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ESSENTIAL SPECTRUM OF A 2x2 OPERATOR MATRIX AND THE
FADDEEV EQUATION
Dilmurodov E.B.!, Rasulov T.H.” (Republic of Uzbekistan)
Email: Dilmurodov451@scientifictext.ru

'Dilmurodov Elyor Baxtiyorovich — PhD Student;
Rasulov Tulkin Husenovich — PhD in Mathematics, Head of Department,
DEPARTMENT OF MATHEMATICS,
BUKHARA STATE UNIVERSITY,
BUKHARA, REPUBLIC OF UZBEKISTAN

Abstract: we consider a 2X2 operator matrix A " u> 0 acting in the direct sum of one- and

two-particle subspaces of a bosonic Fock space. It is related with the system of non conserved number

of quasi-particles. We obtain an analogue of the Faddeev equation for the eigenfunctions of A i We
describe the location of the essential spectrum of A u via the spectrum of a family of generalized
Friedrichs models. It is shown that the essential spectrum of A u consists the union of at most 3

bounded closed intervals. We introduce new branches of the essential spectrum of A u

Keywords: operator matrix, bosonic Fock space, generalized Friedrichs model, essential spectrum,
the Faddeev equation.

CYIECTBEHHBINA CHEKTP OJJHOM 2X2 OITIEPATOPHOM MATPUIIBI
W YPABHEHUE ®AJIJIEEBA
Jiuamyponos J.B.', Pacyios T.X.> (Pecny6inka Y36exucran)

 unmypodos Inép Baxmuéposuy — 6azoeviti dokmopanm,
’Pacynoe Tynxun Xycenosuy — kanoudan usuko-mamemamuueckux nayx, 3aeeoyiouuii kageopot,
Kageopa mamemamuxu,
byxapckuii 2ocydapcmeennulii ynugepcumem,
2. Byxapa, Pecnybnuxa Y36exucman

Annomauusa: paccmampusaemcs 2%x2 onepamopuas mampuya A L u> 0, Oeticmeyowas 8

nPAMOU CyMMe OOHO- U 08YXUACMUYHO20 NOONPOCMPAHCMEA 6030HHO20 npocmpancmea Doka. Ono
CBA3AHO C cUCmMeMOoll HecoxpaHsouuxcs ducen keasuvacmuy. Ionyyen ananoe ypaswenus ®aooeesa

o cobemeennwix  Qynkyuii  onepamopa A u Mecmononooicenue cywecmeenno2o cnekmpa
onepamopa A i ONMUCAHO C noMOujbIo cneKmpa cemeticmea 0b60OwjeHHbvIx Mmooenei Ppudpuxca.
Hoxasano, umo cyuecmeennsiii cnekmp onepamopa A 1 cocmoum us 0b6veounenust e b6onee mpex

ompeskos. Beooum Hogbie 6emau cyuecmeeHHo20 CheKmpa onepamopa A i
Knrouesvie cnosa: onepamopnas mampuya, 6o3onnoe npocmpancmeo @oka, 060bujennas mooeins
Dpuopuxca, cywecmeennviii cnekmp, ypasmenue Paodeesa.

It is well-known that every bounded linear operator acting in the direct sum of two Hilbert spaces

always admits 2x2 block operator matrix representation [1]. The problems related with such
matrices arise in statistical physics [2], solid-state physics [3] and the theory of quantum fields [4].

In the present paper we consider the family of 2x2 operator matrices _4 u (> 0isa

coupling constant) associated with the lattice systems describing two identical bosons and one particle,

7 = European science Ne 2 (51). Part I



another nature in interactions, without conservation of the number of particles. This operator acts in
the direct sum of zero-, one- and two-particle subspaces of the bosonic Fock space and it is a lattice
analogue of the spin-boson Hamiltonian. We derive an analogue of the Faddeev type system of

integral equations for eigenvectors of 4 u We describe the location of the essential spectrum

o, ( A ,U) of A " via the spectrum of a family of generalized Friedrichs models A ” (k ) ,
d . . . .

k €T . We introduce a new branches of O, ( A ﬂ) and show that it consists the union of at

most 3 bounded closed intervals. We find the discrete spectrum of 4 u
d d -di . _ d _. . A .

Let 7% be the d -dimensional torus, the cube ( T, 7T ] with appropriately identified sides
equipped with its Haar measure. Let L2 (T d) be the Hilbert space of square integrable (complex)
functions defined on 7’ d and L; ((T d)2) be the Hilbert space of square integrable (complex)
symmetric functions defined on (T d)2 . Denote by H the direct sum of spaces
Hl Z:Lz(Td) and HZ :ZLE((Td)z), that is, H:ZHI @Hz . The spaces Hl and
H 5 are called one- and two-particle subspaces of a bosonic Fock space Fs (L2 (T d )) over
L2 (T d) , respectively.

Let us considera 2X 2 operator matrices /{4 I acting in the Hilbert space H as
[ Ay pAy
— *

o Ay

with the entries

(4. DP)=wmE) (D), (A1) ()= [v(s)fo(p,s)ds,
7d

(A, )P0 =w (P, f.(p,q), [ €H, i=1.2,

where L4 > 0 isa coupling constant, the functions W, () and W, (,) are real-valued

Ay

continuous functions on 7 ¢ and (T d)2 respectively. In addition the function W, (, ) is a
symmetric, that is, W, (p, Q) =W, (q,p) forany P,( € Td .

Under these assumptions the operator /‘4 1 is bounded and self-adjoint.

Let H 0 — C.To study the spectrum of the operator /‘4 1 we introduce a family of bounded
self-adjoint operators (generalized Friedrichs models) A u (k), keT ¢ which acts in
H 0 (‘B H | operator matrices

dk) 1A
o) —=| oot 01
Al (wm Au<k>]

with matrix elements

A () fy =wB)V s (4,1 = [v@) f@)dr, (AS)(P)=w,(k, p) 1, (D).

Td
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According to the Weyl theorem, for the essential spectrum of the operator /'Zl (k), we have

O, (ﬂ (k)) [WI(k) M(k)] where the numbers m(k) and M(k) are defined by
m(k) = mg[l w,(k, p) and M (k) = max w, (k, p).

For any fixed keT ¢ we define an analytic function A# (k ) ) (the Fredholm determinant

associated with the operator /{4 (k ) ) in C\ [m(k),M (k)]

Mo Vit
A (k k _—
LJlz)=wi(k)—z - T‘[w(kt)z
Set m:= min w, (p,q), M :==maxw,(p,q) ad A, = U 0 (A (K)).

ker

We introduce a operator T (Z) acting in H | as

__Hv(p) (gt gy = “M]UA .
(T,(2))(p) = YT jw(p’t)zz W ElmM]UA,

The following theorem [5-15] is an analog of the well-known Faddeev’s result for the operator 4

u

Theorem 1. The number z € C'\ Zﬂ is an eigenvalue of the operator A, ifand only if the

]
number 4 =1 is an eigenvalue of the operator T p (Z ) Moreover the eigenvalues Z and 1 have

the same multiplicities.
We point out that the equation Tﬂ (Z)¢ = @ is an analogue of the Faddeev type integral equation

for eigenfunctions of the operator _4 u

Now we describe [11, 12, 16, 17] the location of the essential spectrum of the operator A 1 by
the spectrum of the family A ” (k ) of generalized Friedrichs models.

Theorem 2. For the essential spectrum of 4 u the equality O, ( A ,U) = Z# holds.
Moreover the set Aﬂ consists no more than three bounded closed intervals.

Following we introduce the new subsets of the essential spectrum of 4 u

Definition 1. The sets Aﬂ and [I’I’l,M ] are called two- and three-particle branches of the

essential spectrum of A u respectively.

The definition of the set A# and the equality U[m(k)’M(k)] = [m’M] together with
kel

o, (A,)= Ua(ﬂ k).

Here the family of operators A ” (k ) have a simpler structure than the operator 4 u Hence,

in many instance, (1) provides an effective tool for the description of the essential spectrum. The

Theorem 1 give the equality

spectral properties related with the threshold analysis of a family of 2x2 operator matrices were
studied in [18-23]. In the paper [24] spectral inclusion property for diagonally dominant nxn
unbounded operator matrices was studied.
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