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DESCRIPTION OF THE POINT SPECTRUM OF A 3x3 TRIDIAGONAL
OPERATOR MATRIX WITH FREDHOLM OPERATORS
Merajov N.I.', Rasulov T.H.? (Republic of Uzbekistan)
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'Merajov Nursaid Ikrom o’g 'li — Student;
Rasulov Tulkin Husenovich — PhD in Mathematics, Head of Department,
DEPARTMENT OF MATHEMATICS,
BUKHARA STATE UNIVERSITY,
BUKHARA, REPUBLIC OF UZBEKISTAN

Abstract: we consider a bounded self-adjoint 3x3 tridiagonal operator matrix 1 acting in the
direct sum of three identical Hilbert spaces of square-integrable functions on [—72' /A ] . We analyze

the case where the matrix elements of T are Fredholm operators of rank 1. The point spectrum of
T are described. It is established that the number zero is an eigenvalue of infinite multiplicity. The
Fredholm determinant whose zeros are eigenvalues of T is constructed. The number of the
eigenvalues of 1 with finite multiplicity is identified.

Keywords: the Fredholm operator, tridiagonal operator matrix, point spectrum, eigenvalue,
multiplicity, Fredholm determinant.

ONMCAHUE TOYEYHOI'O CIIEKTPA TPUJAT'OHAJIBHOI'O 3X3
OIIEPATOPHOU MATPHUIIbI C ®PEJTIOJIBMCKUMU OIIEPATOPAMU
Mepaxos H.H.', PacyioB T.X.? (Pecny6anka Y36exucran)

'Mepaxcos Hypcauo Hxpom yznu — cmyoenm;
’Pacynos Tyaxun Xycenosuy — kanoudam usuko-mameMamuueckux Hayx, 3a6e0yiouuii kageopot,
Kagedpa mamemamuxu,
byxapckuii 2ocydapcmeennulii ynugepcumem,
2. Byxapa, Pecnybnuxa Y36exucman

Annomayua: paccmampugaemcs O02PAHUYeHHAs CAMOCONPAICEHHAS 3x3 MpUOUALOHATLHASL
onepamophas mampuya T. Oeticmeylowds 8 NPAMOU CyMMe mpex OOUHAKOBbIX 2UNbOEpmMOBbIX

NpoOCMpPancms KeaopamuyHo UHMeZPUPYemvix QYHKyuil 6 [—ﬂ' v ] Mur ananusupyem cnyuai,

K020a MampuuHvle d1eMeHmbl onepamopa T sersomes @peozonvmckumu onepamopamu pamea 1.

Onucan  moueunvli cnekmp onepamopa T . Vemanosreno, wmo wucio wom  ecmo
beckoneunokpammuoe coocmsennoe snavenue. Ilocmpoen onpederumens @pedzonbma, HyaU KOMopo2o

SAGNAIOMCS  COOCMBEHHbIMU  3HAYCHUSAMU onepamopa T Onpedeﬂeno YUCTIO KOHEYHOKpAmHolX

CcOOCMBEHHBIX 3HAYEHULl Onepamopa 1.
Knrouesvie cnosa: onepamop ®pedzonvma, mpuouazoHanbHas OnepamopHas Mampuyd, mo4eyHvlil
cnekmp, coOCmeeHHoe 3HaueHue, KpamHocmy, onpedenumens Opedzorvma.

The essential and discrete spectra of operator matrices [1] and Schroedinger operators on a lattice
(see for example, [2-4]) are the most actively studied objects in operator theory. In both cases crucial
role is played the Faddeev type system of integral equations (or matrix equation whose entries are the
Fredholm operators) for eigenvectors. The construction and some spectral properties of the Faddeev
type equations for the eigenvectors of the operator matrices in the cut subspaces of the standard Fock
space are studied in many works, see for example [5-23]. In [5-13] using the Faddeev operator the
location of the essential spectrum of operator matrices are studied and in [14-23] using such type
operators the finiteness or infiniteness of the number of eigenvalues of operator matrices are

investigated. In the present paper we a bounded self-adjoint 3x3 tridiagonal operator matrix and
analyze the case where its matrix elements are Fredholm operators of rank 1.
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Let LZ[—7[; 7r] be the Hilbert space of square integrable (complex) functions defined on
[—7r; 7] and

IP-m71={(fi> for /) S € Lol—75 7], @ =1,2,3}.

For the elements f = (fl , f2 ) ](3) of the space L(23) [—72'; 72'] the norm is given by
1

171 &, TR af

We consider a tridiagonal 3x 3 operator matrix / acting in the Hilbert space L(23)[—7Z' 7T ] as

Iy L O
T=1Ti, T T
0 Th; Tiz

with the entries ];.j cL[-mr)l > L[] i, j=1,2,3, | i—j |S 1:
T .

(T /D) =150 T ty(5)f5(s)ds- 1= T
-

where the functions tij () are real-valued continuous functions on [—72' /4 ] Here,

* h s 101 .o
Tg. <)) denotes the adjoint operator to T;] and

(T )0 =t;(6) T £5()fi(s)ds f; € o[- ],

Under these assumptions the operator T is bounded and self-adjoint in the Hilbert space
L(23 )[—72'; ]

Generally, study of arbitrary linear operators in infinite-dimensional spaces is a very complicated
problem. However, some important classes of such operators can be described completely. One of
such classes is so called compact operators. These operators are closed to finite-dimensional ones with
respect to their properties also play very important role in many applications such as the Theory of

Integral Operators. Since all matrix elements T;j are the Fredholm integral operators of rank 1, the

operator T isa compact operator.
The first main result of the paper is the following theorem.

Theorem 1. The number A =0 is an eigenvalue of T with multiplicity infinity. If for all
j=1,2,3 the non-zero function fj() = Lz[—ﬂ'; 7[] is an orthogonal to the functions tl] ()
i=1,2,3, then the vector-function (ﬁ,fz,f3) is an eigenvector corresponding to the

eigenvalue A=0 of the operator 1.

Denote by || . || and (,) the norm and scalar product in Lz[—ﬂ'; 7[], respectively. To
formulate next main result of the present paper we define the following matrix valued function:

AC)=det(a, ('))1'7,1=1 ’

where matrix elements Al] (/1) are defined by
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An(A)=A=111 Apa(A) = —(t 1,121

A=,  ApD=—lltal’. Ayg(D)=—(t12:122).
Aps(A)=—(t12,137):

A3 (D) ==t 1.121). Ap(A) == 121 1P Ag3(A) =

Ag3(2) = ~(t12:122) . Aga(A) = A= t12 |7 Ags(D) =—(tnt32):

Ass(A) =2, Asg(A)=—lt23 > As7(A) = —(t23,133);

Ag3(A):=—(t30.112). Da(A)=—(t32,122). Ags(A)=—|lt35 |I*.
Age(A)=1:

. . 2
A76(A) =—(133,123). A77(A) = A=l 13 ||
AU (ﬂ,) = O, otherwise.
Usually the function A() is called the Fredholm determinant corresponding to the operator

matrix 1 .
The spectrum, the point spectrum, the continuous spectrum, the essential spectrum and the discrete

spectrum of a bounded self-adjoint operator will be denoted by O (), o pp () , O cont(') ,

Oess () , and O gige () , respectively.
Second main result is the following assertion.

Theorem 2. The operator T  has a purely point spectrum and for the point spectrum

O'pp (T) ofT the equalities
o(T) = 0, (T) = {0} U{A e R: A1) =0}

hold.
From Theorem 2 one can conclude that O Cont(T ) =. By the definition the function

A() is a polynomial function of degree 7 with respect to A Therefore, the function A() has at
most 7 zeros (counting with multiplicities), and hence by Theorem 2, these zeros are the discrete
eigenvalues of the self-adjoint operator matrix T.

Remark. For the essential spectrum O ¢ (T ) of T and the discrete spectrum O ;o (T )
of T we have

(T)={0}. 0yie(T) = {2 € R: A(2) =0}
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