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Abstract: in the present paper we consider a two-channel molecular-resonance model. This model can

be represented as a bounded and self-adjoint 2x2 operator matrix A acting in the two-particle
cut subspace of standard Fock space. It is associated with the Hamiltonian of a system consisting at

most two particles, interacting via both a pair contact potentials ( M, > 0) and creation and

annihilation operators ( M, > 0) We construct the Fredholm determinant corresponding to A

(A) to be

We find some necessary and sufficient conditions for that the number z = NIN O

ess

an eigenvalue (threshold eigenvalue) of A.
Keywords: threshold eigenvalue, molecular-resonance model, coupling constant, nuclear space,
molecular space, Hamiltonian, operator matrix, essential spectrum.

MOPOI'OBBIE COGCTBEHHBIE 3HAYEHUS JIBYXKAHAJIbHOM
MOJIEKYJAPHO-PE3OHAHCHOU MOJEJIN
Henmatosa IILB.!, Pacysio T.X.? (Pecny6inka Y36ekucran)

! Hevmamosa LLloxuda Bo6oocon kusu — cnmyodenm;
’Pacynos Tynkun Xycenosuy — kanoudam usuxo-mameMamuseckux ayx, 3a6edyiouuii kageopot,
Kageopa mamemamuxu,
Byxapcxuii eocydapcmeennbiii ynugepcumen,
2. Byxapa, Pecnyonuxa Y36exucman

Annomayua: 6 nacmosuwell pabome Mbl paccMOMPUM OBYXKAHATLHYIO MONEKYIAPHO-PE3OHAHCHYIO
Mo0enb. Imamoodens npeocmasniaemcs KaK 0epanuyeHHds U CamoCoOnPANCeHHAs 2x2 onepamopHast

mMampuya A oelicmeylowas 6 O08YXYaACMUYHOM O0OPe3aHHOM NOONPOCMPAHCIBEe CMAHOAPMHO20
goxoeckoeo npocmpancmea. OHO ACCOYUUPOBAHO 2AMUTLIMOHUAHOBCKOL CUCIEMOll, coCmosaujell U3
He Oonee uem 08YX yacmuy, 63aUMOOEUCMEYIOUWUX KAK C NOMOWDBI0 NAPHO2O KOHMAKMHOZ0

nomenyuana (,le > O) MAaK u ¢ NOMOWbI0 ONEPAMOPO8 POICOEHUS U YHUUMOICEHUS (,1,[1 > O) .

Iocmpoum onpedenumensy Dpedzonema coomsemcmayoOwuil K A . Haiiden neobxooumsie u

00CcmamouHble yenosus ona mozo, ymobsl yucto Z — MMIN O (A) SGNANOCH COOCMBEHHBIM

ess

3Hayenuem (Nopocosvle cOOCMeeHHOe 3HaueHe) onepamopa A.
Kniouegvie cnosa: nopozosvie cobcmeennoe 3Hauenue, MOAEKYIAAPHO-PE3OHAHCHOU MOOeNb,
napamemp  63aumooeicmeus,  A0epHoe  NPOCMPAHCMEO,  MOJNEKVIAPHOe  NPOCMPAHCMEO,
I'amunbmonuan, onepamopHas Mampuyd, CywecmeeHubslll CHeKmp.

We adopt the following conventions the present paper. Let C be the field of complex numbers,

3 3
T~ be the three-dimensional torus, the cube (— T, T ] with appropriately identified sides

3
equipped with its Haar measure and L2 (T ) be the Hilbert space of square integrable (complex)
3
functions defined on 1~ . We consider a two-channel Hilbert space H=H 0 OH | consisting of

a one-dimensional “molecular” space H 0 C (channel 1) and a “nuclear” space (channel 2). The
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elements of [ are represented as vectors f =( fo’ fll)’ where fo eH o and ﬂ eH T

The inner product

<f:g>H ::fogo +<f1’g1>Hl
of any two elements fZ(ﬁ),ﬁ), gZ(gO,g])EH, is naturally defined via the inner

products fog_o in Ho and <ﬁ,g1>H1 in Hl,that is
(f-21),, = [/1(Og, @yt
T3

As a Hamiltonian in the Hilbert space H we consider the 2 x 2 block operator matrix

A A
A= 2 ",
AO] All

where the matrix elements 4, 1 H . —> H ) I Sj, i,j:O,l are defined by
i J i

AOOf;):a)OfO’ A()lfl:/ul'[ul(t)‘f](t)dt’s
(4,/)(p)=@(p)£i(P)=1v.(p)as, [U, (O £ ().

Here U , O = 1,2 are real numbers, (O € R is a trial “molecular” energy, a vector
L € H | provides the coupling between the channels and AH is the (self-adjoint) “nuclear

Hamiltonian” in F |- We assume that the functions U, ('),Ol = 1,2 and ), () are real-valued
. . 3

continuous functions on 1.
Under these assumptions the operator A is bounded and self-adjoint.
It should be mentioned that the Hamiltonian (1) is a rather more general model than that one

considered by Friedrichs [1] (for a some discussion of All see, e.g., [2,3] and the references cited

therein).
Molecules are usually treated as purely Coulombic systems, while the strong interaction between
their nuclear constituents is assumed to play a negligible role. If there is no coupling between the

channels, i.e. for Ul = 07 the spectrum of A consists of the spectrum of A” and the addition
discrete eigenvalue 0)0. A nontrivial coupling between the channels will, in general, shift the
eigenvalue (J; into an unphysical sheet of the energy plane. The resulting perturbed energy appears

-1
as a resonance, i.e., as a pole of the analytic continuation of the resolvent (A —Zz ) taken between

suitable states (see [4]). In [5], the Hamiltonian (1) was studied in order to exhibit explicitly the
mechanism leading to the enhancement of fusion probability in case of a narrow near-threshold
nuclear resonance.

Let the operator Ao actsin H as

4, ::(8 ?410]) win (451, )(p)= () £(p)

The perturbation A— AO of the operator A isa self-adjoint operator of rank 3, and thus,

0

according to the Weyl theorem, the essential spectrum of the operator A coincides with the essential

European science Ne 2 (51). Part Il = 32



spectrum of AO. It is evident that O __ ( Ao) = [m; M ], where the numbers 722 and M
are defined by
m::miTlg w,(p), Mzzme}gca)l(p).
xXe xXe

This yields &, (A) = [m; M'].
For any fixed U , :1,2 we define an analytic function Aﬂlﬂz () (the Fredholm

determinant associated with the operator A yin C'\ [m M ] by

,u,,u ( ) A(l) (Z)A(Z) (Z) + lLll lLlZ (A(3) (Z))
where the functions A(;Z (),A(jz) () and A” () are defined by

2
v, (¢ )dt
AY ()=, —z- MI_J)_3
1 rot)—z
2

L\t )dt v, (Hv t

A(Z)(Z)::l_luzj' 2( )d ) A(3)(Z). J" () ( )d
& ro () -z rool)-z

By the Birman-Schwinger principle and the Fredholm theorem we conclude that the operator A

has an eigenvalue =z € C \ [m; M] if and only if AM#Z (Z) =0.
Suppose that the function €0, () has an unique non-degenerate minimum at the point p o € T3,
the functions €0, (), V,, o= 1,2 have continuous partial derivatives up to order 3 inclusive at

3
some  neighborhood of the point P, € T and  Lebesques measure  of

supp{z)l Ola supp{z)2 (-)} is equal to zero, where supp{v, (-)} of the function U, () .
For the case (1), > m we set

(e, —m) IM 0._ J’M

0
My = ) :
1 ro(t)—m ol re@)-m

Main result of the paper is the following theorem
Theorem 1. The number Z = M1 is an eigenvalue of A with multiplicity 2 if and only if

0
M, = H, and Ua(po) =0 for @ = 1,2
This result plays important role in the investigations of the essential and discrete spectrum of the

corresponding 2x2 (see e.g., [6-13]), 3x3 (see e.g., [14-23]) and 4x4 (see e.g., [24, 25])
operator matrices in the cut subspaces of standart Fock space.
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