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Abstract: in this paper we consider a 4x4 operator matrix A acting in the direct sum of four

Hilbert spaces is considered. It is unitarily equivalent to 2X72 diagonal operator matrix
diag {A(+) 5 A(_) } Diagonal elements A% ,S§ =X, are acting in the four-particle cut subspace
of Fock space. Essential and point spectrum of A are described using spectrum of more simple two

4x4 operator matrices A(S),S ==. We describe the location of the branches of essential

spectrum of A . It is shown that the essential spectrum of A consists the union of at most 7 bounded

closed intervals. An inclusion for the discrete spectrum A is obtained.
Keywords: operator matrix, standard Fock space, generalized Friedrichs model, essential spectrum.

UCCJIEJJOBAHUE CIIEKTPA OJHOM JUAT OHAJIU3UPYEMOM 4X4-
OIIEPATOPHOI MATPHUIIbI
Mycradoesa 3.9.!, Pacyior T.X.? (Pecny6inka Y36ekucran)

'Mycmagpoesa 3apunabony Dpxun kusu — mazucpanm,
’Pacynos Tyakun Xycenosuy — kanoudam usuxo-mameMamuseckux Hayx, 3a6edyiouuii kageopot,
Kageopa mamemamuxu,
Byxapcxuii eocyoapcmeennvlil ynusepcumen,
2. Byxapa, Pecnybnuxa Y36ekucman

Annomayun: & Oannoii pabome paccmampusaemca 44X 4 -onepamopnas  mampuya A,
Oelicmeylowas 6 npsAMOU  cymme uemvlpex —2uibbepmosvix npocmpancms. OHO  YHUMAPHO

okeusanenmmo k  2X 2 Quazonarvnomy —onepamopnomy — mampuiy diag{A“);A(’)}.

(s) .
Juazonansuvie onemenmur A" ,8 =X, Oeticmeyiom 6 uemvipex-uacmuunoM — ype3anHoMm
noonpocmpancmee poxoeckozo npocmpancmea. CyujecmeeHnblil u mo4eyHvilii CneKmp onepamopa

A ONnuUcsleArOmcs ¢ NOMOWbIO CneKkmpoe ()eyx bonee npocmauix 4X4—0nepam0pﬁb1x mampuy

() .
A ,S = i . Mb1 onucwvieaem mecmononodicenue semeell CyuleCmeeHHo2co cnekmpa onepamopa A .

. ()
Yemanoeneno, umo CyuleCmeeHHblu cCneKkmp onepamopda A ,S = i cocmoum u3 06veOuHeHus He

bonee uem cemb ompe3skos. Ilonyueno exuouenue 0si OUCKPEMHO20 CReKmpa onepamopa A.
Knrouesvie cnosa: onepamopnas mampuya, cmandapmuoe npocmparcmeo Poka, 0600wennas
MoOenv Ppudpuxca, cywecmseenHblli CHeKmp.

In statistical physics [1], solid-state physics [2] and the theory of quantum fields [3], one considers
systems, where the number of quasi-particles is bounded, but not fixed. Often, the number of particles
can be arbitrary large as in cases involving photons, in other cases, such as scattering of spin waves on
defects, scattering massive particles and chemical reactions, there are only participants at any given
time, though their number can be change.

Recall that the study of systems describing N particles in interaction, without conservation of the
number of particles is reduced to the investigation of the spectral properties of self-adjoint operators, acting
in the cut subspace H™ of Fock space, consisting of 5 < N particles. In [4] geometric and commutator
techniques have been developed in order to find the location of the spectrum and to prove absence of
singular continuous spectrum for Hamiltonians without conservation of the particle number.
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In the present paper we consider a 4 X 4 operator matrix A . It is unitarily equivalent to the

2 X 2 diagonal operator matrix diag {AH) , A(f)} . The diagonal elements AY ,8 = T are acting
in the four-particle cut subspace of standard Fock space. We investigate the essential, point and
discrete spectrum of A .

Let C be the field of complex numbers, T’ a be the d-dimensional torus, L2 ((T d )”) be the
Hilbert space of square integrable (complex) functions defined on (T d )n ,NEN and
F (L2 (T ¢ )) be the standard Fock space over L, (T d) , Where

F(L,(T)=CO®L,(TH®L,(T))D....

Set 3=C°Q®F (L2 (T ¢ )) . We write elements F of the space 3 in the form

F= {10 SO ) S oy Yoo £ ey, ).

of functions of an increasing number of variables (kl N kn) e(T ¢ )", and a discrete variable

S == .Thenormin J is given by
PP =20 + 2 o
s=t S,n

Let F"(L(T)=CO®L(TH®L,(T)")®D..®L,(T")"),meN.
We consider the operator A acting the Hilbert space 53 =C°Q®FY (L2 (T ¢ )) and

L9 ek, .l

represented as a tridiagonal 4 X 4 operator matrix

Ay 4, O 0

AOI Al 1 Al2 0

A= .
0 A12 A22 A23
0 0 A, A,

with elements
Ao /s =gy A/ =af gD [ (g)dg'
(A, NP) = (se + (P A (P)
A [SNP) = af g (p.g g
(Ao [N @) = (s8 +W(P) + W@ [3 (1,q)
(A SN =] @) (p.g.q )dg’
(A L) q,0) = (56 + W(p) + W) + WD) /1 (p,g,1).

AN ANANANESEN

Here Aij is the adjoint operator to Aij for I < and the norm of element

f= {fo(s),fl(s) ), 3(S),S ==} € 3, is defined by

»J2

2
£ (p.q.t)| dpdgdt) €

2 +.[ ¢ ‘f;(x) (p)‘z dp +J. (T2 Z(A.) (pa q)‘zdpdq +_[ Ty

=24

is a real number, V() and W() are the real-valued continuous functions on 7’ d ,and & > 0 is the
coupling constant.
To investigate the spectral properties of A we introduce the following two bounded self-adjoint

operators AY ,8 =T , which acts in F® (L2 (Td )) as

European science Ne 2 (51). Part Il = 24



A9 4, 0 0
A(:l Al(f) Al 2 0

0 AI*Z AZ(;) A
0 0 A, AY

with the entries

A3 fy = sy, Aty =af g fi(q)dq' .
(45 [)(p) = (=sz +w(PDf1(P). (A.1,)(P)=af . (q') fs(p.q g .
(A £,)(P.q) = (=s& +w(p) + W) (P, q) -
(A f)Po0) =t V(@) fi(p:g:q Vg .
(A5 1)(P,q:1) = (=s&+W(p) + w(q) + WD) /+(P,q.1).
(fos 15 Sor 13) € FO(L(TY)).

Using simple calculations we obtain the following equalities

(As /(D) = v(P) fo. (A1) (p.q) = (@) f(P).
(A1) 0.0 = (D) fo(p,q) . (o [r5 f2) € FO(L,(T?)).

We remark that the operators AO], A12 and A23, resp Agl, A;ﬂ2 and A2*3 are called

annihilation resp. creation operators, respectively. In this paper we consider the case, where the
number of annihilations and creations of the particles of the considering system is equal to 1. It means

that A[j =0 for all |i - j | >1. The spectral properties of 2x2, 3x3 and 4x4 operator matrices are

studied in many works, see for example, [5-23]. Spectral inclusion property for diagonally dominant
unbounded operator matrices is investigated in [24].

Denote by O'('),O'ess(-),dpp(-) and Gdisc(-), respectively, the spectrum, the essential

spectrum, the point and the discrete spectrum of a bounded self-adjoint operator.
The following theorem describes the connection between spectra of A and 4* ,s=%.

Theorem 1. The equality (A) = (A" ) U (A7) holds. Moreover,
O (A =0, (Ao (A7), op(A)=0,(47)Uo,(47).
The set 0, (A),s == consists at most seven bounded closed.
Since the part of &, (A") can be located in & (A'™) we have the inclusion
O gise(A) S O (AT U Ty (A7), (M
T gise(A) = {04 (A V0 (AT} \ 0 (4) @

More exactly

O gige(A) = U{O-disc (AN Uess(AH) )}

s=%t

We remark that for § = T the operator A(S) has more simple structure than A , and hence,
Theorem 1 and relations (1), (2) plays important role in the next investigations of the spectrum of A.
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