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Abstract: one of the most important sections of modern general topology is the theory of
cardinal-valued invariants of topological spaces. Among these invariants, the second most
important is density. In the hierarchy of spaces determined by the density, the spaces of the
least infinite density occupy the central place, i.e. spaces that contain countable everywhere
dense subspaces. Historically, these spaces are called separable. In this paper T zero
topological space, T one topological space, Hausdorff space, regular spaces, full regular
space, normal spaces are studied.

Keywords: topological space, Hausdorff space, regular space.

OIIEPAIIMU HA TOITOJIOTHYECKHUX ITPOCTPAHCTBAX
bemmmosa J1.P.

bewumosa [unopom Pysunazapoena — npenodasamens,
Kagpedpa oupghepenyuanvuvix ypasnenutl, gusuko-mamemamuieckull paxyivmen,
Byxapckuii 2ocyoapcmeennuiii ynusepcumem, 2. bByxapa, Pecnyonuxa Y30exucman

AHHOmMAUUA: OOHUM U3 BAJNCHEUUUX PA30EI08 COBPEMEHHOU 00ujell MOnoI02UY SAGTIAemcs
meopusi KapOUHAILHOZHAYHBIX UHBAPUAHMOE MONnoaocudeckux npocmparncms. Cpedu smux
UHBAPUAHMOS 6MOPLIM N0 3HAYUMOCMU  A6Isemcs NnjiomHocms. B onpedensemori
NJIOMHOCMbIO Uepapxuy NPOCMpPancme YeHmpaibHoe MeCcmo 3aHUMAOm NpOCmMpaHcmed
HaumeHvbuiell OeCKOHeUHOU NJIOMHOCMY, Mm.e. NPOCMPAHCMEd, KOomopbie COO0epiIcam
cuemHvle 8cl00y NJIOMHbIe NOONPOCMPancmed. HMcmopuyecku cioxcunocs mak, ymo 3mu
NPOCMPAnHcmea Ha3wvlearomcs cenapabenvuvimu. B smou cmamove uzyuaromca T Hoaw
mononocuieckoe npocmparcmeso, T 00un mononocuveckoe NPOCMpPAHCME0, NPOCMPAHCINEO
Xaycoopgha, pecynapuvie npocmpancmaa, noaHoe pe2ynapHoe npocmpancmeo, HopMaibHble
npoCmMpancmea.

Knwouesvle cnosa: mononocuueckoe npocmpancmso, Xaycoopgoeo npocmpancmeo,
pezynspHoe npoCmMpancmeo.
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Definition 1. For any two different points x and y, at least one point had a neighborhood
that did not contain another point.

Topological spaces satisfying the zero separability axiom are called Ty —spaces [1-9].

Proposition 1. A topological space X satisfies the first separability axiom T; if and only
if every one-point subset of it is closed.

Remark 1. There is a space that is an T, -space, but is not a T; -space.

Example 1. Let X = {a, b} be a set consisting of two elements a and b. In the set X, we
define the topology as follows: T = { emptyset,{a}, X } One can easily check that (X, 7) is
a topological space. The topological space (X, T) is a Ty, -space, but not a T; —space [6-7].

Definition 2. It is said that the topological space (X, t) satisfies the second separability
axiom if, for each pair of distinct points x; # x, € X there are neighborhoods of Ox; and
Ox, suchthat Ox; N Ox, = Q.

Topological spaces that satisfy this condition are called T, -spaces or Hausdorff spaces.

Obviously, every T, -space is a T; -space.

Remark 2. There is a space that is an T; -space, but is not a T, -space.

Example 2. Let N = {1,2,...,n,... } be the set of all natural numbers . The set of all
natural numbers is introduced by the topology as follows:
T={AC N:N\A finite or A= 0 }. One can easily see that (N,7) is a topological
space on N. We claim that ( N, t) is a T; -space. Let x; # x, € N be two different points
in the space N. The sets A; = N\x, and A, = N\x; are the neighborhoods of the points x;
and x, respectively. It is clear that x, € A; and x; € A,, (N,7 ) is a T; -space.

Now we show that ( N,7) is not a T, -space. Assume the contrary that there are such
different points, x; # x, € N have disjoint neighborhoods Ax; and Ax,, that is, Ax; N
Ax, = @. Consider the additions

N\(Ax; N Ax;) = (N\Axy)) U (N\Ax;) =N.

By hypothesis, N\Ax; and N\Ax, are finite sets, and the union of finite sets is finite. We
have obtained a contradiction that the set of all natural numbers is infinite.

Definition 3. It is said that a topological space satisfies the T; axiom of separability if
for any point x € X and any closed set not containing this point F C X there are
neighborhoods Ox and OF such that Ox N OF = @.

If a space satisfies both the T; and T; -separation axioms, then we call such spaces
regular.

It is clear that every regular space is Hausdorff.

Remark 3. There is a Hausdorff space that is not regular.

Consider the set R of all real numbers and define the topology in R using the system of
neighborhoods of all points x # 0 the same as on the number line; neighborhoods of the
point x = 0 are obtained by subtracting from any interval containing this point all points of

the form % that fall into this interval, where n is a positive integer. The space R is Hausdorff;

the set of all points of the form % is closed in R; every neighborhood of this closed set

intersects every neighborhood of the point 0.
Theorem 1. A topological space (X, T) is regular if and only if for every point x € X and
any neighborhood Ox such a neighborhood 0, x of this point that [ 0,x | subset Ox.
Definition 4. It is said that the topological space (X, ) satisfies the T;1 -separability
2

axiom if for any point x € X and any closed set not containing this point F subsetX there is
a continuous function f: X - [0, 1], such that
fx)=0and f(x) =1forx €F.
If a space satisfies both T; and T31 -separable axioms, then such spaces are called
2

Tikhonov, or completely regular, or T51 -spaces.
2
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It is clear that any regular space is completely regular. Indeed, let x € X and x notinF
be an arbitrary nonempty closed subset of X. Since X is a completely regular space, there
exists a continuous function f : X to[0,1], such that f(x) = 0 and f(x) = 1 for the set

x € F. Then the neighborhoods Ox = ([ 0, )) and OF = f~ ((E’ 1]) have an empty

intersection, which means that any regular space is completely regular.

Theorem 2. The T; -space X is a completely regular space if and only if for every point
x € X and any neighborhood U from a fixed prebase P there is a continuous function
f: X to[0,1],suchthat f(x) =0and f(y) =1fory € X\U.

Definition 5. It is said that a topological space (X,7) satisfies the T,-axiom of
separability if, for each pair of disjoint closed sets 4, B € X, there are open sets U, V such
that

AcUBcVandUNV # @

If a space also satisfies the -axiom of separability, then we call such spaces normal or -
space. It is clear that every normal space is a regular space.

Proposition 1. For any two disjoint open sets, the closure of either of them does not
intersect with the other.

The study of spaces helps the tasks set in them [10-15].
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