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BJy10K COHJIM TACBUP Ba YHHHI aCOCHi X0ccajapu

Tynkun Xycenosuu Pacynos
rth@mail.ru
Byxopo naBiaT yHUBEPCUTETH

AHHoTamusi: Ymly Makonaza N-TapTHOIM ONEepaTopid MaTpUlaiap Y4yH
OJIOK COHJIM TacBUP TyIIyHYACH YpraHWJITaH Ba YHHHT acOCHH Xoccajapu
kentupwirad. KBagpatuk Ba KyOWK COHJIM TacBHpJapHH XucoOuamn dopmymanapu
0aCH KUJIMHTaH.

Kaaur cy3jap: onepaTtopin MaTpuila, COHIA TACBUP, KBAAPATUK COHJIU TaCBUD,
OJIOK COHJIM TaCBHP, CIIEKTP, HYKTAJIU CTIEKT.

Block numerical range and its main properties

Tulkin Husenovich Rasulov
rth@mail.ru
Bukhara State University

Abstract: In this paper the notion block numerical range for the operator matrix
of order n is studied and its main properties are given. Formulas for the quadratic
and cubic numerical ranges are described.

Keywords: operator matrix, numerical range, quadratic numerical range, block
numerical range, spectrum, point spectrum.

[Munb0epT (azocumaru YM3MKIU OnepaTopyiap YYyH COHJIM TacBUpP TYIIyHYacCH
oreparopiiap CIEKTpaJl HA3apUSCUHUHT MYXUM TyllyHYanapugaH Oupuaup. by
Hazapus/aH Ou3ra SXIIM MabIyMKH, YM3UKJIA ONEPATOPHUHT CHEKTPU KOMILIEKC
COHJIap TYTUIAMMHHHT KUCM TyTUIamMu Oynamau. byHman Tamkapu, arap 6epunran A
YU3UKJIM OTIEpaTOp uerapajaHraH Oyica, y XoJiJja YHHHT CICKTPH MapKa3W HOJIb
HyKTaaa Ba paauycu || Al ra tenr énuk moupana cakiananu. Iy ypunga taOuwmii
CaBOJI Maio OYyNamu: YU3HMKJIM OMEPATOPHUHT CIEKTPUHH Y3uja CAKJIOBYM Xamja
MapKa3u HOJIb HyKTajaa Ba paauycu || A|| ra TeHr €nuk moMpaaaH KHUYUKPOK TYIIIaM
MaBxxyamMu? YUu3uKIM oriepaTopiap YU4yH COHJIM TaCBUP TYIIyHYAcH OYHJal xoccara
ara TYIuiamjapJaH OWpH DKAaHJIUTHHM YHHHT KyWuaa OaéH KWJIMHTAH XoccallapH
OPKaJIA KypULI MyMKHH.

@apa3 kunainnk, H - kommiekc ['mnsbept ¢azocu Ba A:H — H - ynsukinu
orepatop 0yim6, D(A) — H yHUHT aHUKIaHUIIT coXacu OYIIcHH. YIIOy
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W(A) ={(AX,x): xe D(A), || x|=1}

Tymamra A ONEpaTOPHHUHT COHJIM TacBUpH neimnaan. Ymymuid xomma W (A)
TYIIaM OYHWK TYyIuiaM XaM €nuk Tymiam xam Oynmaiinu. W(A) ouuk Tymiam
Oynaguran, €nWK TyIIam OYyiaguraH Xamaa OYMK XaM €MuK XaM OyiMmaiiauraxn
YM3UKJIA OMepaTopiiapra Kyriad MHUCOUIAp KEITHPHII MYyMKUH. AHHKJIaHUIINTA
kypa W(A) TyuiaM KOMIUIEKC COHJIAp TYTUIAMHUHHHT KUCM TyTutamu 0ymu6, W (A)
TYTUIAaMHUHT TE€OMETPUK XOccanapuaan ¢oiinananud A omeparop XakKuaa MabIyMOT
OJIUIII MyMKHH.

Connu TacBHp TylIyH4Yacu OupwHYM Mapotaba [1] connmu marpunanap ydyH
KAPUTWITAH. YHJIa MAaTPUIIAHHHT COHJIM TaCBHPH YHHUHT 0apua XOC KHUHMAaTIapUHH
cakJialy Ba OyHJal TYIJIAMHUHT 4erapacu KaBapWK YU3HMK OYJUIM HCOOTIaHTaH.
[2] umima sca W (A) HUHT KaBapHK TYIIaM SKaHIurd ucootianrad. Kelinnuanuk [3]

WA YM3UKJIM YerapajaHraH omepaTop Xam OyHJail xoccara 3ra OYJIuIIM Ba YHUHT

criekTpu coru TacBup énmrn W (A) Tymmamna ETuimm KypcaTHIraH.

H Tunsbept daszocuna TabCcUp KWIYBYM YM3HKIIM 4YerapajaHran A oreparop
COHJIM TACBUPUHUHT 0ab3HM XOCCATApUHU CaHal yTamus.

) W(A) ={AeC:[1[]| All};

2) W(A*)={A: AeW(A)};

3) W(I)={1}, 6y epna | opxkamu H T'mibbept dazocumaru OUpiuk oreparop
OenrunaHrad. YMyMui Xomua, uXTuépuil «, f KOMIUIEKC COHJIApU yUyH

W(cA+ p)=aW(A)+
TeHriauk Ypunnuaup. bynaa a € C kommieke conu Ba 2 < C TyminaM y4yH
a+Q={a+w:weQ}, cQ={aw: wel}

MyHOca0ataap YpuHIIH.

4) Arap A= A* Gynca, y xonna W(A) c R 6ynanu.

5) Arap dimH <o o6ynca, y xomma W(A) KOMImakT TyIuiam, SbHH
yerapajaHTaH Ba €MUK TYTuiaM Oynasu.

6) Arap S, T:H —> H ynurtap skBuBanmeHT omeparopiap OVyica, y Xoima
W (S) =W(T) Tenrnuk ypunmu 6ymaam.

7) A oneparopuauar W (A) COHJIM TacBUPH yUyH CIIEKTpall MyHocabatiap aeb
aTalyBYM XOCCaHU KaHOATIAHTHPAIH:

o, (A) cW(A), o(A) cW(A).

[Ilyan amoxujaa TabKUAIA0 VYTUIN KOW3KH, arap YW3HKIM OICPATOPHUHT

CIIEKTPH UKKUTA KeCUIIIMaluraH TYIIaMIapHUHT OupJiammMacugal uoopar oyica, y

XOJI7Ia COHJIM TaCBUP CHEKTPHUHT >KOMIAIIYB YPHUHU €Tapiarya TaBcu(iaid oamanam.
FOxopunarn kabu xosariapaa CHEKTPHUHT >KOMJIAllyB YPHUHM $HAJa aHUKPOK
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aHuKIam Makcaauaa [4] Makomaga KBaApaTMK COHJIM TAacBHP TYIIyHYacH
KMPHTIITaH. YKYBYHTa KyJlailIMK y4yH Oy TYITyHYAaHHHT TabPH(QUHH KEITHPAMU3
Ba 0ab3M XOCCATAPUHU CaHAO YTaMu3.

dapa3 kwaitmuk H =H, ® H, Ba Ae L(H) 6yxcun, 6y epoma H, Ba H, map

['unbOept pazonapu. Y xonma A onepaTopHU XamuIlia

A A
A= 1
NE

2-TapTUOIU OMEpaTopJid MaTpUIlla KYpUHHIIHMIA TacBHUpJAll MyMKHH [5], Oy
epna A;iH; > H,, i,j=12 wMarpunapuii sJeMEHTIAap YM3MKIM YerapajaHraH
orieparopiap.

A 050K omepaTtopiM MaTpHUIlda YYyH KBaJPATHK COHJIM TAaCBHpP TYIIyHYacHra
tappud Oepamus. (--). Ba |||, map opkamm moc paBumpma H,, i=12 T'uasbept
(azonapaaru ckaysp KyrmaiTMa Ba HOpMaJlapHU OeNTHIaiMu3.

Tabpud. Kyuuoaeu
A = ((Au fof)r (Ay Ty f)y

f
(A2lfl’ f2)2 (AZZ f2’ f2)2

mampuyanune bapua xoc Kuumamaapu myniamuea AelL(H)  6nok

], f=(f,f,)eH

onepamopau  mampuyanune (1) Kypunuwuea moc Keaopamux COHIU MACEUD

oetiunaou, 6ynoa || . |i=1, i =12 ea W?(A) xabu maceupranaou, svru
W2 (A= U o,(A), f=(f,f,)eH.

[1filf =1, i=1.2
Tabkugnad yrum sxouszku, H 'mub0epT dpa3ocuHUHT Typiau Eiunmanapura Moc
KeJIyBYM KBaJpaTUK COHJIM TaCBUpJAp Typjuya Oynuim MyMKuH. KBagpaTtuk coHim
TACBUPHUHT alipUM XOCCalapuHu 0a€H KUIamus.

1) W2(A) cW (A).

2) Arap A omepaTopsii MaTpHIla IOKOPH yuOypuak €Ky Kyiu yuyOypuak Iakira

ara OyJca, spHU
A:(Au Ain - A:[Al 0)
0 A, A Ay,

6ynca, y xonga W?(A) =W (A,) UW (A,,) TeHrnmuk ypunmiu 6ymamu.
3. Arap AeL(H) 6ynca, spHM A YHM3WKIW YerapajlaHTaH omneparop Oyica, y
X0J1/1a
W (A) ={AeC:| A< Al}.
Bynnan tamkapy, dimH < oo 6ynca, W?*(A) énuk Tymiam 6ynaam.

4. Uxtuépuit a, f € C KOMIUIEKC COHJIAPU YUYH

WWW.OPENSCIENCE.UZ 17 (@) ]
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W?(aA+ B) =aW?(A) + S

TCHIJIMK Oa)kapuiiajiu.

5. ®@apa3 xwiaiimk, U, € L(H,), U, eL(H,) ynurap omeparopmap 0yauo0,
U =diag(U,,U,) 6yacun. Y xonna

WU AU) =W?(A).

Connn TacBupaad ¢apkiau YIapoK KBaJApaTHUK COHJIIM TACBUP KYMW OWIIaH
uKKuTa (OOfsIaHraH) KOMIOHEHTanapaaH uoopat Oymamu. by Tacmuk A, || f, |l;=1,
i =1,2 KypHHHUIIArW MaTpUIlaIap TYIUIaMU OOFJIaHTaH Ba MaTPHIA XOC KMHMaTIapH
Y3IyKCH3 SKaHIUTHAAH Kenud ynkamd. YmyMan onranaa W (A) xasapuk 6ynmaran

TymiaMaanup. A, MaTpulla MKKATAa Typid XOC KUHMAaTra sra SKaHIUTH yMyMaH

oJITaHga WZ(A) TYIJIaM HWKKATA KECUIIMalJUraH KOMIIOHEHTajap/iaH ubopar

SKAHJIUTUHYU OUIIUpMaiiin.
f.eH,, f,#0,i1=12 yayn

dis (f)iz((Ailfl’ ) — (A T, fZ)JZ _,_4(A12f2’ f)(ALf 1)
g TV TAEAR

6enrmnam ogamus. dis, (f) >0 Oynran xonna

/uf)::%[(?lffl"lzfl)+(A”zszz|’|2fz)im]

Kabu MuKIOpHM aHuKmaiMms. Y xomma W?(A)c R 6ymumm ydyH 6apua

f.eH,, 1=12 napna dis,(f)>0 6ymumm 3apyp Ba erapauaup. byHnan tamkapwu,
KBaIPAaTUK COHJIM TaCBHP YUYH
W2 (A) =A_(A)UA,(A)
TeHTIUK Ypuniauaup [5], Oy epna
A (A)={A.(f):f=(f,f,), f eH, f =#0,i=12dis,(f)>0}.

A umsukmu uyerapanadrad omepaTopHUHT W’ (A) KBajpaTHK COHJIM TACBHPH

YU4YH CIIEKTpaJ MyHOcabataap 1ed aTaayBuu X0cca YPUHIAIND:
o, (A) cW?(A), o(A) cW?(A).

KBagpatuk coHNM TAaCBUPHHUHT 1)-XOCCAaCMHM Ba CIEKTpajl MyHocaOaTiapHH

uHOOATra OJraH XoJiJa KBaJpaTUK COHJIM TacCBUP CIEKTPHHU Y3HJa CAKJIOBYMU COHJIU
TaCBUPAAH Kypa KUYMKPOK TYIUIAM 3KAHJIWTUHHA AUTHUII MYMKHH.

2 x 2 6J10K omepaTopiAM MaTpHULaap YUyH KUPUTHITaH KBaJAPATUK COHIIU TaCBUP
TYIIYHYaCHHU N XN OJIOK ONEepaTopiy MaTpula XOJUra yMyMJIAIITHPHUII MacajacH
yerapajiaHra ornepaTtopiap y4yH [5,6] Makonanapja, yerapajiaHMaran oneparopiap
yuyH [7] MaKkonana TaAKMK KHJIHHTaH.
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®apaz xkmwmaiimk neN, n>3, H,, i=1..,n - I'miebepr ¢dazomapu Ba
H=H®..®H,. Y xomga AeL(H) xamuma
A, A
A= . 1 1(2)
Ay A,

KYPUHHIIIArK OJIOK OIepaTop I MaTpHIla KYPHHHMIIN/IA TaCBUpIaHaau, Oy epaa
AjiH;—>H, i,j=1..,n MarpuuaBuii OSJEMEHTIAp YH3MKIM YerapajlaHran
oreparopJap.

Yoy

She.on =Sy X xSy ={f=(f,., f)eH, | fil=Li=1..,n}
Tyriam opkanu H; naru S, Oupnuk chepanap KynaiTMacuHu OenrunaiMus,

Arap H, ®..® H, éiunma puxcupnanrad 0yica, y Xonna Sy, g oy Oearuiam

ypuura S" €xu S, GenrmnanuiapaaH GoinaTaHUII MyMKHH.

Xap 6up f =(f,..,f)eS, o on YiIyH
A= ((AJ fj’ fi)i):jzl eM (C)

KaOW aHUKJIaHTaH N x N MaTpUIaHU KapaliMus.
Tabpud. Yoy
Wi o on, (A= o,(A),

fes"

Tymiamra A omepaTtopid MaTpHIaHuHr (2) KYpHUHHUIIHra MOC OJOK COHJIH
TACBUPH ICHUTIAIIN.

H I'nibbept pazonunr duxcupnanran Einnmvacu yuyn W"(A) =W, o o (A)
Oenruan uuIaTUIaan.

Yusukiau anrebpa Ba GQyHKIMOHAI aHAINW3 KypCHIaH MablyMku, Obapuya f eS"
Jap y4yH

o, (A;) =14 eC det(A —1)=0f
Oynrannuru 6ovc Kyhuaaru
W"(A)={1eC:3f €S",det(A, —1)=0}

SKBHBAJICHT TACBUP YPUHIIHIUP.

W"(A) 6ok comnm TacBup Taspubuma kyn xomwiapaa f #0 mapr ypaura
f.#0, 1=12,...,n mapraan Qoiinananum 3apyparu naino 6ymaau. by xomma 010k

COHJIM TACBHPHUHT Kyluaaru TaBcupuaan GporgaaHuIn MyXuM CaHATA H.
f=(f,.,f)eH, f.#0,i1=12,..,n Bekrop yuyH
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Af (Aij J’f') eMn(C)
FEA-E ),

MaTpHUIlaHHU Ba
A(Fprewes F3 2) = £ 1P ] 1P det(A; - 2)
JNETEPMUHAHTHU aHUKJIaMU3. Y XO0JI1a
W'(A) ={o,(A): f =(f,... f)eH, f=0i=1.,n}
={1eC:3f =(f,,.., f)eH, f £0,i=1..,n, det(A, —1)=0}
={1eC:3f =(f,,... f)eH, f =0, i=1..n, A(f,,.., f;1)=0}
DHM OJIOK COHJIM TACBUPHHUHT aCOCHI XOCCallapuHU KelTupamus [5].
1) Arap n=1 Gyuca, y xoiama OJOK COHJIM TAaCBUP OJATIard COHJIM TacBHP
6I/IJIaH YCTMA-yCT Tymazud; n=2 6S’/HFaHI[a, 6JIOK COHJIM TaCBHUP KBaJpPATHK COHJIIHN

TacBUp Ae0 XaM opuTmiaan, N =3 Oyica, y xoiaa 6JJ0K COHJIM TaCBUP KyOHK COHJIN
TacBUp €0 IOPUTHIAIN.

" nl

"1 n!

2) Arap Ae M, (C) - n-taprtubau marpuna 0yica, y xonga W"(A) tymiam A
MaTPHUIIAHUHT XO0C KHMMAaTIapH TYIUIaMU OUJIaH yCTMa-yCT TYIIa/IH.

3) Comnmu Taceup Ba 00k comnu Taceup opacupa W"(A)cW (A) xabu
OOFJIaHUIIT MaBXY/I.

4) Arap A omepaTopyii MaTpulia I0OKOpU ydOypuak EKU Kyin yuOypduak IIakira
sra 6yica, y xomma W"(A) =W (A,) U...UW (A, ) TeHrH YpuHIu OYia .

5) Arap Ae L(H) 6¥nca, y xonna

W (A) {2 eC:| A< All}

MyHOcCa0aT YpUHIUIUP.

6) Arap dimH < oo 6¥ica, y xonma W " (A) énuk Tymuamaup.

7) A ¥3-y3ura xymma orepaTopiii MaTpuiia, sbHH A*= A Oyica, y xoiaa
W"(A) c R mynocabat ypusmaaup.

8) Arap Ae L(H) 6¥yxca, y xonna

o, (A)cW"(A), c(A)cW"(A).

xocca YpuHiu 0ynuob, y criekTpall MyHocabaTiaap Xxoccacu J1e0 IOpUTHIIAIN.

Tabkupnam JT03WMKH, HYKTaJIH CIEKTP OwWiaH OOFIMK CIEKTpall MyHocabart
yerapajaHMaral N-TapTUOJM OIepaTopiad MaTpHUIaiap y4yH XaM YpUHIATUD.
bupok oneparop cnekTpu OuiaH OOFIMK CHEKTpal MyHOcabaT KymmMya IIapriap
acocua oaxapuiaamu [7].

Ky#inna yu nuaronammu 3x 3 OJIOK onepaTopiIr MaTpUIlayiap YIyH KyOUK COHITU
TAaCBUPHM XUcoOIamga Kyaail 0yiran antepHaTuB (OpMyJIaH! KeITHPaAMU3.
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H=H, ®H, ®H, I'misbept pazocuna

A A, O
A= Ai*z A, Ay (1)
0 Azs A,

3x3 ONOK Oomeparopiu MaTpHMIaHH Kapakimus, Oy epma A; MaTpUlaBuid
snemeHTIap H; HM H; ra yTKasyBuM 4YM3HKIM YeTapajaHTaH ONepaTopiap, SbHHU
Aij = L(Hj’ Hi)1 i1 J 6{11213}1 i< J .

f =(f, f,, f,) e H snement épaamuna Kyiingarn MUKIOpIapHA aHUKIAHMU3:

a;(f):=(Af;, f);
1
p( f ) = _g((au(f)_ azz(f))2 + (au(f)_ a33(f))2 + (azz(f)_ aes(f))z)
—la, () [ —la,(f) [ (<0);
q(f) = a, () ag(f)+a,(f) I ay(f)—a,(f)a,(f)as(f)

- 2 @)+ an(f) +an(F))

+%(an(f)azz(f)+a11(f)a33(f)+a22(f)a33(f)_|aiz(f)lz _lazs(f) |2)

(@ F) + (1) +ay (1)
. () [ 3 )
f):= - - ,
o amco{ 2p() p(f))
A =2 @ (1) + () + 2 (F)) +2 P cos L2

k=123.
NimHuHr acocuii HaTwxalapujaaH OupuHu OaéH Kwiamu3. YHIa A 0ok
oneparopnu Marpuuanuar W °(A) KyOHK COHIM TACBHPHHM XucoOmiam (GpopMysacH
KEJITUPHIITaH.

1-Teopema. A onepamoprune xyb6ux connu maceupu W>(A) yuyn
3
W3 (A) = U U A(f), f=(f,f, f)eH
k=L [[f|I-L,i=1,2,3
MEeH2NIUK YPUHIIU.
1-Teopema A omnepaTOPHUHT yYerapajapyuHU YpraHUIIIa Ba yjap y9yH ONTHMAI
Oaxojanuiap oJMiia MyxXuM axamwusitra sra [7]. 1-reopemann ucOoTnamga KyOuk
anredpauk TEHTIaMallap eUMMUHU TOMUITHUHT Kapaano ycynuaan Qoigananunany.
[8-13] makoamapaa OJIOK onepaTopiu MaTpUIAJAPHUHT MYXUM CHH(IapUIaH

6I/IpI/I 65’/HF3H COHH CaKHaHMaﬁHHFaH YCKJIIN COHOaru 3appatlajlap cucreMacura MocC
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ONEPATOPIAN MATPULIAIIAPHUHT CHEKTPAJl XOCcCajapu ypraHwiraH. XyCycaH, MyXHUM
CHEKTp TaBcU(JaHTaH, MyXHM CIEKTPHUHI HMKKH 3appadajd Ba yd4 3appadaliv
TapMOKJIapH TOMWIHO, YJIapHU TAIIKWI KHJIYBYM KECMajlap COHM aHUKJAHTaH XaM/a
Oy KecMaJlapHUHT JKOMJIANTyB YPHU YpraHwiraH. XOoC KAWMAaT/Iap COHWHUHT YCKJIH
€Kl 4YeKcu3 OYIuIl ImapTiapu TaAKUK KUJIMHTaH. XOC KUMMAaTiap COHU YEKCH3
Oyiaran XOJJaJUCKPET CIEKTp yYyH acHMIOTOTUK (opmynaa Ttommirad. [14,15]
Makojaiapja 93ca Kynd OwiaH UKKUTa (QOTOHJIM TMaH)KapaBUil CHUH-0030H
MOJICIMHUHT ~ MYXUM Ba  JIUCKpET CHEKTpjapu  3-TapTUONM  OmepaTropiiu
MaTpULATAPHUHT CIIEKTpAJl XOccanapu €paaMuia Taakuk KuimHrad. FOxkopuna Kaiin
KUIUO YTUIraH OmepaTopid MAaTpULIAJAPHUHT JHI KHYMK Ba DHI KaTrTa XocC
KHIIMaTJIapy Y4yH MOC paBHIIa Kyl Ba I0KOpU OaxoJlallulapHu ojumiaa 1-reopema
MYXHM axaMuAT KacO Taju.
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