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Abstract: In this paper we consider a Friedrichs model H with rank two perturbations. It is
associated with a system of two quantum particles on d— dimensional lattice. We investigate the

structure of the closure of numerical range W(H ) of this operator in detail by terms of its

parameters for all dimensions d of the torus T . For d>3 ad o = 1,2 we find the critical
y >0 0; 4t ] there s no c
value U, of the parameter [, such that for all L, € ( ,,Lla] there is no eigenvalues

0
outside of the essential spectrum of H and for all Mo > My there are two eigenvalues of H.

Moreover, we find the conditions, which guarantees that the set W(H ) is closed.

Keywords: Friedrichs model, perturbation, quantum particles, numerical range, spectrum, threshold
eigenvalues, virtual level.

CTPYKTYPA UUCJIOBOM OBJACTHU 3HAYEHU MOJEJIA
®PUIPUXCA C JBYMEPHBIM BO3MYIIIEHUEM
Baxponos B.H.", Pacynos T.X.? (Pecny6iinka Y36ekucran)

!'Baxponoe Bex300 Henom yanu — mazucmpanm,
’Pacynoe Tynxun Xycenosu - Kanouoam Qusuko-mamemamuseckux Hayk, 3aéedyiowuii kageopoii,
Kageopa mamemamuxu,
Byxapcxuii eocyoapcmeennvlil ynusepcumen,
2. Byxapa, Pecnybnuxa Y36exucman

Annomayus: ¢ pabome paccmampusaemcs. modenv Ppuopuxca H ¢ dsymepnviv sozmywenuem.
Ono accoyuupogano ¢ cucmemoii 08yX K8AHMOGLIX 4aACmuy Ha d —mepHoul pewemke. Cmpykmypa

3AMBIKAHUSL HUCT0B0U 00acmu 3HAYeHUl W(H) omoeo onepamopa n00p06H0 uccnedosana 6

d
MEePMUHAX e20 Napamempos Npu 8cex pPa3MepHOCHAX d mopa T°. lna d>3 u a=12
HaxoOoum  Kpumuueckoe snauenue [, napamempa Hy >0 maxoe, umo npu ecex
My € (Onua] He cyujecmeyrom coOCmEeHHble 3HAYEHUs, Jaedxcaujue GHe CYUeCmBeHHO20

0
cnexmpa onepamopa H u ona no6oix Mo > Mo onepamop H umeem osa cobcmeennvix

s3nauenust. Hatioem ycaosue, capanmupyrowjee 3SAMKHYmoCchnib MHO}cecmed W(H) .

Knwuesvie cnosa: mooenv @puopuxca, 603myweHus:, K6AHMosble Yacmuybsl, NOIsL 3HAYEHUL, CHeKmp,
nopoeogvie coOCMEeHHbIe 3HAYEHUE, BUPIYATbHBII YPOBEHD.

In a well-known monograph [1], Friedrichs considered the operator of multiplication by an
independent variable as an unperturbed operator and chose a perturbation to be given by an integral
operator. This model was subsequently called the model of the perturbation theory of the continuous
spectrum because the continuous (essential) spectrum of a self-adjoint operator is unchanged under
compact perturbation. The present paper is devoted to the study the numerical range of a Friedrichs
model, where as a perturbation chosen an integral operator with rank two.
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First, we recall the definition of numerical range. Let [ be a complex Hilbert space with inner
product (-;-) and H be a linear operator in L with domain D(H) < L. Then the numerical

range of an L is the subset of the complex numbers C, given by
W(H):={(Hx,x): x € D(H), |x| =1} . 1t was first studied by O.Toeplitz in [2]. In [3]

F.Hausdorff showed that indeed the set W(H ) is convex. We recall that the numerical range of a
bounded linear operator satisfies the so-called spectral inclusion property

WH)co,(H), W(H)co(H)
for the point spectrum O » (H ) (or set of eigenvalues) and the spectrum O'(H )of H ; note

that W(H ) is closed if dim L < .
The notion of numerical range is generalized by the different ways, see for example [4-7]. One
important use of W (H') is to bound the spectrum o(H).

For positive integer number dleT a be the d -dimensional torus, the cube (—7Z' 7T ]d with
appropriately identified sides equipped with its Haar measure and L2 (T a ) be the Hilbert space of

square integrable (complex) functions defined on 1’ 4.

Let us consider a so-called Friedrichs model H acting on the Hilbert space L, (T’ ¢ )
H=H, -V, + w1, M
where the operators H o and Va , o =1,2 are defined by

HXP) =u(P)f (D). Vo D) = #,0,(P)], 0, (O f O)dr, =12

Here p, >0, =12 are positive reals, u(-) and U,(-), i=1,2are real-valued
continuous functions on 7' d . Under these assumptions, operator H defined by (1) is bounded and
self-adjoint.

Notice that when we study the model operators associated to a system of three particles on a d -
dimensional lattice [8-19] and interacting via non-local potentials, the role of a twoparticle discrete
Schrodinger operator is played the Friedrichs model. Such type operators are also important in the

investigations of the essential spectrum and the number of eigenvalues, located inside (in the gap, in
the below of the bottom) of the essential spectrum of operator matrices [20-25].

It is clear that the essential spectrum of the operator / coincides with the spectrum of [m1; M ],
where the numbers 72 and M are defined by
m:=minu(p), M :=maxu(p).
per peT’
Throughout this paper, we assume that the function u() has the continuous partial derivatives up
to the third-order inclusive on T , in addition it has an unique non-degenerate minimum at the point
p, € 77 and an unique non-degenerate maximum at the point p, € 7.
For the case d > 3 it is easy to check that the integrals
I v (t)dt ,f 3 (¢)dt
" u(t)-m’ M —u(t)’

are positive and finite. In this case we introduce the following quantities:
-1 -1
sl v/ ()t =[] v, ()t
UM uey-m ) 0 T I —uey )
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One can show that under the condition
mes(supp {0, ()} Nsupp ,()}) =0. 3)
for any 1, < yg, a =1,2 the operator /H has no eigenvalues lying in the outside of

[m;M] and for any M, > ,ug, a=1,2 the operator H has two simple eigenvalues
E, € (—oo;m) and E, € (M;00).

The following theorem describes the numerical range W (H') of H .

Theorem 1. Let d > 3 and the condition (3) be fulfilled.

DIf p, Syao forany & =1,2, then W(]:I_5=[m;M]=G(H);

2)If g1, < g1 and g, > 1l then W(H) =[m; E,] < o(H);

I g, > po forany @ =1,2,then W(H) =[E; E,] < o(H).
A simple calculations show that if d =1,2 and v, ( p a) #0, a =1,2, then the integrals
(2) are infinite. Therefore, for any £/, > 0, ¢ =1,2 the operator H has two simple eigenvalues

E1 € (—OO; m) and E2 € (M ;OO). From  these  fact it  follows  that
W(H) =[E;E,] < o(H).
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