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TRIGONOMETRIK TENGLAMALAR VA TENGSIZLIKLAR
YECHISHNING BA’ZI TATBIQLARI

Xayitova Xilola Gafurovna,

Buxoro davlat universiteti

Matematik analiz kafedrasi o ‘gituvchisi
xilola_xayitova@mail.ru
X.g.xayitova@buxdu.uz

Annotatsiya. Ma’lumki, maktab matematika fanining ba’zi mavzularini o ‘gitishda pedagoglar
uchraydigan muammolarning bir gancha yechimlari, tavsiflari o rganilib kelinmogda. Oliy ta’lim va o ‘rta
maktab hamkorligida amalga oshirilayotgan ishlar ham shular jumlasidandir. Ushbu magqgolada o ‘rta
maktab matematika fanining trigonometrik tenglamalar va tengsizliklar mavzusini o ‘qitishda qo ‘llaniladigan
interfaol metodlar va ba’zi tavsiyalar keltirib o ‘tilgan. Mazkur mavzularni mustahkamlashga doir
tushunchalar berilgan.

Kalit so“zlar: trigonometrik tenglama, trigonometrik tengsizlik, yechim, almashtirish.

HEKOTOPBIE IPUJIOKEHUSA PEHIEHUSA TPUTOHOMETPUYECKUX
YPABHEHMI U HEPABEHCTB

Annomayus. Hzeecmno, umo usyyaemcss pso peweHull u ONUCaHuil npobiem, ¢ KOMOopblMu
CMANKUBAIOMCS NeOA202U NPU NPENnoOasanull HeKOMoOPbIX mem WKOAbHOU mamemamuxu. K num omnocumcs
U coeMecmHas paboma, OCYwecmeisiemMas GblCUUMU VUeOHBIMU 3A6C0eHUAMU U CPEOHUMU wKonamu. B
OaHHOIL cmamve nPedCcmasieHvl UHMePAKMUGHbLE MEMOObL U HEKOMOPble PEKOMEHOAYUU, NPUMEHSIeMble NPU
npenooasanuy memvl MpUSOHOMEMPUHECKUX YPAGHEHUL U HEPABEHCME 6 Kypce MAMeMAamuru cpeoHell
wikonwl. Tpusedenvl KoHyenyuu 05 3aKPenieust Smux mem.

Knrouesvie cnosa: mpuconomempuueckoe ypasnenue, mpueoHOMempuieckoe HepaseHcmeo, peueHue,
NnoOCMAaHo8Ka.

SOME APPLICATIONS OF SOLVING TRIGONOMETRIC EQUATIONS AND
INEQUALITIES

Abstract. It is well known that various solutions and descriptions of problems faced by teachers in
teaching certain topics of school mathematics are being studied. The collaborative work between higher
education institutions and secondary schools is also part of these efforts. This article presents interactive
methods and some recommendations for teaching the topic of trigonometric equations and inequalities in
secondary school mathematics. Concepts for reinforcing these topics are also provided.

Keywords: trigonometric equation, trigonometric inequality, solution, substitution.

Kirish. Ma’lumki, tenglama (tengsizlik) deyilganda, F (x, v, ...., z) va F;(x, v, ...., z) funksiyalarning

Fj_(x_.}",...._.Z}ZFE(X_.}’_....._.Z} (1}

tengligi (F; = F; tengsizligi) tushuniladi. (1) tenglamani (tengsizlikni) har doim

fle,y,..,z) =0 (f=0)

ko‘rinishdagi tenglama (tengsizlik) bilan almashtirish mumkin.

Tenglamani (tengsizlikni) yechish deb, tenglamada (tengsizlikda) qatnashayotgan o‘zgaruvchilarning
tenglamani (tengsizlikni) to‘g‘ri tenglikka (tengsizlikka) aylantiradigan qiymatlar to‘plamini topishga
aytiladi. Topilgan qiymatlar to‘plami tenglamaning (tengsizlikning) yechimlar to‘plami deyiladi.

Ushbu

flfxl,xz,....,xn}={] (2}
va
falxg, 22,0, x,) =0 (3)

ko‘rinishdagi tenglamalar (tengsizliklar) berilgan bo‘lib, ular biror B sohada aniglangan bo‘lsin.
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Ta’rif. Agar B sohada (2) tenglamaning (tengsizlikning) yechimlar to‘plami (3) tenglamaning
(tengsizlikning) yechimlar to‘plami va aksincha, (3) tenglamaning (tengsizlikning) yechimlar to‘plami (2)
tenglamaning (tengsizlikning) yechimlar to‘plami bo‘lsa, u holda (2) va (3) tenglamalar (tengsizliklar) B
sohada teng kuchli (ekvivalent) tenglamalar (tengsizliklar) deyiladi.

Agar Fl(x,v,..,z,ab,..,c) tenglamaga sodda transtendent funksiya bo‘lsa, u holda
F(x,¥, ..,z ab,..,c) =0 tenglama transtendent tenglama deyiladi. Trigonometriyada transtendent
tenglamada qatnashayotgan o‘zgaruvchilar ustida trigonometrik va teskari trigonometrik amallar qatnashsa, u
holda bunday tenglamalarni trigonometrik tenglamalar deb garaladi. Har ganday trigonometrik tenglamalarni
yechish eng sodda trigonometrik tenglamalarni yechishga keltiriladi. Bular quyidagilardir:

sinx = a, COsX = @, tgx = a, ctgx = a.

Tenglamalar yechish jarayonida ba’zi bir shakl almashtirishlar bajariladi. Agar bunday almashtirishlar
tenglamalarning teng kuchlililigiga doir teoremlarga asoslangan bo‘lsa, u holda hosil bo‘lgan tenglamaning
yechimi bo‘ladi. Aks holda yechimlar tekshirilishi kerak. Trigonometrik funksiyalarning aniq bir qiymatini
beradigan argumentning qiymati cheksiz ko‘p bo‘lganligi uchun tenglamaning bir xususiy yechimini
olgandan so‘ng umumiy yechim formulasini hosil qilish mumkin.

Algebraik tenglamalarga keltiriladigan tenglamalar. Bunday turga

flsinx) =0, flcosx) =0, fltgx) =0, fletgx) =0
ko‘rinishdagi tenglamalar kiradi. Bu yerda

I = sinx
flsinx) = 0~ () = 0 ~fginge=1t; Usinx=t, U..Usinx=1t,]}

belgilash kiritish bilan (agar f(t) = 0 tenglama ty,t3, ..., t, ildizlarga ega bo‘lsa) hosil bo‘lgan sodda
tenglamalar yechilib, berilgan tenglama ildizlari hosil gilinadi.
sinx va cosx ga nisbatan bir jinsli bo ‘Igan tenglamalar.

ap(sinx)™ + a,(sinx)™ tcosx + -+ a,_y5inx (cosx)" 1+ a,(cosx)" =0 (4)
ko‘rinishidagi tenglama (bunda a; € R,i = 1,n) sinx, cosx ga nishatan bir jinsli tenglama deb ataladi.
Agar g = 0 bo‘lsa, casx =0, x; = L—T + mn, n € N sonlar berilgan tenglamani ganoatlantiradi.

Agar g # 0 bo‘lsa, cosx # 0, berilgan tenglama

apltgx)®+a,(tgx)* 1+ --+a, jtgx+a, =0 (5)

Yordamchi burchak kiritish usuli bilan yechiladigan tenglamalar. asinx + bcosx = ¢ ko‘rinishidagi
tenglamani yordamchi burchak kiritish bilan yechaylik, bunda @, b, ¢ # 0. Unga ko‘ra,

c . b
_, 0 = arctg—.
VaZ+ b? a

= 1 yoki ¢ = a? + b? shart o‘rinli bo‘Isa, u holda berilgan tenglamaning yechimi:

asinx + beosx = c~sin(x + @) =

c

Agar

Yl Iz

x = —¢ + (—1)™arcsin

b
+ T, L =arctg—,n € N.
va© + b a
Agar ¢* > a® + b? bo‘lsa, yechimi @.
Misol. 3sinZ + 4/3cos= = 3 tenglamani yeching.
Yechish.
3sin> +43cos> = 3~sin {f+ arctg E:] =2 sin (f + E) = I (R
2 2 2 3 V543 2 & 2 2 &
{ k=2n, x =-+4mn
ko 3
k=2n+1, x=m+ 4mn.

Javob. {m + 4mn, n € Z} U E+ dwn,n € Z }

Ratsional almashtirish usuli bilan yechiladigan tenglamalar. asinx + bcosx = ¢ tenglamada
X

Etg E

Finy=———"—3
1+ (tg%)

va
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1—\tg
COSX = ( 2)
1+(tg E)
almashtirish bajarib, tg;—'; ga nisbatan kvadrat tenglamaga ega bo‘lamiz. Bu yerda, agar ¢ = —b bo‘lsa,
u holda

b
E{—Ea’rr:tg—+ 2mn, ﬂEE}U{R’-F 2mn, neZl
a

Agar c = —b, ¢ = a? + b? bo‘lsa, u holda

a++a?+ bZ—c2
X € qarctyg P + 2w, le Z .,

a?+b%2—c?bo'lsa, x € @.
Misol. sinx + 7cosx = 5 tenglamani yeching.

Yechish.
_ 2t 1—1t?
SIiNY =——=; C0SXx=—"—
sinx+ Fecosx =5 = . 1+1¢2 1+t2 { tgz
tgi=t;12t2—2t—2={] 5t2—t—1—ﬂ
tx—lutx— 1;‘- =2 t1+2 Ux=-2 t1+2
32—2 gz— 3 x = a’.r"r:ig.'2 mn Uy = a'.r"r:‘g.'3 TTH.

Javob. {Zarctg % + 2mn,n £ E’} u {—Earr:tg :EL +2mnnEZ }

Ko ‘paytuvchilarga  ajratish usuli bilan yechiladigan tenglamalar. f(x) =0 ko‘rinishdagi
trigonometrik tenglama gandaydir usul bilan f; (x) f> (x)f3(x) ... f,(x) = 0 ko‘rinishda keltirilgan bo‘lIsin.
Agar fi(x), fzlx), f3(x), ..., f(x) lar gandaydir M to‘plamda aniqlangan bo‘lsa, u holda shu M to‘plamda
) (0 f3(x) ... £, (x) = 0 tenglama

filx)=0Uf(x)=0uU.... Uf,(x)=0

tenglama bilan teng kuchli bo‘ladi.

Berilgan tenglamani ko‘paytma holiga keltirish uchun algebraning ma’lum teoremalaridan
foydalaniladi.

Misol. tgxctg2xsin3x = 0 tenglamani yeching.
Yechish.
tgxctg2xsindx =0 igxr=0Ncosx = 0VUctg2x=0Nsin2x = 0Usind3x=0=2x=nkUx =

k 1
T+Tux=—"UuxE— o
4 2 3 2

_Tr+k:rru _m'rrﬂi:rr mi
{:&x—4 5 x= 3 th 3 =
= —ﬁ+;mu —(3t+1]nu = (3t 1}7r
x_4' ) X = 3 X = 3

davob. {Z+2% ke z}u{xZ+ m1 ez}

Sun’iy usullar bilan yechiladigan tenglamalar. Ayrim trigonometrik tenglamalarni yuqorida ko‘rib
o‘tilgan usullar yoki oddiy shakl almashtirishlar yordamida sodda trigonometrik tenglama ko‘rinishiga
keltirib bo‘lmaydi. Shuning uchu ularning har biriga alohida yechish usulini tanlash lozim bo‘ladi. Quyida
ularga namunalar keltiramiz.

- Almashtirish kiritib yechiladigan tanglamalar.
sinx + cosx = t; sinx + cosx = t < sin2x = t? — 1; sinx — cosx =t &
& sin2x = 1 — t2.
Misol. 2(sinx + cosx) + sin2x + 1 = 0 tenglamani yeching.
Yechish. 2(sinx + cosx) +sin2x + 1 =0 <
sinx +cosx = t sinx +cosx =t sinx +cosx =t
{2r+{r2—1]+1=0 { t242t=0 {tl=nur2=—z
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T
= sinx + cosx = 0U sinxy + cosx = —2 {=}x=—g+ﬂmUEﬁ.

Javob. {—§+TE?1,T1 (= E}.

- Chap va o‘ng qismlarini baholash yo‘li bilan yechiladigan tenglamalar.

Misol. 3(cosx)® + 2(sinx)® = 5 tenglamani yeching.

Yechish. |sinx| = 1 va |cosx| = 1 dan foydalanib, quyidagilarni yozish mumkin:

3(cosx)® + 2(sinx)° = 3|cosx|® + 2|sinx|® = &.

Bu yerda tenglik belgisi sinx = 1 va cosx = 1 bo‘lgandagina o‘rinli bo‘lishi mumkin. Bu esa mumki
emas, chunki (cosx)? + (sinx)? = 1. Demak, berilgan tenglama yechimga ega emas.

Trigonometrik tenglamalarni yechish jarayonida odatda trigonometrik amal bajarishga to‘g‘ri keladi.
Buning natijasida transcendent tenglama ratsional tenglamaga keltiriladi. Bu esa aniglanish sohasining
kengayishiga olib keladi. Ravshanki bunda chet ildzlar paydi bo‘lishi mumkin. Demak, tenglama
yechilgandan so‘ng albatta yechimlar ustida tekshirish o‘tkazish kerak. Trigonometrik tengsizliklarni yechish
tenglamalarni yechishdan oz farq giladi. VVa barcha tengsizliklar ogibatda quyidagi eng sodda trgonimetrik
tengsizliklarni yechishga keltiriladi:

sinx = a, sinx = a, sinx < a, sinx = a, COSX =, COSX = 4, COSX < d,

COSX = a, LAY = @y verven

Bu yerda a berilgan son.

Xulosa.  Keltirilgan trigonometrik funksiyalar xossalari grafiklari hamda sodda trigonometrik
tenglamaning yechimini topish formulalaridan foydalanib, sodda trigonometrik tengsizliklarning yechimini
topish jadvalidan foydalanib topiladi.
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