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Abstract: a bounded self-adjoint family of 3 X 3 operator matrices A(K) KeT? = (_ﬂ-;;z]d

acting in the cut subspace of standard Fock space is considered. Such matrices arising in the spectral

d
analysis of the spin-boson model with two bosons on the torus T% . an information about the
essential spectrum of A( K ) is given. We construct the "regularized Fredholm determinant" in terms
of Fredholm's minor and determinant corresponding to Faddeev type integral operator. It is shown
that zeros of this determinant coincide with the discrete eigenvalues of A(K) lving outside the

essential spectrum.
Keywords: operator matrix, cut subspace, standard Fock space, annihilation and creation operators,
essential spectrum, the Fredholm theorem, the Fredolm determinant and minor.

OCHOBHBIE CBOMCTBA PET'YJISIPU3OBAHHOI'O OIPEJAEJUTEJIS
®PEATIOJIBMA, COOTBETCTBYIOIUE CEMEWCTBY 3x3
OIIEPATOPHBIX MATPMUIL
Tomesa H.A.', Pacyios T.X.” (Pecny6inka Y36ekncran)

'Towesa Hapauza Axmedosna — accucmenm;
’Pacynos Tyaxun Xycenosuy — kanoudam usuxo-mameMamuieckux Hayx, 3a6edyiouuii kageopot,
Kagedpa mamemamuxu,
Byxapcxuii eocydapcmeenmbiii ynugepcumen,
2. Byxapa, Pecnybnuxa Y36exucman

Aunomauuﬂ: paccemampueaemcsi OZcpaHuyeHnoe CaAMOCONpPAdCEeHHoe cemeticmea 3 X 3

ONnepamopHulxX Mampuy A(K) K er = (—7[;7[]d, deticmeyrowuii. 6 00Pe3aAHHOM
noonpocmpancmee cmaHoapmuozo Qokoscko2o npocmpancmea. Taxue mampuyvl G03HUKAIOM 6

CNEeKMpanbHOM auanuse mMooenu CnuH-6030na ¢ He Oonee wem 08yMsi pomonamu Ha d -MepHOUl

d
mope 7. Jano ungopmayusi 06 cywecmeennom cnekmpe onepamopa A(K ) Iocmpoen

peaynspuzosanublii onpedeaumens Ppedeorvma 8 mepmunax muHopa u onpedenumens Ppedzonrvma
coomgemcmeyrowuli unmezpaneHoeo onepamopa Ppedeorvma. Ycmanoeneno, umo Hyau 3moco

0emep.wuHaHma cosnadarom 6uc;<pemnbm4u COOCMBEHHbIMU  3HAYCHUIMU onepamopa A(K),

JeACAUUX BHE CYUYECMBEEHHO20 CReKMPd.

Knrouesvie cnosa: onepamopnas mampuya, obpezannoe NoONPOCMPAHCMBEO, CMAHOAPMHOE
npocmpancmeo Doxa, onepamopsl YHUUMONCEHUS. U POICOCHUS, CYUWeCMEEHHbII CReKmp, meopema
Dpeodzonvma, onpedenumens u munop Ppedeoavma.

Block operator matrices are matrices where the entries are linear operators between Banach or
Hilbert spaces [1]. One special class of block operator matrices are Hamiltonians associated with
systems of non-conserved number of quasi-particles on a lattice. Their number can be unbounded as in
the case of spin-boson models [2] or bounded as in the case of "truncated" spin-boson models [3-6].

11 = European science Ne 2 (51). Part Il



In the present paper we consider a family of 3x3 tridiagonal operator matrices of the form

Apo(K) Ay 0 Kerd
AK)=| Ay  A(K) A | € W
0 Ajy A (K)

in the so-called truncated Fock space

H:=H,®H, ®H,

with HO = C, Hl I=L2(Td) and H2 = L?ym((Td)z).Here Td isa d -
dimensional torus, the cube (—71' T ]d with appropriately identified sides equipped with its Haar
measure, C e the field of complex numbers (channel 1), L2 (T d) be the Hilbert space of square

d
integrable (complex) functions defined on T (channel 2) and Lfym ((T d )2) stands for the

d~\2
subspace of Lz ((T ) ) consisting of symmetric functions (with respect to the two variables)

(channel 3).
The matrix entries Aii(K):Hi —)Hi, i=0,1,2 and Aij ;Hj — H;, 1< j,

i,j = 0,1,2 are given by

Ago(K) fo = 0y(K) fo. g1 J1 = Id vo(?) f1(2)dt .
T
(41(K) /)(p) = (K; p) fi(p). (A1 f2)(p)= Idvl(f)fz(}?,f)dta
T

(A (K) f2)(P,q) = (K; p,q) f2(p,q), [; €H; i=0,1.2.

Throughout the paper we assume that the parameter functions @pn(+), V:(+), i=0,1;
0 i >
d d\2 d~\3
601( 5 ) and Dy (,,) are real-valued continuous functions on 1 ; (T ) and (T )
d
, respectively. In addition, for any fixed K €T* the function Wy (K 5" ,‘) is a symmetric, that

is, the equality @ (K; p,q) = @, (K;q, p) holds forany p,g €T d

Under these assumptions the operator A(K ) is bounded and self-adjoint.

We write elements f of the space H in the form, f:(fo,fi,fz), f; EHi’
i:0,1,2 and for any two elements f:(fo,ﬁ,fz), g:(go,gl,gz)EH their

scalar product is defined by
(f,8):=fo&o+ 1 1) g (Ddt+ [ [fr(s,t)ga(s,t)dsdt
d d\2
T (")
The family of operator matrices of this form play a key role for the study of the energy operator of
the spin-boson model with two bosons on the torus. In fact, the latter is a 6x6 operator matrix which
is unitary equivalent to a 2 X 2 block diagonal operator with two copies of a particular case of

A(K ) on the diagonal, see [5,6]. Consequently, the essential spectrum and finiteness of discrete
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eigenvalues of the spin-boson Hamiltonian are determined by the corresponding spectral information
on the operator matrix A(K ) in (1).

Independently of whether the underlying domain is a torus or the whole space or the whole space

R™ the full spin-boson Hamiltonian is an infinite operator matrix in Fock space for which rigorous
results are very hard to obtain. One line of attack is to consider the compression to the truncated Fock

space with a finite N of bosons, and in fact most of the existing literature concentrates on the case

d
N < 2. For the case of R™ there some exceptions, see e.g. [3] for N =2 and [4] for
N=3 , where a rigorous scattering theory was developed for small coupling constants.

For the case when the underlying domain is a torus, the spectral properties A(K ) for a fixed

K were investigated in [5-14], see also the references therein. The results obtained in this paper for

d
all K will play important role when we study the problem of finding subset AT such that
the operator matrices A(K ) has a finitely or infinitely many eigenvalues for all KeA.

Spectral properties of the 2x2 operator matrices are studied in [15-22].
Throughout this paper, we use the following notation. If A s a linear bounded self-adjoint

operator from Hilbert space to another, then O (A) denotes its spectrum, O o¢¢ (A) its essential

spectrum and O ;¢ (A) its discrete spectrum.
We define the numbers i, (K, k) and E 0 (K, k) as
E in(K,k):= milzi 0, (K;k,q), Epax (K k)= max @, (K;k,q)
qeT qeT
For any fixed K,keT 4 e define an analytic function A g (k) in
C\[Emin(Ks k) 5 Ernax(Ks k)] by
Ag (k;2) = oy (K k) — 2 _;Tjd a)z(v}z(;)f)’_z
Let A g be the set of all complex numbers Z € C\[E\ i (K, k) 5 Epax (K, k)]

such that the equality A K (k S Z ) = ( holds for some K ,k el d and

mg = min a)z(Kap7Q)’ My = max a,(K;p,q) 2[{ :[mkaMK]UAK

p.qeT p.ger?

Forany Z € C\X K Wwe define an integral operator T (K A ) acting in the Hilbert space
Hl as

Suppose that I is the unit (T(K;2)g)(p) = vi(p) vi(8) g (0)dt

. d »Z)8INP oA ) K .
operator in Ly (T%), xk(p;z) Td ) (K;p,t)—z

A(K 3z ) and B( K;x, ¥, Z) are respectively the Fredholm determinant and minor of the operator
[-T(K;z)
Forany Z € C\x K » we define the regular function

13 = European science Ne 2 (51). Part Il



, R
— o vat . vo(pvo(t) B(K; p,t; )
QK(z).—(a)O(K) z TJd AK(I’Z)J A(K,Z)erg)2 A drdp

Theorem 1. A number Z € C' \ X K is an eigenvalue of the operator A(K ) if and only if
Q K (Z ) =0.
By Theorem 1, the function Q K () possesses the characteristic property of the Fredholm

determinant. For this reason, we call it the "regularized Fredholm determinant” corresponding to A(K ) .
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