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Abstract
We consider the family of 3 x 3 operator matrices H(K), K € T := (—m;71]? associated
with the lattice systems describing two identical bosons and one particle, another na-
ture in interactions, without conservation of the number of particles. We find a finite
set A C T3 to prove the existence of infinitely many eigenvalues of H(K) for all K € A
when the associated Friedrichs model has a zero energy resonance. It is found that for
every K € A, the number N(K,z) of eigenvalues of H(K) lying on the left of z, z < 0,
satisfies the asymptotic relation Zl_i)mON(K,z)llog lZIImY = Uy with 0 < Uy < oo, inde-

pendently on the cardinality of A. Moreover, we prove that for any K € A the operator
H(K) has a finite number of negative eigenvalues if the associated Friedrichs model
has a zero eigenvalue or a zero is the regular type point for positive definite Friedrichs
model.
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1 Introduction

The main objective of the present paper is to establish the finiteness or infiniteness of the
number of eigenvalues for a family of 3 X 3 operator matrices H(K), K € T3 = (-mn)?
and especially the asymptotics for the number of infinitely many eigenvalues (Efimov’s
effect case). These operator matrices are associated with the lattice systems describing two
identical bosons and one particle, another nature in interactions, without conservation of
the number of particles.

The Efimov effect is one of the most remarkable results in the spectral analysis for con-
tinuous three-particle Schrodinger operators: if none of the three two-particle Schrodinger
operators (corresponding to the two-particle subsystems) has negative eigenvalues but at
least two of them have zero energy resonance, then the three-particle Schrédinger operator
has infinitely many negative eigenvalues accumulating at zero.

For the first time the Efimov effect has been discussed in [9]. Then this problem has been
studied on a physical level of rigor in [2, 6]. A rigorous mathematical proof of the existence
of Efimov’s effect was originally carried out in [30] and then many works devoted to this
subject, see for example [8, 21, 25, 26, 27]. The main result obtained by Sobolev [25] (see
also [27]) is an asymptotics of the form Uy|log|z|| for the number N(z) of eigenvalues on the
left of z, z < 0, where the coefficient U does not depend on the two-particle potentials v,
and is a positive function of the ratios m; /my and my /m3 of the masses of the three particles.

In a system of three-particles on three-dimensional lattices, due to the fact that the
discrete analogue of the Laplacian or its generalizations are not rationally invariant, the
Hamiltonian of a system does not separate into two parts, one relating to the center-of-mass
motion and the other one to the internal degrees of freedom. In particular, in this case the
Efimov effect exists only for the zero value of the three-particle quasi-momentum K € T3
(see [1, 3, 13]). An asymptotics analogous to [25, 27] was obtained in [1, 3] for the number
of eigenvalues.

In all above mentioned papers devoted to the Efimov effect, the systems where the
number of quasi-particles is fixed have been considered. In the theory of solid-state physics
[18], quantum field theory [10], statistical physics [16, 17], fluid mechanics [7], magne-
tohydrodynamics [15] and quantum mechanics [28] some important problems arise where
the number of quasi-particles is finite, but not fixed. In [24] geometric and commutator
techniques have been developed in order to find the location of the spectrum and to prove
absence of singular continuous spectrum for Hamiltonians without conservation of the par-
ticle number.

In the present paper we consider the family of 3 x 3 operator matrices H(K), K € T3
associated with the lattice systems describing two identical bosons and one particle, another
nature in interactions, without conservation of the number of particles. This operator acts in
the direct sum of zero-, one- and two-particle subspaces of the bosonic Fock space and it is
arising in the spectral analysis of the energy operator of the spin-boson model of radioactive
decay with two bosons on the torus [19, 22]. We discuss the case where the dispersion
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3 .
function has form &(p) = Z (1 —cos(np™)) with n > 1. We denote by A the set of points e

where the function &() talkes its (global) minimum. Under some smoothness assumptions
on the parameters of a family of Friedrichs models h(k), k € T?, we obtain the following
results:

(i) We describe the location of the essential spectrum oess(H(K)) of H(K), K € T3 via
the spectrum of h(k), k € T3;

(i) We prove that for all K € A the H(K) has infinitely many negative eigenvalues
accumulating at zero, if the operator h(0), 0 = (0,0,0) has a zero energy resonance (Efimov’s
effect). Moreover, for any K € A we establish the asymptotics N(K;z) ~ Up|log|z|| with
0 < Uy < oo for the number N(K;z) of eigenvalues of H(K) lying on the left of z, z <
minoess(H(K)) = 0;

(iii) We prove the finiteness of negative eigenvalues of H(K) for K € A, if the operator
h(0) has a zero eigenvalue or a zero is the regular type point for h(0) with h(0) > 0.

We remark that for the Friedrichs model h(0) the presence of a zero energy resonance
(consequently the existence of the Efimov effect for H(K), K € A) is due to the annihilation
and creation operators.

We point out that the operator H(K) has been considered before in [4, 5, 14] for K =
0 and n = 1, where proven the existence of Efimov’s effect. Similar asymptotics for the
number of eigenvalues was obtained in [4]. We recall that the main results (without proofs)
of this paper has been announced in [20]. This paper is devoted to the detailed proof of
these results.

It surprising that in the assertion (ii) the asymptotics for N(K;z) is the same forall K € A
and is stable with respect to the number n. Recall that in all papers devoted to Efimov’s effect
for lattice systems the existence of this effect have been proved only for zero value of the
quasi-momentum (K = 0) and for the case n = 1.

The organization of the present paper is as follows. Section 1 is an introduction to the
whole work. In Section 2, the operator matrices H(K), K € T are described as the family of
bounded self-adjoint operators in the direct sum of zero-, one- and two-particle subspaces
of the bosonic Fock space and the main results are formulated. In Section 3, we discuss
some results concerning threshold analysis of the Friedrichs model h(k), k € T?. In Section
4 we give a modification of the Birman-Schwinger principle for H(K), K € T>. Section 5 we
establish the finiteness of the number of eigenvalues of the operator H(K), K € A. In section
6 we obtain the asymptotic formula for the number of negative eigenvalues of H(K), K € A.

We adopt the following conventions throughout the present paper. Let T be the three-
dimensional torus, the cube (—m,7]*> with appropriately identified sides equipped with its
Haar measure. Denote by o (+), 0ess(+) and oqisc(+), respectively, the spectrum, the essential
spectrum, and the discrete spectrum of a bounded self-adjoint operator. In what follows we
deal with the operators in various spaces of vector-valued functions. They will be denoted
by bold letters and will be written in the matrix form.

2 Family of 3 X 3 operator matrices and main results

Let C be the field of complex numbers, L>(T>) be the Hilbert space of square integrable
(complex) functions defined on T3 and L;((T"’)Z) be the Hilbert space of square integrable
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(complex) symmetric functions defined on (T3). Denote by H the direct sum of spaces
H, =C, H, = Lr(T*) and H, = L3((T?)?), that is, H = Ho & H, & H,. The spaces Ho, H,
and H, are called zero-, one- and two-particle subspaces of a bosonic Fock space F5(L,(T?))
over Ly(T3), respectively. It is well-known that if A is a bounded linear in a Hilbert space
H and a decomposition H = Hy & H; & H, into three Hilbert spaces Hy, H,, H> is given,
then A always admits [12, 29] a block operator matrix representation

A Aol A,
A= Ao A1 A
Ay Ay Ap

with linear operators A;; : H; — H;, i, j=0,1,2.
Let us consider the following family of 3 x 3 operator matrices H(K), K € T3 acting in
the Hilbert space H as

Hoo(K)  Ho 0
H(K):=| H; Hu(K) Hp
0  H, HyK)

with the entries

Hoo(K) fo = wo(K) fo, Hoifi zfvo(s)fl(s)ds, (H11(K)f1)(p) = wi(K; p) f1(p),

™

(Hi2/2)(p) = fvl(s)fz(l?, s)yds,  (Hxn(K)f2)(p,q) = wa(K; p,q) f2(p,q),
s
where H;‘j (i < j) denotes the adjoint operator to H;; and f; € H;,i=0,1,2.
Here wo(-) and v;(-), i = 0,1 are real-valued bounded functions on T, the functions
wi(+;-) and wo(+;+,-) are defined by the equalities

wi(K;p):=le(p)+he(K-p)+1, wrK;p,q):=lLelp)+hLelq)+hLeK-p-q),

respectively, with [,/; > 0 and

3
&(@):= ) (1-cos(ng™), q=(q".¢?.¢*)eT’, nen.

i=1

Under these assumptions the operator H(K) is bounded and self-adjoint.

We remark that the operators Hy; and Hy, resp. HO*1 and H}, are called annihilation
resp. creation operators, respectively. In this paper we consider the case, where the number
of annihilations and creations of the particles of the considering system is equal to 1. It
means that H;; =0 for all |i— j| > 1.

To study the spectral properties of the operator H(K) we introduce a family of bounded
self-adjoint operators (Friedrichs models) h(k), k € T3, which acts in Hy ®H; as

hoo(k)  hoi )

h(k) ::( B )
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where

1
hoo(k) fo = (e(k) + 1) fo,  ho1f1 = _fvl(s)fl(s)dS,
\/ET3

(hi1(K) )@ = Ex( @ fi(q), Ex(q) :=lLelg)+hetk—q).

The following theorem [4, 5] describes the location of the essential spectrum of the
operator H(K) by the spectrum of the family h(k) of Friedrichs models.

Theorem 2.1. For the essential spectrum of H(K) the equality

Tess(H(K)) = | aisc(B(K = p)) +112(p)} U [mic; Mc] @.1)
peET?

holds, where the numbers mg and Mg are defined by

mg = min wy(K;p,q) and Mg := max wy(K;p,q).
p,qu3 p.geT?3

Let A a subset of T given by

. 2 4 '
A= {(p(l),p(z),p(3)) : p(’) € {O,i—ﬂ';i—ﬂ';...;in—ﬂ'}Unn, i= 1,2,3},
n n n

where
{r}, if nis even

0, ifnisodd

n =

, n—-2, if nis even
n—1, ifnis odd

and II,:= {

Direct calculation shows that the cardinality of A is equal to n3. It is easy to check that
for any K € A the function wy(K;-,-) has non-degenerate zero minimum at the points of
A XA, thatis, mg =0 for K € A.

The following assumption we be needed throughout the paper: the function v;(-) is
either even or odd function on each variable and there exist all second order continuous
partial derivatives of v{(-) on T3.

Since 0 = (0,0,0) € A the definition of the functions w;(:;-) and wy(;-,-) implies the
identity h(0) = h(k) for all k € A.

Let us denote by C(T 3) and L;(T?) the Banach spaces of continuous and integrable
functions on T?, respectively.

Definition 2.2. The operator h(0) is said to have a zero energy resonance, if the number 1
is an eigenvalue of the integral operator given by

i) vi($)Y(s) 3
(GY)(g) = U +h) 0s) ds, yeC(T)
sl

and at least one (up to a normalization constant) of the associated eigenfunctions i satisfies
the condition y/(p”’) # 0 for some p’ € A. If the number 1 is not an eigenvalue of the operator
G, then we say that z = 0 is a regular type point for the operator h(0).
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We notice that in Definition 2.2 the requirement of the existence of the eigenvalue 1 of
G corresponds to the existence of a solution of h(0)f = 0 and the condition y(p") # O for
some p’ € A implies that the solution f of this equation does not belong to Hy & H;. More
precisely, if the operator h(0) has a zero energy resonance, then the solution y(-) of Gy = ¢
is equal to v (-) (up to constant factor) and the vector f = (fo, f1), where

vi(@)fo

—const#0, filg)= ——1 D
fo=const 20 = e

2.2)

obeys the equation h(0) f = 0 such that f; € L; (T3)\ Lo(T?) (see Lemma 3.3). If the operator
h(0) has a zero eigenvalue, then the vector f = (fo, f1), where fy and f] are defined by (2.2),
again obeys the equation h(0)f = 0 and f; € L,(T?) (see proof of the assertion (i) of Lemma
3.2).

As in the introduction, let us denote by 7.s(K) the bottom of the essential spectrum of
H(K) and by N(K, z) the number of eigenvalues of H(K) on the left of z, z < Teg(K).

Note that if the operator h(0) has either a zero energy resonance or a zero eigenvalue,
then forany K€ Aand pe T 3 the operator h(K — p) + [1&(p)I is non-negative (see Lemma
3.4), where I is the identity operator in Hy @ ;. Hence Theorem 2.1 and equality mg = 0,
K € A imply that 7.(K) =0 for all K € A.

The main results of the present paper as follows.

Theorem 2.3. Let K € A and one of the following assumptions hold:
(1) the operator h(0) has a zero eigenvalue;
(i) h(0) > 0 and a zero is the regular type point for h(0).

Then the operator H(K) has finitely many negative eigenvalues.

Theorem 2.4. Let K € A. If the operator h(0) has a zero energy resonance, then the oper-
ator H(K) has infinitely many negative eigenvalues accumulating at zero and the function
N(K,-) obeys the relation

N(K,z)

im = Uy, 0<Uy< oo, (2.3)
z——0 |10g |Z||

Remark 2.5. The constant Uy does not depend on the function vy(-). It is positive and
depends only on the ratio /5 /1.

Remark 2.6. Clearly, by equality (2.3) the infinite cardinality of the negative discrete spec-
trum of H(K) follows automatically from the positivity of Uy.

Remark 2.7. It is surprising that the asymptotics (2.3) doesn’t depends on the cardinality
of A, that is, this asymptotics is the same for all n € N. Since Al,=; = {0} in fact, a result
similar to Theorem 2.4 was proved in [4] forn =1 and K = 0.

3 Some spectral properties of the family of Friedrichs models
h(k)

In this section we study some spectral properties of the family of Friedrichs models h(k),
which plays an important role in the study of spectral properties of H(K).
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Let the operator hg(k), k € T? acts in Hy® H; as

. 0 0
h‘)(")"( 0 k) )

The perturbation h(k) —hg(k) of the operator hg(k) is a self-adjoint operator of rank 2,
and thus, according to the Weyl theorem, the essential spectrum of the operator h(k) coin-
cides with the essential spectrum of hy(k). It is evident that oegs(ho(k)) = [Emin(k); Emax (k)],
where the numbers Eni, (k) and Epax (k) are defined by

Enin(k) :=minEr(q) and Enx(k) := max Ex(q).
geT? qeT3
This yieldS O-ess(h(k)) = [Emin(k);Emax(k)]-

For any k € T? we define an analytic function A(k;-) (the Fredholm determinant associ-
ated with the operator h(k)) in C\ [Epnin(k); Emax (k)] by

Ak;z) == helk)+1 ! v%(S)ds
(1= o+ 1-2-3 [ p o
el

The following lemma [4] is a simple consequence of the Birman-Schwinger principle
and the Fredholm theorem.

Lemma 3.1. For any k € T3 the operator h(k) has an eigenvalue 7 € C\ [ Epin(k); Emax (k)]
if and only if A(k;z) = 0.

Since for any k € A the function Ex(-) has non-degenerate zero minimum at the points
of A and the function v;(-) is a continuous on T, for any k € T the integral

fv%(s)ds
Ei(s)

™

is positive and finite. The Lebesgue dominated convergence theorem and the equality
A(0;0) = A(k;0) for k € A yield

A(0;0) = ]}I_{Ikl Ak;0), k' €eA.

For some 6 > 0 and pg € T> we set

Us(po):={peT>:Ip=pol <6}, Ts:=T°\ | J Usg).
q’'eN

The following lemma establishes in which cases the bottom of the essential spectrum is
a threshold energy resonance or eigenvalue.

Lemma 3.2. (i) The operator h(0) has a zero eigenvalue if and only if A(0;0) = 0 and
vi(g")=0forall ¢ €A,

(i) The operator h(0) has a zero energy resonance if and only if A(0;0) =0 and vi(q’) #
0 for some q’ € A.
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Proof. (i) "Only If Part”. Suppose f = (fo, f1) € Ho® H, is an eigenvector of the operator
h(0) associated with the zero eigenvalue. Then fy and f; satisfy the system of equations

for 35 [ Vi) fi(s)ds =0
w 3.1)
\%Vl(CI)fO + (L +h)elg)fi(q) =

From (3.1) we find that fy and f; are given by (2.2) and from the first equation of (3.1)
we derive the equality A(0;0) = 0.

Now we show that f; € L,(T?) if and only if v;(¢") = 0 for all ¢’ € A. Indeed. If for some
q’ € A we have v{(¢’) = 0 (resp. vi(¢’) # 0), then there exist the numbers Cy, C,, C3 > 0,
a > 1 and ¢ > 0 such that

Cilg—4'1" <@ < Calg—4'1*, q<eUs(q), (3.2)

respectively
Vi@l =Cs, qeUs(q). (3.3)

The definition of the function &(-) implies that there exist the numbers Cy, C», C3 > 0
and ¢ > 0 such that

Cilg-q P <e(@ <Calg-q', qeUs(q), ¢ €A (3.4)

&(q)>2C3, qeTs. (3.5)
We have

2 Rl f 2(s)ds fol? fv%(s)ds
f|f ()l°d 2(1 +1 )2 Z £2(s) 2(11+[2)2T 2(s) 3.6)

§

If vi(q") = 0 for all ¢’ € A, then using estimates (3.2)-(3.5) we obtain that

/2
flfl(s)l is<c, Y [0 <o

Is—q'|*
7Ny

In the case v(¢’) # 0 for some ¢’ € A, an application of estimates (3.3), (3.4) imply

d
f fi(9)Pds > Cy f L
) ls—q'
T

Us(q")

Therefore f; € Lo(T?) if and only if vi(¢’) =0 for all ¢’ € A.

”If Part”. Let A(0;0) =0and v;(¢") =0 for all ¢’ € A. Then the vector f = (fy, f1), where
fo and fi are defined by (2.2), obeys the equation h(0)f = 0 and as we show in ”Only If
Part” that f; € Lr(T?).

(ii) Only If Part”. Let the operator h(0) have a zero energy resonance. Then by Defi-
nition 2.2 the equation

vi(q) vi()Y(s)ds

3
20, + 1) s 0 YeEem) 3.7)
T3

Y(q) =
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has a simple solution ¢ € C(T?) and ¥(q’) # 0 for some ¢’ € A. It is easy to see that this
solution is equal to v{(-) (up to a constant factor) and hence A(0;0) = 0.

”If Part”. Let the equality A(0;0) = 0 hold and v{(q¢’) # O for some ¢’ € A. Then the
function v; € C(T?) is a solution of the equation (3.7), that is, the operator 4(0) has a zero
energy resonance. O

Set
Ao:={q e A:vi(¢’) #0}.

Lemma 3.3. If the operator h(0) has a zero energy resonance, then the vector f = (fo, f1),
where fy and f are given by (2.2), obeys the equation h(0)f = 0 and f € L{(T?)\ Lo(T).

Proof. Since the fact that the vector f defined as in Lemma 3.3 satisfies 4(0) f = 0 is obvi-
ous, we show that f; € Li(T?)\ Lo(T).

Let the operator 4(0) have a zero energy resonance. Then by the assertion (ii) of Lemma
3.2 we have v(q’) # 0 for some ¢’ € A. Using the estimates (3.2)—(3.5) we have

> fol? fv%<s>ds f ds __
[ hpas> S0 [ A8 [ D

T Us(q’) Us(q’)
| fol vi(s)lds vi(s)lds vi(s)lds
f|f1(5)|ds = —\/E(lf+l )( Z —0 " Z f ot T o0 )
e PR aehoyy 7EM Moy, T
ds ds
<C +C — 4+ (3< 0.
‘ Z s—qP ,Z s—gp T
7Ny 7€M Aoy g
Therefore, f; € Li(T?)\ Lo(T?). O

Lemma 3.4. If the operator h(0) has either a zero energy resonance or a zero eigenvalue,
then for any K € A and p € T? the operator h(K — p) + 1, (p)I is non-negative.

Similar lemma were proved in [5] and we refer to this paper for the proof.

Now we formulate a lemma (zero energy expansion for the Fredholm determinant, lead-
ing to behaviors of the zero energy resonance), which is important in the proof of Theorem
2.4, that is, the asymptotics (2.3).

Lemma 3.5. Let the operator h(0) have a zero energy resonance and K,p’ € A. Then the
following decomposition

272 ) B+24L1, 2z
AK-p;z-1 e ’ 4 TIp—p2=-=
(K= piz—hLa(p)) (§Ov]<q>)\/ p-pP-=

n2(11 + 12)3/2 7 ll + lz

+0(p-p'I)+0(z))

holds for |p—p’| = 0 and z — —O0.
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Proof. Let us sketch the main idea of the proof. Assume the operator 4(0) have a zero
energy resonance and K, p’ € A. Using the additivity property of the integral we represent
the function A(K — p;z—1L&(p)) as

1 V2(s)ds
AK -piz-he(p) =wi(Kip)=2—5 > fl—
2 4 wy(K;p,s)—z
7oy )
1 v%(s)ds 1 v%(s)ds
2 2 f (K:p,s) _Ef (K:p,s)—2 G:8)
q/EA\AOU(;(q') WolKSp,S)—2Z 5 WD, S)—Z

where ¢ > 0 is a sufficiently small number.
Since the function wy(K;-,-) has non-degenerate minimum at the points (p’,q’), p’,q’ €
A, analysis similar to [4] show that

f Vi(s)ds f V3(s)ds anvi(q)  |B+24L1 | 2 2z
wa(K;p,s)—z wa(Ksp',s)  n?(l + )32 L+ PP =2
Us(q') Us(q’)

+0(p-p'P)+0(z), ¢ €Ao;
v3(s)ds v3(s)ds
f e f 0N - P+ 0D, ¢ € A\Ao:

wo(K;p,s)—z B wa(K; p’,s)
Us(q’) Us(q")
2 2
vi(s)ds f vi(s)ds o
= +O0(p-p'I")+0(z])
JWz(K;p,s)—z N wa(K;p’, ) p=r
) 5

as |[p—p’| = 0 and z —» —0. Here we remind that v{(¢’) = 0 for all ¢’ € A\ Ay and hence
by the estimate (3.2) we have vi(g) = O(lg — ¢’'|*) as |g—¢q’| — O for some a > 1. Now
substituting the last three expressions and the the expansion

(ly + L)n?

wi(Kp)=1+—— lp-p'PF+0p-p'1H

as |p—p’| — 0, to the equality (3.8) we obtain

272 P+201, 2z
AK—-piz—1 =A0;0)+ —————— 2O\ ——=p-pP-=
(K - p;z—1e(p)) = A©;0) n2(11+lz)3/2(q,§€A0vl(Q))\/ el

+0(p-p'1)+0()

as |p—p’| = 0 and z — —0. Since the operator 4(0) has a zero energy resonance by the
assertion (ii) of Lemma 3.2 we have the equality A(0;0) = 0, which completes the proof of
the Lemma 3.5. O

Corollary 3.6. Let the operator h(0,0) have a zero energy resonance and K € A. Then there
exist the numbers C1,C,C3 > 0 and 6 > 0 such that

@) Cilp-p' 1 <AK=p;=le(p)) < Colp=p'l, pe Us(p'), p’ € A;

(1) A(K — p;—Le(p)) = C3, p € Ts.
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Proof. Lemma 3.5 yields the assertion (i) for some positive numbers C,C,. The positivity
and continuity of the function A(K — p; —/1&(p)) on the compact set Ty imply the assertion
(i1). O

Lemma 3.7. Let the operator h(0) have a zero eigenvalue and K € A. Then there exist the
numbers C1,C»,C3 > 0 and 6 > 0 such that

(i) Cilp=p'P < AKK - p;=Lig(p)) < Calp—p'P, p € Us(p'), p' € A

(i) A(K —p;—Le(p)) = C3, p e Ts.

Proof. Let the operator h(0) have a zero eigenvalue. Then by the assertion (i) of Lemma
3.2 we have vi(p’) =0 for all p’ € A.

Let K € A. Then A(K — p;—-l1e(p)) = A(p;—1l1&(p)) holds for any p € T3. Proceeding
analogously to the proof of Lemma 3.4 of [5] one can show that the function A(-;—/1&(+))
has minimum at the points p = p’ € A. Here we prove that this function has non-degenerate
minimum at the points p = p’ € A. Since the function w,(0;-,-) is positive on (T3\A)xT3

the integrals
8*wH(0: p, V2(s)ds
A<%>(p>;=f wa0ip.s)) VIS
ij apDapD) | (wy(0; p, )
)

and

= [ (A IOp0) AL
PPN T Jem@py M

are finite for any p € T2\ A. The condition v{(p’) = 0 for all p’ € A implies finiteness of
these integrals at the points of A. Thus the functions /lg)(-), I = 1,2 are continuous on T?.

We define the function /(-) on T by

2
_ vi(s)ds
Hp):= f wa(0;p, )’

sl

The function I(-) is a twice continuously differentiable function T3 and

O*1(p) .
ap09pD = —/1511')(17)"'2/155)(17), i,j=12,3.

Simple calculations shows that

owa(0; p, . ; . ; ; .

wal0:ip.g) _ |11 sin(ng®) + sin(u(p® +¢P)]. i=1,2,3;
8[)(1)

FPwr0;p,q9) (i) Q) 0 ;

0 =" |11 cos(ng™) + L cos(n(p? +47))].  i=1,2.3;

?wi(0;p,q)

30 =0, i#j, ij=1273
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and hence for p’ € A we obtain
*I(p") B n? >
apDapd ~ 4 Z
3

I=1,1#i

(1 +cos(nsD)vi(s)

ds,i=1,2,3;
g3(s)

(1- cos(ns(l))))

82I(p' 2 rsin(ns®) sin(ns9)2(s)
) ”f L lds, %), ij=1,23.

apDaph 4 205)

T3

The last equalities and the evenness of v%(-) on each variables imply

(921 , 821 ’
0D o W) _ o =123
apDapD pDap)

for p’ € A. Since

Pwi(0;p")
opap®

w1 (0;p')

— 2 S AP ST
= (ll + 12)n , ap(i)ap(j) O,

i#j, i,j=1,23

for all p” € A by definition of A(-;-) we have

FPAP'50) _

O*A(p’ ;0

dpDop® pDapU)

for all p” € A. Therefore the function A(-; —/;&(-)) has non-degenerate minimum at the points
of p = p’ € A. This fact completes the proof of lemma. O

Lemma 3.8. Let K € A and zero be the regular type point for h(0) with h(0) > 0. Then there
exists a positive number C| such that the inequality

AK —-p;z—Le(p) > C
holds for any p € T3 and z < 0.

Proof. Let zero be the regular type point of h(0), that is, A(0;0) # 0. Assume A(0;0) < 0.
Then lim A(0;z) = —oco and the continuity of of the function A(0 ;) on (—o0;0] imply that

7——00

there exists zg < 0 such that A(0;zp) = 0. In this case by Lemma 3.1 the number z; is an
eigenvalue of the operator /4(0). On the other hand by the assumption of the lemma we
have h(0) > 0. Therefore the operator /(0) has no negative eigenvalues. This contrary gives
A(0;0) > 0.

Since for any K € A the function A(K — p;—[1&(p)) has minimum at the points p = p’ €
A, for all p € T? and z < 0 we obtain

AK = p;z—hLe(p)) > A(K - p;=lLe(p)) = A0;0) > 0.

Setting C; := A(0;0) we complete the proof of lemma. m]
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4 The Birman-Schwinger principle.

For a bounded self-adjoint operator A acting in the Hilbert space R, we define the number
n(y,A) by the rule

n(y,A) :=sup{dimF : (Au,u) >y,uc F CR, |lu|| = 1}.

The number n(y,A) is equal to the infinity if v < max oess(A); if n(y,A) is finite, then it
is equal to the number of the eigenvalues of A bigger than 7.
By the definition of N(K,z), we have

N(K,z) = n(=z,—H(K)), =z > —Tess(K).

Since for any K € T3 the function A(K — p;z—I1&(p)) is a positive on (p,z) € T3 x
(—00;Tess(K)), the positive square root of A(K — p;z—[1e(p)) exists for any K, p € T3 and
7 < Tess(K).

In our analysis of the discrete spectrum of H(K), K € T3 the crucial role is played by
the self-adjoint compact 2 X 2 block operator matrix T(K,z), z < Tess(K) acting on Hy @ H;
as

= Too(K, To1(K,
T(K.2) = ( "20( 2 To(K.2) )
To](K9Z) Tll(K,Z)

with the entries

vo(s)g1(s)ds
J VAR =siz=le(s)

Too(K,2)go = (1 +z2—=wo(K))go, To1(K,2)g1 = —

vi(p) vi(8)g1(s)ds .
2\JAKK - p;z—Lie(p)) o VAK = 552—11&(s)(W2(K; p, s) = 2)

(T11(K,2)g1)(p) =

The following lemma is a modification of the well-known Birman-Schwinger principle
for the operator H(K) (see [1, 3, 4, 25]).

Lemma4.1. Let K € T>. The operator ’T\(K, 7) is compact and continuous in 7 < Tess(K) and
N(K.2) = n(1,T(K,z)).

For the proof of this lemma, see Lemma 5.1 of [4].

S Finiteness of the number of eigenvalues of H(K), K € A

We starts the proof of the finiteness of the number of negative eigenvalues (Theorem 2.3)
with the following two lemmas.

Lemma 5.1. Let K, p’,q" € A. Then there exist the numbers C1,Cy > 0 and § > 0 such that
i) Cilp-p'P+lg—q'1») <waK: p.q) < Collp—p' P +lg—q'P), (p.9) € Us(p") X Us(q);
(i) wa(K; p,q) 2 C1, (p,q) & U Us(p)x U Us(q).

P'eEA q'eN
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Proof. Since for any K € A the function w,(K; -, -) has non-degenerate zero minimum at the
points (p’,q’) € A X A, we obtain the following expansion

2
n 4 4 ’ ’
waK:p.g) == [(h+)lp=p'F +2(p =g =4+ (i + b)lg —q P
+0(p-p'1H+0(g-¢'1")

as|p—=p'l,lg—q’| = 0 for p’,q’ € A. Then there exist positive numbers C;,C» and ¢ so that
(1) and (ii) hold true. O

Lemma 5.2. Let K € A and one of the following assumptions hold:
(i) the operator h(0) has a zero eigenvalue;
(ii) a zero is the regular type point for h(0) and h(0) > 0.
Then for any z < 0 the operator T(K, 7) is compact and continuous from the left up to
z=0.

Proof. Let K € A. Denote by Q(K; p, q; z) the kernel of the integral operator T\H(K, 2),2<0,
that is,

vi(p)vi(q) ‘
2yAK - p;z—Le(p)wa(K; p,q) —2) JAKK — g2 L1£(q))

O(K;p,q;2) :=

If the operator h(0) has a zero eigenvalue, then by the assertion (i) of Lemma 3.2 we
have vi(g’) = 0 for all ¢’ € A. By virtue of inequality (3.2), Corollary 3.6 and Lemma 5.1
the kernel Q(K; p,q;z) is estimated by

Cq
p'q' €N

(X&(P‘{’ ), 1)(Iq—q IX&({’Z_P )Xa(/qz—q ), 1) )(5(61—611) 1l 6
lp=p'l lp—p'I"+lg—q'l lg—q'|2
where ys(+) is the characteristic function of Us(0).

If a zero is the regular type point for h(0) and h(0) > O, then by virtue of Lemmas 3.8
and 5.1 the kernel Q(K; p,q;z) is estimated by

xs(p—p"Ws(q—q") )
c 1]. 5.2
: Z (Ipﬂv’lzﬂq—q’l2 " ©-2)

P .q' €A

The functions (5.1) and (5.2) are square-integrable on (T3)? and hence for any z < 0 the
operator /T\l 1(K, ) is Hilbert-Schmidt.

The kernel function of T“(K,z), z < 0 is continuous in p,q € T3. Therefore the conti-
nuity of the operator Tll(K, z) from the left up to z = O follows from Lebesgue’s dominated
convergence theorem.

Since for all z < 0 the operators TOO(K, 2), T01(K, z) and 7"\6‘1(1(, z) are of rank 1 and
continuous from the left up to z = 0 one concludes that ’T(K, z) is compact and continuous
from the left up to z = 0. O

We are now ready for the



Analysis of the Discrete Spectrum 31

Proof of Theorem 2.3. Let the conditions of Theorem 2.3 be fulfilled. Using the Weyl in-
equality
n(Ay + A2,A1 +Az) <n(A1,A1) +n(A2,Az)

for the sum of compact operators A; and A, and for any positive numbers A; and 1, we
have . _ _ _
n(1,T(K,z)) <n(1/2,T(K,0))+n(1/2,T(K,z) - T(K,0)) (5.3)

forall z <0.

By virtue of Lemma 5.2 the operator T(K, z) is continuous from the left up to z =0,
which implies that the second summand on the r.h.s. of (5.3) tends to zero as z — —0. By
Lemma 4.1 we have N(K,z) = n(1,T(K,z)) as z < 0 and hence

hIPON(K’Z) = N(K,0) < n(1/2,T(K,0)).

Thus N(K,0) <n(1 /Z,T(K, 0)). By Lemma 5.2 the number n(l/2,”f‘(K, 0)) is finite and hence
N(K,0) < co. This completes the proof of Theorem 2.3. O

6 Asymptotics for the number of negative eigenvalues of H(K),
KeA

In this section first we derive the asymptotic relation (2.3) for the number of negative eigen-
values of H(K), K € A.

Let S? be the unit sphere in R and o = L,(S?). As we shall see, the discrete spectrum
asymptotics of the operator T(K,z) K € A as z — —0 is determined by the integral operator
Sy, r=1/2|log|z|]| in Ly((0,r),0) with the kernel

1 (4 +Dh)? 1
SOt = —= (i +1)

2 b
4 ,l% 21,1, (11 +12)COShy+lzl

where y = x—x’, x,x’ € (0,r) and ¢ = (£,n) is the inner product of the arguments &,7 € S°.

The eigenvalues asymptotics for the operator S have been studied in detail by Sobolev
[25], by employing an argument used in the calculation of the canonical distribution of
Toeplitz operators.

Let us recall some results of [25] which are important in our work.

The coefficient in the asymptotics (2.3) of N(K,z) will be expressed by means of the
self-adjoint integral operator S(0), 0 €R, in the space o, whose kernel is of the form

S0 1 (L4 +1,)* sinh[farccos llszlzt]
T AR P2l sinh(n6) ~ °

and depends on ¢ = (£,77). For y > 0, define

+00

1 _
U= f n(y,5(6))do.

—00
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This function was studied in detail in [25]; where it was used in showing existence proof of
the Efimov effect. In particular, as it was shown in [25], the function U(-) is continuous in
v > 0, and the limit

1
lim =1 'n(y,S,) = U(y) (6.1)
r—02

exists and the number U(1) is positive.
For completeness, we reproduce the following lemma, which has been proven in [25].

Lemma 6.1. Let A(z) = Ao(z) + A1(2), where Ap(z) (A1(2)) is compact and continuous for
7 <0 (for z < 0). Assume that the limit

zl_iglo f@n(y,Ap(2)) = I(y)

exists and I(+) is continuous in (0; +o0) for some function f(-), where f(z) — 0 as z —» 0.
Then the same limit exists for A(z) and

lim fn(y.A@) = ().

Remark 6.2. Since the function U(-) is continuous with respect to v, it follows from Lemma
6.1 that any perturbation of Ay(z) treated in Lemma 6.1 (which is compact and continuous
up to z = 0) does not contribute to the asymptotic relation (2.3). In the rest part of this
subsection we use this fact without further comments.

Now we are going to reduce the study of the asymptotics for the operator T(K, 7) with
K € A to that of the asymptotics S .
Let T(8;|z]) be the operator in Hy @ H; defined by

T(6,|z|)-—( 0 T11(5;lz]) )

where T11(6;|z]) is the integral operator in H; with the kernel

Vi W@ Ws(p— P xo(q—q )mlp = p' 2 +212l/n?) 5 (mlg — p' I + 20zl /n?) "
(L +W)p-p'P+2b(p-p.qg—q)+ U +b)lg—q' 12 +2lzl/n?

D
P'.q'€No

Here
I +1p)3? -1
D:= %( Z v%(q’)) and m:=-+—-=

The operator T(0;|z]) is called singular part of T(K, 2).
The main technical point to apply Lemma 6.1 is the following lemma.

Lemma 6.3. Let K € A. Then for any z <0 and small 6 > O the difference T(K, z2)—T(6;z])
is compact and is continuous with respect to 7 < 0.
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Proof. By Lemma 5.1 and Corollary 3.6, one can estimate the kernel of the operator T] 1(K,2)—
T11(6;z)), z < 0, by the square-integrable function

1 1 lp—p'l+lg—4]
Ci + +
Z [Ip—p’l”2 lg—q'1'?  1p=p'1"2(p-p'P+lg—q'Plg—q'|'?
+ 2 1/4 |§|1/2 2 2 1/4 + 1]
(p=pP+lDY*Up-p' > +lg—q'P)(g—q'1> +z)"/

Hence, the operator Tll(K, z) — T11(8;|z]) belongs to the Hilbert-Schmidt class for all z < 0.
In combination with the continuity of the kernel of the operator with respect to z < 0, this
implies the continuity of Tll(K, z) — T11(6;z]) with respect to z < 0.

It is easy to see that T\OO(K, 2), T\()](K, z) and T\(’;I(K, z) are rank 1 operators and they

P g’ €M

are continuous from the left up to z = 0. Consequently T‘(K, z) — T(d;z]) is compact and
continuous in z < 0. |

From definition of T(6;]|z]) it follows that o (T(5;|z])) = {0} U o(T11(5;|z])) and hence
n(y,T(6;1z])) = n(y, T11(6;z])) for all y > 0.
The following theorem is fundamental for the proof of the asymptotic relation (2.3).

Theorem 6.4. We have the relation

n(y, T11(3;1z])) _

U(y), > 0. 6.2
Izl—0 [log |zl 0.y ©.2)

Proof. The subspace of functions ¥, supported by the set |J Us(q’) is invariant with
q'€No

respect to the operator 7(9;z|). Let T?l (0;1z]) be the restriction of the integral operator

T11(6;z]) to the subspace Lo( |J Us(q')), that is, the integral operator in Ly( | J Us(g’))
q'€Ao q’'€Ng

with the kernel T?,(; |2];-,) defined on | Us(p’)x U Us(q') as
P'ERg q'€No

D(mlp—p' >+ 2120/ (n2) "5 (mlg — g 12 + 21l (n?)) "
(Lh+DL)p—p'P+2L(p-p.q-q)+ U1 +b)lg—q'?+2lzl/(n?)’

(p.q) € Us(p")x Us(q") for p’,q" € Ao.
In the rest part of the proof we denote by ng the number of points of Ag and for conve-

INCHEI

nience we numerate the points of Ag as pi,...,py, and set 1,ng = 1,...,no.
Since Ly( |J Us(q)) = P La(Us(q')), we can express the integral operator T (5; |z])
q/EAO q/EAO

no

as the ng X ng block operator matrix Ty(9;|z|) acting on EB Lr(Us(py)) as
i=1

(SR ST P C )

To(5;2l) := : :

B

TV @l .. T kD)

where for i, j = 1,ng the operator T(()i’j)(é; z]) : Lo(Us(p;)) — La(Us(p;)) is the integral oper-
ator with the kernel Ty(6;1zl; p,q), (p,q) € Us(pi) X Us(p;).
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Set
LIWU,0) = (¢ = @1, 6uy) : 61 € La(U,0)). i = Lp).

It is easy to show that T(9;|z]) is unitarily equivalent to the ny X ng block operator matrix
1
T(r), r=|z]"2, acting on L(Z”O)(U,(O)) as
vi(povi(p)Ti(r) ... vipOVI(Pu)T1(r)
Ti(r):= : - : ;
VP )Vi(pDT1(r) ... Vi(Pug)V1(Pug)T1(r)
where T'(r) is the integral operator on Ly(U,(0)) with the kernel
D(mlpl +2/(n?)~3 (mlgl* +2/(n?)) "%
(h +D)IpP +2L(p.q) + (1 + b)lgP? +2/(n?)

The equivalence is realized by the unitary dilation (ng X ng diagonal matrix)

no
B, :=diag(B\"..... B} : D Loa(Us(pi)) - LYV (U(0)),

i=1
Here for i = 1, n( the operator B(,i) s Ly(Us(pi)) — La(U(0)) acts as
BV F)(p) = (/8" f(5p/r+ py).
Let A, and E be the ng x 1 and 1 X ng matrices of the form

vi(p)T1(r)
A= : s E=0(p)I...vi(pu)I),
Vi(Pr)T1(7)

respectively, where [ is the identity operator on L,(U,(0)).

It is well known that if By, B> are bounded operators and y # 0 is an eigenvalue of B B,
then vy is an eigenvalue for B, B; as well of the same algebraic and geometric multiplicities
(see e.g. [11]). Therefore, n(y,A,E) = n(y,EA,), v > 0. Direct calculation shows that
Ti(r) = A,E and

L]

EA, = T?(r) = (Z V%(pi))Tl (r).

i=1
So, for y > 0 we have n(y,T(r)) = n(y, T%(r)).
Furthermore, replacing

mlpP +2/(®)3,  (mlgl? +2/(n®)  and () + L)l + 2L (p.q) + (I +b)lgl? +2/(n)
by the expressions
mlpPs A =1 (e~ mlg®iA—x1(@)™" and (1 +L)Ipl +2hL(p.q) + (I + L)lgl,

respectively, we obtain the integral operator T5(r). The error T?(r) —T»(r) is a Hilbert-
Schmidt operator and continuous up to z = 0.
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Using the dilation
M : Ly(U,(0)\ U(0)) = Ly((0,1),0),  (Mf)(x,w) = e f(e*w),

where r =1/2|log|z||, x € (0,r),we S2, one sees that the operator T,(r) is unitarily equivalent
to the integral operator Sy.

Since the difference of the operators S, and 7T'11(6;|z]) is compact (up to unitary equiva-
lence) and hence, since r = 1/2|log|z||, we obtain the equality

n(y, T11(0;1z]))

1
=lim=r"'n(v,S,), ¥>0.
a0 log 2] o .Se), ¥

02
Now Lemma 6.1 and the equality (6.1) complete the proof of Theorem 6.4. O
We are now ready for the

Proof of Theorem 2.4. Let the operator h(0) have a zero energy resonance and K € A. Using
Lemmas 6.1, 6.3 and Theorem 6.4 we have that

n(1,T(K,z))

=U(1).
-0  [|loglzl| O

Taking into account the last equality and Lemma 4.1, and setting Uy = U(1), we complete
the proof of Theorem 2.4. O
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