x y 


 
  

 
 

 

 
 

 
1 2
12 12

1 2
,  Φ ,  Φ

max sup ,  ,  sup , 
x y x y

x y x y 
 

 
  

 
 

       1 1 2 2 1 2 1 2 1 2
max ,  ,  ,  max ,  ,  .

Z Z Z Z
F F F F F F      

Due to the arbitrariness of the sets 
1

F  and 
2

F  we get 

   1 2 1 2
max ,  (max ,  )

Z Z Z
    . On the other hand  1 2

max ,   P . So, by 

construction we obtain that  1 2 exp
max , 

Z Z
  P . 

For any two pseudometrics 
1

d , 
2

d  
exp

P  suppose  

0,  ,   0
i i

       P  that 1 2 1 2 1 2
( , ) ( , ) , 1,2; , exp .

iz i i
F F d F F i F F X        

Then  

     1 2 1 2 1 2 1 2 1 2 1 2
max , ( , ) min , max , ( , ) , 1,2; , exp .

Z Z
F F d d F F i F F X          

Consequently,  1 2 exp
max , d d P . 

there exist pseudometrics 1
 , 2

 P  such that 1 1Z
d   and 2 2Z

d  . Then 

   1 2 1 2
max ,  max , 

Z Z
d d   . Hence,  1 2 exp

max , d d P  Condition (P1) is verified.  

Let now d  be a pseudometric on exp X  such that for every 0   there are dP  

and 0   such that    1 2 1 2 1 2
,  ,  ,         ,  exp  .

Z
d F F d F F F F X      

Then by construction there exists 
exp

dP . Condition (P2) is established, and the 

proof of Theorem 3 is completed. 

The work was carried out within the framework of the project of the Tashkent Institute of 

Architecture and Civil Engineering and Bukhara State University, Uzbekistan. 
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