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AHHOTAIUA

Makonaga Oup ymgaminm mamkapaga yd yadamiid Ky3raJdiira ora OuariacuaH
ONepaTOpy UMITYJIbC KYPUHHIIUAA YpraHuiaaad. YHra Moc @pearonbM I€TEPMUHAHTH
Kypwiaad Xamjaa Oy JAeTepMUHAHTHHHI HOJUIapU Kapada€TraH oIeparop Xoc
KuiimaTinapu OVnumm kypcarunaau. HwucOatan comna ukkuta EpllaMyd  orepaTop
aHUKJIAHWO, JacTiabKh OMEPAaTOPHUHT JUCKPET CHEKTpU OwWiaH OOFIUKIUTH
YpHaTWIAAU.

Kanur cy3nap: Ownamacuan, ®pearonbMm AETEPMHUHAHTH, XOC KUIIMAT, XOC
(yHKIUSA, UMITYJbC TACBUP.

ABOUT THE FREDGOLM DETERMINANT SUITABLE FOR THE
BILAPLASIAN OPERATOR, WHICH HAS THREE DIMENSIONAL
MOVEMENTS ON THE GRILL
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ABSTRACT

In the present paper we study the bilaplacian operator with rank three
perturbation on the one-dimensional lattice in the momentum representation. The
corresponding Fredholm determinant is constructed and it is shown that zeroes of the
this determinant are coincide with the eigenvalues of the considered operator. Two more
simple auxiliary operators are defined and the connection with the discrete spectrum of
the investigated operator is established.

Keywords: bilaplacian, Fredholm determinant, eigenvalue, eigenfunction.

KHUPHUII

R" dazogaru TYpTUHYM TapTHOIM SJUTMIITUK OIlEepaTopiiap, XycycaH OMrapMOHUK
oreparopiap (U3MK MOJENJIAPHUHI KEeHr cuHpuaa MyxuMm axamusrra sra [1,2].

BurapMOHHUK omepaTopiap Ounangacuad HOMM OuiaH XaM Mmamxyp 6ymm6 V* = (V?)?
TEHIUMK EpAaMuia aHuKIaHyBuM auddepeHnman omeparopaup, Oy epaa V°
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Jammacuan omeparopu. [3] makomama d Vouamim Z¢ mamkapaga v OMp VIrdamiiu
paTop y p pYy

moTeHuuanra sra AA  JHCKpET OWrapMOHWK OIEPATOPUHMHL, SbHU h, = AA— v

ONEepaTOPHUHT CHEKTpa XoccanapH yprauwiras, Oy epaa u <€ R. By monens Z¢ naru

muckpet llpenunrep onepatopunu xaMm ¥3 uuura om0, Oup 3appadaiu cucreMa OusiaH
OOFMK Ba JAMCIEepUUs MyHOcabaTH allHuMaraH KyWu uerapara jsraaup. byHnan

~

TAlIKapy, /i, ONEpaTOpHU MMITYJIC KypuHumzaa L,(T ‘) ¢azomaru Opuapuxc Moz

cudatuaa xaM Kapar MyMKuH, 6yHna 7¢ opkamu d YIuamian Top OeNrHiIaHTaH.

AJTABUETJIAP TAXJIUJIU BA METOJ1IOJIOT USI

Ocnatu6 yTum sxousku, auckper Ilpemunrep omnepatopu Ba Dpumapuxc
MOJICIMHUHT CHEKTpal XOccaJllapu CYHITH WWiapjaa Kyriad onaumiiap TOMOHHUJAH
Oatadcun ypranwiran (Macanan [4-13] ummapra kapasr). [14-23] makonamapia sca
Jokan OynMaraH moTeHIuamwiap >KyhTd EpaaMuja TabCUPIAINIYBYM d  Yadamiid
namkapaJard y4yra 3appadajiap CUCTEMacura MOC MOJIENb ONEePaTOPIAPHUHT CIIEKTpa
Xoccallapu ypraHwirad. Tyfpu uHTErpanra €Euum ycynau €paaMuaa KaHajb
OTIepaTOPJIApPHUHT CIIEKTPall X0ccajJapyuHU YpraHuil Macanacu OpuaIpuxc MOJSITMHUHT
CHEKTpaJ XOCCANIApUHU YpraHUII Macallacura KeITUPUIIA N,

JlacTaBBasl YKyBuMra KyJaWJUK y4yH MaKoJiaja HILIaTHIaAuraH (yHKIIMOHAT
aHaJIN3 KYpCUHUHT 0abh3u MyXHUM TYITyHUAJapHH 3CIATUO YTaMu3.

H Xwunbbept dhazocu Ba 4: H — H Yu3MKIM YerapaliaHraH orneparop OVIICHH.
Arap 6upop A €C coH yuyH 4— Al ra Teckapu onepatop MaBxya 0ynu0, y H HUHT
XamMMa epuJa aHukKiIaHraH Oyica, A COHM A ONEPATOPHUHI PEryJsip HYKTacu
nennnanu,

R, (A)=(A~ A1)

omepaTop 5ca A ONEpaTOpHUHT A HyKTagaru pe3ojbBeHTacu neimmanu. bapya
perynsip HyKramap tyminamu p(A) opkanu Oenrunananu. by epma [ opkamm H
(dazongaru OUpIKK orepaTop OeNTuIaHTaH.

A omeparopHHHT peryiasp Oynmaran Oapua HyKTajzapu Tymiamu A
OTIEPATOPHUHT CIEKTpH Jernniaau Ba o(A4) opkanu Oenrunanaau. Arap oupop A€ C

COH y4yH Ax = Ax TEHIJamMa HOJIMac X e4umra sra Oyica, 4 coHu A omeparop yudyH
XOC KUMMAT ACHIIIaAu, HOJIMAC X €4MMTIa 3Ca XOC BEKTOP JCUUIIA]IH.

A omepaTopHUHT 0apya X0C KUMMAaTIapu TYIiaMura A OnepaTOpHUHT HYKTalu
crekTpu Aedmnamu Ba o, (A4) xabu Oenrunanagn. A ONEPaTOPHUHI Oapya YEKIH

Kappajii AKKaJIaHTaH XOC KUMMAaTJIapu TyllaMura A ONEPaTOPHHUHI JHUCKPET CIEKTPH
nevinnany Ba o, (A) xabu GenrunaHanm.
Arap 6upop A € 0(A) coHHu yuyH HONra Kydcu3 sSIKMHJIAIIYBUM f, € H Oupiuk

BEKTOpJIap KETMa-KETIUTH MaBxXKy 1 0y,
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lim[| (4-AD)f, [=0
Oynca, y xonga A coH A= A* onepaTropHUHT MyXHM CIEKTPUTA Kapamniu JCHIIaIu.
A OIIEpaTOPHHUHT MYXHM CIEKTpH O, (A) OnnaH OenruaaHaiy.
T- oup ymyammu top, L,(7T) sca T Tynnamja aHUKIAHTaH KBaJpaTH OWiaH

UHTETpAIaHYBYM (YMyMaH OJTaHAa KOMIUIEKC KuUWMaTiap KaOydl KWIyBYH)
byHkusIapHuHT XWib0epT Gazocu OYICHH.
®ukcupnanran p,A € R connapu yuyH L,(7) XunOepr ¢aszocuna Kyiunaruua

aHWKJIaHraH H , , omepaTopHH KapaiMmus:
H,,=Hy ==V,
Oy epaa H, KyauTHpHIL ONIEpaTOpU

(H, f)(x) =(1-cosx)” f(x),

V, Ba V, oneparopiuap 3ca KyluJarnda KypuHUIITra 3ra OyJIral MHTerpai orneparopiap:
W)x) =] f(@0)dt, (V,f)(x) = [eos(x —1) f(1)dt .
T T

DOyHKUMOHA aHaNM3 djeMeHTIapu €paamupa H,, oneparopuunr L,(T)

Xunp0ept (azocumard UYM3MKIM, YerapajaHraH Ba y3-y3ura Kymima orepaTop
AKAHJIMTUHU UCOOTIAIl MyMKHH.

MYXOKAMA
[24] makomama H ,, onepatopra Moc DpeAroabM ICTCPMHUHAHTH XaKHIa

KHCKaya MabJIyMOTJIap KeNTUpWIraH. Yoy mMakonana Oy Tacnukiap ucooriap OusaH
OOWMTHIITAaH Ba MATEMATUK HYKTaWl Ha3apJlaH acOCJIaHTaH.
AnuknaHummra xypa, ¥, Oup yiauamum HMHTErpan oneparopaup. V, HMHTerpain

ONEPATOPHUHT UKKH YIIYaMJIU 3KaHJIUTU

cos(x —7) =cosxcost +sin xsin ¢
TEHTJIMKJIaH Ba MHTETPAIHUHT aJTUTUBIMK Xoccacuaad ¢oinanannd kypcatunau. Ly
ca0abmu Hon Oynmaran u Ba A conmapu yuyH uV, + AV, Ky3ramuim oneparopu yd
Yyimuamnu 0ynaau.

Yexknu yimuaminm Ky3FaIMIuiapaa MyXUM CIEKTPHHUHT Y3rapMacivrd XaKuJard
Beiin Tteopemacura kypa, H,, OIEPATOPHUHT MYXUM CIEKTpH O, (H,,) y4yH
o, (H,,)=[0;4] Ttenrmuk Ypurnmum Oynmagu. bynma [0;4] xecma (1 —cosx)’
(YHKUMAHUHT KUAMaTIap coxacu 0ynmub, /|, Ky3raamac ONepaTOpHUHI CIIEKTPH (cod

MYXHMM CIIEKTp) aiflHaH 11y KecMajiaH uoopat Oyiaau.
Onpu H,, OmepaTOpHHMHI XOC KMHMATJIAPUHHM TOIMII MAcCajlacHMHH KapanMus.

[y makcagna ypranunaérrad oneparopra moc Opearonbm IeTEPMUHAHTAHU KypaMH3.
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Xap Oup pukcupnanran 1, A€ R counapu yuyn C\o, (H, ;) coxana peryusp

Oynran
dt
AV(z)=1- ;
o (2) 'u;[ (1-cost)’ —z
A2 (z)=1- ;tj' (COSt)2 dt :
¢ ~(1—cost)’ —z
cost dt
A(z) = I - s
r(1—cost) —z
: 2
A(j) (2)=1— /1J~ (sint)"dt

7 (1—cost)” —z
épaamun GyHKIUSIApHU aHUKTaiimu3. Onarna
8,4 (2) = (M) (AT (2) — i ()89 (2)

kabu aHuknaHrad Qyskuusra H, , oneparopra mMoc @DpearoibM JIETEPMUHAHTH
aevnnanu Bay H, , ONEpaTOPHUHT XOC KUMMATIapyu COHU Xamjia JKOMIANlyB YPHUHU
aHUKJIAIIAa MyXUM aXaMHsT KacO 3Tajiu.

H ,, onepatopHHMHT XOC KuiimMatiaapu Ba A (-) (GyHKIMA HOJUIApU OpacHIaru
MyHocabaTHu npoanoBun KyHuaaru TeopeManu 0aéH KuiiaMu3 Ba UCOOTIIaliMU3.

1-teopema. Xap Oup duxcpnanran u,A € R connapu yuyn z,, €C\o, (H ;)
COHM H , ; ONMEpaTOpHUHI XOC KuiMaru Oynumm yuyn A, (z,,)=0 TeHIMK YpuHIH

OYnuIIM 3apyp Ba €TapIuIUp.
Hcoot. Teopemanu ucboTam yayH Xoc KuitmaTra HucOaTaH ymoy
H,,f=2,zeC\o,(H,,)

TEHIJIAMaHU KapanMu3.
dapa3 kunaiimuk zeC\o

ess

(H,,) conum H, ,ONepaTOPHUHT XOC KUHMaTH,
f €L,(T)— sca Oy xoc kuiimarra Moc xoc (pyHkuus Oyncun. ¥ xonga f € L,(T) xoc

byHKIUSA
(1—cosx)® f(x) = u| f(0)dt = A[cos(x — 1) f(1)dt = zf (x) (1)

TEHTJIaMaHU KaHOATIaHTUPAIH.
Adtnm  xousku, uxtuépuii zeC\o, (H,,) comn yuyn Oapya xeT

nyktamapaa (1—cosx)’—z#0 wmyHocabar Vpurmm Oymamgm. Iy ca6a6mm (1)
TEHTTUKIaH f (GYHKIUS YIyH KyHuaarua

fx)=

La + Abcosx + Acsinx

)

(1-cosx)’ —z
udopara sra Oyinamus.
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by epna
a=[f(t)dt, b:=[cost f(t)dt, c:=[sint f(r)dt. (3)

f(x) dynkuus yuyn TtomwiraH (2) udomanm (3) Oenrumnanuiapra KyHuo

KYﬁHﬂaFH TCHITIaMaJIapHHU XOCHJI KUJIaMH3:

J. sint

W 4 — z —
AV (2)a - AA(2)b z(T(l_Cost)z_Z

dt}c =0;

— uA(D)a+ A ()b — A [ SECOSL ),
HA(Z)a+8;(2) (JT.(l—cost)z—z ¢

_:“U sint dtja _}{J- sinfcost dtjb+A(§)(z)c 0

~(1-cost)’ —z ~(1-cost)’ —z
€K
0] _0-
A (z)a—AA(z)b =0,
— A (2)a+ AP (2)b=0; 4)
AV (z)c=0.
a,b,c HOMabIyMiapra HUcCOATaH OXMUPrd TEHIVIAMalap CUCTEMACHUHU XOCHJ

KWIKIIAA TOK (YHKIUSJAH CHMMETPUK OpaiuK OVinW4Ya OJIMHTaH WMHTETPATHUHT

Kuiimaty 0 ra TEHTr SKaHJIUTHIaH, SbHU Xap Oup ¢pukcupnanran z € C\o, (H , ;) conu
ydyH
sin? sint cost?
| - =0, | ~——dt=0
r(l1—cost)” —z r(1—cost) —z

TEHIJIMKJIAap YPUHIIN SKaHIUTHAAH (PoranaHIuK.
bynna (1) tenrnmama edmmra sra Oynuimm yuyH (4) TEHIJIamaiap CUCTEMacu
HOJIMAac euyrMra 3ra OYJIMIIN 3apyp Ba eTapauaup.

HATUXKA
V3 naB6aTiaa (4) TeHIIaManap CHCTEMACH HOJIMAC €UMMTa 3ra OYINIIM y9yH

A, (2)= (A0 (AP (2) - N (AT (2) = 0
OynuIy 3apyp Ba eTapiaugup. 1-reopema TYJIUK UCOOTIaHIH.
1-Teopema nucbotuaan KypuHuO Typubauku, arap z€C\o

ess (H,u,ﬂ) COHH Hy,ﬂ
OMEpPAaTOPHUHT XOC KUiMaTu OVyica, y Xoiaa yHra Moc Xoc QyHKuus (2) KypuHUIIAa
oynanu.

1- Teopemanan H , ; OnepaTOPHUHT JUCKPET CIEKTPU y4yH Kyluaarn MyHocabar

S"pI/IHJ'II/I SKaHJINTH KEIHO YHUKaau:
Gdisc(Hy,ﬂ) = {Z € C \ Gess (Hy,/l) : Ay,/l(z) = 0} .
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A,;() OyHKUMSHUHT aHMKnaHumMra kypa Oapuya g,A€R connapu ydyH
A,,(z2)=0 Ypunmu OYIMIIA y4YH A(L)(Z)A(f)(z)—yﬂAz(z)zo éku AY(2)=0
TEHIJUKIAp YpuHiu Oynumm 3apyp Ba erapiauaup. Iy ypuHma kyhumaruya caBoj
maiino Gymamm: ®pexroms nerepmunanTaapn A (2)A(z) - uAN (z) Ba A}(2)
dbyHKUMIAapra TEHTr OYJraH YM3MKIIM, YerapajaHraH Ba ¥3-Y3ura Kymma omnepaTtopiap
MaBxKyamu? Arap Maekyn Oynca, ymap H,, Ounan Kampaii Oornanran Oymamu?
Kyi#inna 6u3 nry caBosuiapra xaBo0 u3naiMus.

L,(T) Xwunpbepr azocuna TabCcUp KWIyBYM KyHUAArd OIEpaTOpJIapHU

aHUKJIaMM3:
(H', f)(x) = (1—-cosx)’ f(x)— u f(t)dt — Acosx|cost f(t)dt;

(H? f)(x)=(1—cosx)’ f(x)— Asin x[sin ¢ f()dt.

Q)

. Ba H” oneparopuap xam L,(T") Xunsbepr pazocuza

H , , omepatop kabu H

TabCUP KWJIYBYM YM3UKIIM, YETAPAIAHTAH Ba y3-y3Ura KyIIMa OIepaTopJiap SKaHIUTUra
MIIOHY XOCHJI KWJTUII MYMKHH.
2-teopema. a) Xap Oup dukcupmanran uy,A€R COHIapu y4YyH

z,,€C\o, (H,,) conm H S)ﬂ OTIEPATOPHHUHT XOC KUIMATH OVIIUIIN YIyH
A(/l,) (Z,,,z )A(j) (Zy,z ) — /vMAZ (Zy,/l )=0

TEHIJIMK YPUHIIW OYJIUIIU 3apyp Ba €Tapiuup.

ess

6) Xap Oup duxcupnanran A€ R conu yuyn z, €C\o, (H,,) conn H}’

ess
ONEepaTOPHUHT XOC KuitmMatu OYmumm yuyn AY(z,)=0 TeHrnmuk Ypuumu GYmuIIu

3apyp Ba €TapIHIUp.
UcooT. a) Papa3 kunanuk, xap oup Qukcupnanran u,A € R connapu ydyH

z,,€C\o, (H,,) conn HS,)/1 OIlepaTOpHUHT Xxoc¢ KuiimatH, f € L,(T)— sca Oy xoc

ess

KuiimaTra Moc xoc (pyHkuust 6yncus. Y xonna f € L,(T) xoc pyHKIuS
(1—cosx)’ f(x)— u| f(t)dt — Acosx[cost f(t)dt = zf (x) (5)
T T

TCHIJIaMaHW KaHOATJIaHTHUPpaIu.

z,,€C\o,(H,,) O6ynrannuru Gouc (5) Tenrmukaan f(x) QyHKOuA y4yH

ess
Kyuuaaru

+ Abcosx
flx)=+2

(6)

(1-cosx)’ —z
nudonaara sra 6yinamu3. byana a Ba b connapu (3) TCHITIMK OpKaJId aHUKJIAHTaH. f(X)

byukiusa yuyH tonuirad (6) udonmanu (3) TeHrmkra Kyiuo, (5) TeHriama HoJMac
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eummra sra 6ymimm yayn A (z, ,)AY (z, ;) — uAN (z, ;) =0 6ymuum 3apyp Ba eTapin

AKAHJIMTUHU XOCWJI Kuiamu3. by sca ¥3 HaBOatuma 2-Teopema a) TacIuFd MCOOTUHU
AKyHJIaNuIu.
2-TeOpeMaHUHT a) TACAUFU XaM IIyHTa YXIIaml ncOOTIaHau.

2-Tteopemara kypa H f})ﬂb Ba H ,(12) OIepaToOpJIApHUHT JUCKPET CIICKTPJIapu YUyH
Oy (H))={zeC\o, (H,,): A} (2)A] () — uAN (z) = 0} ;
Oy (H)={z€C\o, (H,;): A} (2) = 0};

TEHIJIMKIIAP YPUHIUAND.

XVJOCA

1- Ba 2-teopemanapHd HMHOOATra oOJiraH XOJja KyHujaru HaTHKara Keull
MYMKHH:

Harwmska. Xap Oup puxcupnanran p,A€ R connapu yuyn z, ,€eC\o, (H,,)

o ) 1 2
coHu H ,, ONEPATOPHUHI XOC KUMMaTW OYyiIMIIM Y4yH Zz,, COHH HL)/1 Ba H”

orepaTopJapHUHT KaMuJla OUTTACH YUYH XOC KMMMAaT OYIUIIM 3apyp Ba eTapauaup. by
X0J1]1a

_ (M) 2)
O-disc (Hy,/l) - o-disc (Hy,ﬂ) U O-disc (Hﬂ )
TEHIJIMK YPUHIU OYaau.
2 o
H{), Ba H;” oneparopnap H,, oneparopra HucGaTaH cOAa KyPUHHIIIA dra.
Iy Gouc Xynoca HMKApHIraH TCHIIMK H ,, ONEpPaTOPHHHI HaBOATHATH CIEKTpa

XOCCaJlapUHU YPTaHUIIA MyXUM XUCOOTaHAIH.

Xycycan, ucramrad A>0 Ba z>4 commapu yuyHn A (z)>1 TeHrcusnux

Gaxapunamd, sbHH uxTUépuil A >0 comu yuyn H'” omepatop 4 maH karra Xoc

KUiMariapra sra smMac. Arap

dt = +o0

(sinf)’dr 1+ cost
'l. (1—cost)’ _'1 1—cost
AKAHJIMTUHU MHOOATra 0JICaK, y XoJa ucrtairan A >0 cCoHM yuyH
. 2
AP (0) :1—2!% - —w
6ynama. A () dynkmusaEHT (—00; 0) OpaNHKIa MOHOTOH KAMAIOBUHU Ba

lim AY(z) =1

Z—>—0
TeHIJIUK Gaxkapuiaranu 6ouc uxtuépuit A >0 conu yuyn H'? oneparop srona manduit

X0C Kuiimatra 3ra Oymamm. Xynau myHAald mynoxaszanapaad (oiganannd, uxTuépui
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A<0 conu yuyn H'” omepatop 4 naH KaTTa AroHa OJAMHi XOC KuilmMaTra sra

OKaHJIMT'MHHU Ba MaH(I)I/Iﬁ X0C KHﬁMaTHapFa sra SMaCJIMTUHHA UCOOTJIAII MYMKHH.
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