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CHARACTERISTIC PROPERTY OF THE FADDEEV EQUATION FOR
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Abstract: in this paper a model operator (Hamiltonian) H,,, u,y > 0 associated to a system of three
quantum particles on a one-dimensional lattice that interact via non-local potentials is studies. We
construct an analogue of the Faddeev type system of integral equations for the eigenfunctions of H,,,
and give a characteristic property of this system of equations. We describe the essential spectrum of
Hyy. It is established that the essential spectrum of Hy, consists the union of at most three bounded
closed intervals.

Keywords: model operator, non-local potentials, system of particles, the Faddeev equation, essential
spectrum, Hilbert-Schmidt operator.

XAPAKTEPUCTUYECKHUE CBOMCTBA YPABHEHHS ®AIJIEEBA
JJIAA TPEXYHACTUYHOI'O MOJEJIBHOI'O OITIEPATOPA
HA OJHOMEPHOM PEHIETKE
Ymupkyiosa I'.X.!, Pacynos T.X.? (Pecny6;inka Y36exucran)

'Ymuprynoea I'vixaé XycnuoOun kusu — Masucmpanm;
’Pacynos Tynxun Xycenosuu - Kanouoam Qpusuko-MameMamuyeckux Hayx, 3a6e0yiouuti kageopoii,
Kageopa mamemamuxu,
Byxapcxuii eocyoapcmeennvlii ynugepcumen,
2. Byxapa, Pecnybnuxa Y36exucman

Annomauus: ¢ smou pabome usyyen mooenvuviii onepamop (Iamunomonuarn) Hyy,u,y >0,
aACCOYUUPOBAnNbIL € CUCMEMOU  mpex KEAHMOBbIX 4Yacmuy HA OOHOMEPHOU peuiemke U
63AUMOOCLICMEYIOUUX C NOMOWBIO NAPHBIX HELOKALbHbIX nomenyuanos. Ilocmpoen ananoe cucmemovl
unmezpanonblx ypasnenui muna Paddeesa ons cobcmeennvix ynxyutl onepamopa Hy, u usyuensvl
eeo  xapaxmepucmuueckue ceoticmea. Onucan  cywecmeennvil  cnexmp — onepamopa  Hy,.
Yemanosnerno, umo cywecmeennwiii cnexmp onepamopa Hy,, cocmoum uz o6vedunenus ne 6onee uem
mpex ompesKos.

Kniouesnle cnosa: mooenvuviii onepamop, HelOKAIbHble NOMEHYUAbl, CUCeMAd YaACmuY, YPAGHeHus
Daooeesa, cyuecmeennulii cnekmp, onepamop I unvbepma-Linuoma.

It is well-known that in the physical literature, local potentials, i.e., multiplication operators by a
function, are typically used. But the potentials constructed, for example, in pseudo-potential theory [1]
turn out to be non-local. Such for a periodic operator are given by the sum of local and a finite
dimensional potentials. Non-local separable two-particle interactions have been used in nuclear
physics and also many-particle problems because of the fact that the two-particle Schrodinger equation
is very easily solvable for them, and leads to closed expressions for a large class of such interactions.
They have also been used very systematically with Faddeev type equations for the three-particle
problem. Their main feature is that the partial-wave t-matrix has a very simple form, and can be
continued off the energy-shell in a straightforward manner, a feature which is most important, as is
well known, in nuclear physics, and in the Faddeev type equations [2].

In the present paper the model operator (Hamiltonian) Hy,, 4,y > 0 associated to a system of three
particles on a one-dimensional lattice and interacting via non-local potentials is considered. One of the
important problem in the spectral theory of such operators is to construct an analogue of the Faddeev
type system of integral equations for the eigenfunctions of H,,, and to describe its essential spectrum.

19 = European science Ne 2 (51). Part Il



Let us state the problem. We denote by T the one-dimensional torus. The operations addition and
multiplication by real numbers elements of T* c R should be regarded as operations on R modulo

2nZ. For example, if
3

x=?,y=2?nET1,then x+y=—111—5n,10x=0ET1.
In the Hilbert space L3 (T?) of square-integrable symmetric (complex) functions defined on T?,
we consider the model operator:
Hyy =Ho—uVy — uV, —yVs
where Hj is the multiplication operator by the function u()
(Ho)(x,y) = ulx, y)f (x,y)
and ,, @ = 1,2,3 are non-local interaction operators:

Vi) y) = v1(x) [ v (Of & y)dt,
V2N Y) = 1) [rava (OF (x, D)t

Vs y) = f 1 (Of (6 x +y — D).
Tl

Here f € L5(T?),u,y are real positive numbers, the functions v, (-), @ = 1,2 are real-valued
continuous functions on T! and the function u() is a real-valued symmetric continuous function on
T2. By the definition, the operators V,,, @ = 1,2,3 are partial integral operators with degenerate kernel
of rank 1.

Under these assumptions on the parameters the operator Hy,, is bounded and self-adjoint.

Note that Schrodinger operators of the form (1) associated with a system of three particles on a
lattice were studied in many works, see e.g., [3-17]. In [3,4] the sufficient conditions for the finiteness
and infiniteness of the discrete spectrum are found. In [5] it was proved that the essential spectrum of a
three-particle Schrodinger operator on a lattice is the union of at most finitely many closed intervals
even in the case where the corresponding two-particle Schrodinger operator on a lattice has an infinite
number of eigenvalues. In [6] the Efimov effect for (1) was demonstrated when the parameter function
u() has a special form. Spectral properties of operator matrices, whose one of the diagonal
elements have a form (1) were studied in [18-28].

The spectrum, the essential spectrum and the discrete spectrum of a bounded self-adjoint operator
will be denoted by a(+), 0.s5(*) and o 4;5.(+), respectively.

For any x € T' and p,y we define an analytic functions Al(ll) (x;+) and A1(,2) (x;) in\
[m(x); M(x)] by ,

8O0 D) =1-uf, 205 AP D =1-v [,
where the numbers m(x) and M (x) are defined by

m(x) == minu(x,y) and M(x) := max u(x,y)

yeT?! yEeT?!

vy (t)dt
u(tx—t)-z"

Let 07 resp. o, be the set of all complex numbers z € C\[m(x); M(x)] such that the equality
A‘(ll) (x; z) = O resp. Aiz)(x; z) = 0 holds for some x € T* and
m:= min u(x,y), M:= max u(x,y), :=o0,Uoc,U [m:M].
x,yET?! X,y€T!
We introduce the following vector space
LY = (i, f2): fu € L(TY), @ = 1,2},
In our analysis of the essential and discrete spectrum of Hy, the crucial role is played by the
Faddeev-Newton-type operator matrix T(z),z € C\ acting on L(zz)(Tl) as
_(Tu(®) T12(Z))
@)= (T21(Z) 0
with the entries T;;(2): L, (T*) = L,(T"), i,j = 1,2:
pvs(x) v1(t) g, (£)dt
T = ;
(T11(2) g1) (%) A(l)(x'z) w(x0) -z
Y [(n - g0
14 1t —X)g;
T = ;
o |"es
u f v (x — ) (2 (t) + vy (x — ) g, (£)dt
@, tt—x)— )
AP (x; 2) u(t,t—x)—z

)

(T21(2)g1) (x) =
Tl
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We note that for each z € C\ the entries T;; (2) belong to the Hilbert-Schmidt class and therefore,
T(z) is a compact operator.

The following theorem is an analog of the well-known Faddeev's result for the operator H,,, and
establishes a connection between eigenvalues of H,,, and T(2).

Theorem 1. The number z € C\X' is an eigenvalue of the operator H,, if and only if the number
A =1 is an eigenvalue of the operator T(z). Moreover, the eigenvalues z and 1 have the same
multiplicities.

We point out that the matrix equation T(z)g = g is an analogue of the Faddeev type system of
integral equations for eigenfunctions of Hy,,

The following theorem describes the location of the essential spectrum of Hy,

Theorem 2. The essential spectrum of H,, is coincide with the X,
that is, O (Huy) = Y. Moreover, the set X consists no more than three bounded closed intervals.

In the following we introduce the new subsets of the essential spectrum of H,,: the sets ; U 0,
and [m: M] are called two- and three-particle branches of the essential spectrum of Hy,, respectively.
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