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A block operator matrix is a matrix the entries of which are linear operators [1]. If the Hilbert space
H is the product of four Hilbert spaces Hy, H,, H; and H,, that is, H = H; @& H,@® H; @ H,, then every
bounded linear operator A € L(H) has a block operator matrix representation
A11 A12 A13 A14
A21 A22 A23 A24- (1)
A31 A32 A33 A34
_A41 A42 A4-3 A4-4-
with bounded linear operators A;; € L(H;,H;), i,/ = 1,4.

The operator A is a self-adjoint if and only if A;; = Aj; forall i,j = 1,4. The following generalization
of the numerical range of A takes into account the block structure (1) of A with respect to the decomposition
H=H; ®H,®H;® H,. o

Let Sy, == {x € Hy:||x|| = 1}, k = 1,4 be the unit sphere in Hy and

SH = SH1 X SH2 X SH3 X SH4'

Definition. For f = (f, f;, f5,f,) € Sy we define 4x 4 matrix
(Allflr fl) (A12f2l fl) (A13f3' fl) (A14f4r fl)
(A21f1:f2) (AZZfZIfZ) (A23f3'f2) (A24f4-: fZ)
(Az1fi,f3)  (Asafzf3)  (Assfsf3)  (Asafsfs)
(Aarfi fa)  (Asafafs)  (Agsfsfa)  (Asafsfs)

A=

Af = € M4((C)

Then the set
wh@ = | ] o a0
feSy

is called the quartic numerical range of A (with respect to the block operator matrix representation (1)).

The block numerical range for n x n operator matrices was introduced in [2] for bounded entries
and in [3] for unbounded entries.

In this note we consider the case where A;; = 0if [{ — j| # 1and A;; = Ay if [i — j| = 1 fori,j =
1,4. Our main results include a new formula for W*(A) and an estimate for the bounds of A in terms of
the quartic numerical range.

Let us introduce the following notations:

P(f) = [(Ar2f2 £) 1% + [(Azsfs, £2) | + [(Azafs, £3) %
QD) = [(Ar2fz, f)1? + |(Asafs, £3)17;

Ey() = =2 [P(D) +/(P(D) — 4Q(D) : Ez (D) = =2 [P() — /(P(D)? — 4Q(D ;
Ea() =2 [P0~ JPD)? — 400D
£, =2 [P0 + P — 400 -

The main result of this note is the following theorem.
Theorem. For the quartic numerical range W*(A) of A we have

W*(A) = U=y Uses, {Ex (D}
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Moreover, for the lower and upper bounds of A the following estimates are holds:

mino(A) = infW*(A) = inf U {E1(D};

feSy

maxo(A) < supW*(A) = sup U {E.(D}.
feSy
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THE GENERALIZED FRACTIONAL DIFFERENTIAL EQUATION OF LAGUERRE
TYPE
Luciano M. Lugo Motta Bittencurt
Universidad Nacional del Nordeste Facultad de Ciencias Exactas y Naturales y Agrimensura
Corrientes Capital, 3400, Argentina, E-mail: Imimb@yahoo.com.ar

Abstract: In this paper, we present the Generalized Differential Equation of Laguerre Type writing
with the generalized N-derivative and its associated Generalized Differential Equation, and we solve that
using the generalized Laplace Transform and the power series method.

Key words: Generalized derivatives and integral, Laguerre Equation, Associated Laguerre
Equation.

THE SPECTRUM OF THE DISCRETE SCHRODINGER OPERATOR WITH TWO-
RANK PERTURBATION
Madatova F.A.
National University of Uzbekistan, E-mail: fotimamadatova2@gmail.com

The discrete Schrodinger operators have attracted considerable attention for both combinatorial
Laplacians and quantum graphs; for some recent summaries refer to [1], [2] and the references therein.
Particularly, eigenvalue behavior of discrete Schrodinger operators with small rank potentials are discussed
in [3], [4], [5]-

The one-particle discrete Schrodinger operator hy,, in the momentum representation is defined by

h/lu =hy — V/Ipu )

where the non-perturbed operator h, acts on L?(T) as multiplication operator by the function e(p):

(ho () =e@)f (), fEL*(T), pET,

where
e(p) =1—cosp, p€T, T=(-mmn].
The potential operator of the form

A .
(V) @) = - l Fl@)dq+ l e Df(q)dg, fELX(T), pET, xo€L.

Forany A, u € C, we define Fredholm determinant as a analytic function in
zE€ (C\[eminr emax] as

Hw=2-y@)(p-v@)-£&(2)

where
) - PO
"=z -re 7 (a%(2) - b2(2))"
and
) 1 1 el¥od
a(z)=§le(q)—_qu' b(z)zﬁle(q)—qu'

Lemma. The number z € C\[emn, emax] is an eigenvalue of hy, ifonly if H(4, u, z) = 0.
We introduce the continuation of the function H(4, u, z) at the point z = 0 as follows
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