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ABSTRACT

In this paper we study the bilaplacian operator H,, g€ R, in momentum

representation with the rank two perturbation on a one-dimensional lattice. We describe
the essential and discrete spectrum of H ,. Exact form of the resolvent operator of H,

is find.
Keywords: lattice, bilaplacian, essential spectrum, discrete spectrum, Friedrichs
model, resolvent operator.

KUPHUI

Karruk xucmnap gusukacu Ba maHxapaBuil MaiJJOHJIap Ha3apusACUIA y3ITYKCHU3
¢dazonaru oxarnaru lllpenunrep onepaTopiapUHUHT MaH)XapaBHil aHajioru OYiraH Ba
muckpet Illpenunrep omeparopu [1] me® atanyBum omeparopiap maiino Oymanu.
Huckper lllpenunrep omepaTopu yerapajiaHral omepaTop Oyicana, y3myKCH3 XoJa
[lIpenuHrep oneparopura Kaparaiaa KHAMHPOK XapaKTEPUCTUKAra 3ra. Y4 3appadaiu
onataaru lllpeauHrep oOmepaToOpUMHUHT MYXUM CIEKTpH SpUM YKaaH wuOopaT. Yu
3appadasii  auckper lllpeguHrep omneparopu derapajaHraH Ba y3-y3ura KyliMa
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Oyarannuru OOMC YHUHT MYXUM CIIEKTPU YEKJIM COHJArd KecManap OuprammMacuaaH
ubopar. by kecmanapra onaraa MyxuM CIEKTPHUHT UKKH Ba Y4 3appayaid TapMOKJIapH
Aennaan XaMaa yjaap KeCUIIUIIN KM KECUIIMACIUTH MyMKUH. VKKK Ba y4 3appavanu
TapMOKJIAp KECHUIIMaraH XojJa MyXUM CIEKTp OYylnumMFuaa S>KOMjaImran Xoc
KUAMATIapHU TAAKUK KHJIWII MMKOHUATH maiino Oynamu. Ly Hykram HaszapaaH
auckpet Lpenunrep omeparopiapu Ba yinap OuiaH OOFIMK MOJEN ONEpaTOPJIAPHUHT
CIEKTpaJ XOCCallapiHU YpraHHII Macajacu A0J13ap0 MyaMMO CaHaIa Iu.

AJJABUETJIAP TAXJIUJIU BA METOJ1IOJIOT USI
Yoy makonaga Oup yiuamiiy TMaHKapajgard WKKU Yidamiid Ky3faJlMilra sra
Oynran uMIyibe Kypunumuaard H,, € R, Ounamiacuan onepaTOpMHUHI MyXUM Ba

JUCKPET CIEKTpJIapy TOIMWJIAJAN Ba PE30JIbBEHTA ONEpaTopy Kypuiaau. busra sxmu
MabJIyMKH, OUTApMOHUK OIlepaTopiap MaTeMaTUK (U3HMKaja OWIariacuaH onepaTopu

HOMHM OmmaH xaM MasayM Oymu6, V' =(V’)’ ¢opMmyna opKamu aHHWKIaHTaH
nuddepernran onepatopaup, 0y epaa V> Jlannacuas onepaTopu.

[2] makonmana d ymuammm Z¢ mamkapana v Oup YIYamiaM MOTEHIIMANTra 3ra AA

JIACKPET OWTapMOHMK ONEPATOPHHUHT, SIBHU /1, = AA— v onepaTtopHHHT Oab3u

CIIeKTpas Xoccamapu Yypramwmrad, 6y epma u<R. By momens Z¢ nmarm amckper

[IpeauHrep onepaTopuHU Xam y3 nuura oaud, Oup 3appadanu cuctema OujiaH OOFIIUK

Ba JUCHEpPIHS MyHOcabaTH alHMMaraH Kyilum uderapara sragup. byHnan Tamkapw, h,

onepaTopHU UMIybc Kypuanmaa L,(T¢) dazomarn ®puapuxc Moaenu cudaTuaa Xam

Kapam MyMKuH, Oyana T opkanu d yadamiu Top GelaruiaHras-.

Ocnatnb yTum xousku, auckper Llpenunrep omnepatopu Ba Dpuapuxc
MOJICJIMHUHT CHEKTpall Xoccajapu CYHITH Wwuiapjaa kymiad unuiapaa Oatadceun
Vpranwiran (macanan [1-11] wmutapra kapanr). [12-23] Makonanapja 3ca JOKaj
OynMmaraH nmoTeHImamiap xXyhtu EpaaMuaa TabCUPIANTyBIN d YI4aMIId TaHXkapaaaru
y4dTa 3appadajap CUCTEMacura MOC MOJENb OINEPaTOPJAPHUHI CHEKTpal Xoccalapu
ypranwirad. TyFpu HHTErpaira €Muml ycynu €EpaaMuaa KaHaidb OIEepaTOpJIapHUHT
CIEKTpaJl XOCCAJIApUHU YypraHuil wmacajacu OpHUIPUXC MOJCIUHHUHT CHEKTpall
XOCCaJlapUHU VPraHuil Macajacura Kentupuiamud. [24] Maxkonama Oup Viadyamiu
nawxapaaa yd yiayamiad KYy3faldilra 3ra MMIOYJIbC KYpUHUIIMAArd OuilariacuaH
ONIEPATOPUHMHT XOC KUKMMAaTIapy YpraHuiraH.

Omneparopiiap HazapuscHAa CIEKTP TYIIYHYACH 3HI MYXUM TyUIyHYaJIapJaH
Ooupuaup. UYu3ukiau omepaTtop CHEKTPUHH YPraHWIl MaTeMaThK (U3MKAT MyXUM
caHanagu. MacanaH, KBaHT MeXaHUKacujaa cucrema ['aMunbToHMaHu — Oy XuiabOepT
dazocumarun ¥3-y3ura Kymma omepaTopAHp, YHUHT CHEKTPUHHM YPraHull CHUCTEMa
(GU3UK XyCYCHUSITIIapUHU YPraHUIga MyXUM axaMusiT kacO staau. OyHKIIMOHAT aHAIIU3
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KypcujaH Ou3ra sIXUIM MabIyMKH, Y3-Y3HUra KylniMa ONEpaTOPHUHT CIEKTPU XAKUKHIi
coHnmap ykuma &tubd, Typam XoC KuUHMaTiIapra MOC KelyBUM XOC BEKTOpJap
(bysK1IIHISATAP) ¥3apo OpTOTrOHAN OYIaau.

MYXOKAMA BA HATUXAJIAP

T Oup ymuamuM TOpJAa aHUKJIAHTAaH KBAJpaTh OuWiIaH HHTETrpallaHyBYU
(ymMyMaH ojdraHja KOMIUIEKC KMHMaTHM KaOyJs KUJyBYHM) (YHKIUSIApHUHT XMIhOEepT
¢bazocunu L,(T) opkanu OenarunaimMus.

Xap Oup ¢ukcupnanran peR conu yuyH L,(7) Xunsbept dazocuna
aHuKiaHran H, omepartop Kyiujarunia Oepuirad OyJcHH:
H, =H,—ur,
Oy epaa H, KymalTUpUIL ONepaTopu
(H, f)(x)=(1-cosx)" f(x),
V' mHTerpaj oneparopu ca Kyhnjaarnda aHUKIaHTaH

(Vf)(x) = [sin(x+1) f(t)dt .

byHnan KypuHHUIIIA TabCUP KAITYBYM H , OmEpaTop y4yH KyWHIard TacAaukiap
YPUHIUIUD:

1) H, oneparop YM3UKIUAUD SbHU, UXTUEPUH «, € C COHJIapU Ba UXTHUHAPHM
f,ge€L,(T) pynkuusanap ydyH KyWnujaru TEHIVIUK YpUHIIU:

Hﬂ(af+,8g):aHﬂf+,BHy;

2) H, omepatop uerapaianran omneparop, sbuu myHnai C, >0 conn Tonumuo,

uxtuépuit f € L,(T) dyHKkuuanap yuyH KyWuaaru TEHICU3JIHUK YPUHIIHN:
1A, fI<C s
3) H, oneparop y3-ysura kymma omeparop, sbhu uxtuépui f,ge L,(T)

byHKIUsIap YUYYH KyHUAaru TeHICU3IUK YPUHIH:
(H,.f.8)=(f.H,8).
OHImM V' Ky3fanuml omneparopu MKKU YiIdaMid JKaHJIUMIMHM Kypcatamus. V'
ONEPATOPHUHT KUMMATIIAp COXACUHU TOIMII MaKcaauaa
sin( x +¢) =sin xCcost + cosxsin ¢
doiinananuo
(Vf)(x) =sin x[ cost f(t)dt +cosx|[sint f(1)dt
T T

TACBUPHH XOCHJI KUJIAMH3.
K¥ypunub typudauku
ImV ={f(x)=asnx+bcosx:a,beC}.
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fi(x)=sinx Ba f,(x)=cosx ¢pyHkumsap Im} xucm ¢azora TEruIIM YU3UKIN
OofipaHMmaran »jeMeHTHap Ba ucrairan f eIlm)V  ¢ynkous  f(x) Ba  f,(x)

GYHKIUSUTApHUHT YM3UKIM KOMOMHAUMACK KypuHUIIKUAa tacBupiananu. [y cababmu
dimImV =2, apau V' ukkn ynyamum onepartop 3kad. Illynnaii kunm0, oneparopa H,

ONIEPATOPHUHT ) KY3FaJIMII OIEpaTOpU y3-y3Ura KylIMa UKKHA YII4amiId OIepaTop

sKaH. Yeknm ymyamiau Ky3Faauiiapia MyXUM CHEKTPHHUHI y3rapMaciurd XaKUJaru
mamxyp Beiin teopemacura kypa H, Ba H omeparopiapHHHT MyXUM CIICKTpJapH

ycrma-yer Tymanu. H, omeparop (1—cosx)’ (GyHKuMsAra KynmaiTMpHI onepaTtop
oynrannuru 6ouc Oy oneparop cod MyXuMm CIEKTpra sra Ba
o(H,)=0, (H,)=[04].

[lynnait xunud, H , ONEPATOPHHHT O, (H y) MyXUM CIEKTpU w € R
TabCUPJIAILMII TTapaMeTpuaH OoFiuK smac Ba [0;4] kecMa OuiaH ycTMa-ycT TyLIaiH,
sabau o, (H,)=[0;4].

Oumn H, omnepaTtop JUCKPET CIICKTPUHHU TaakuK Kuimamus. Papas kumanmmk, C -

KOMILUIEKC COHJIap Tyruiamu OVyincuH. Xap Oup ¢Qukcupnanran g >0 COHU YUYyH
C\[0;4] coxana perymsp O6yiaran

Au(z):zl—,uz(j cos” tdt jU sin” tdt j

“(1-cost)’ —z {3 (1-cost)’ —z

Qynxuustnu kapaimus. Onatna A (1) ¢yskuusra H, oneparopra moc ®pearoibm

JNETEPMUHAHTH JACHUJIA]IN.
Kyiingarn teopema H, oneparopHuHr xoc Kuimamiapu Ba A () GyHKIusA

HOJUJIapU opacuaard OOFJaHUIIHKU udoaanaiam.

1-Teopema. Xap Oup ¢ukcupnanran g€ R conu yuyn z, € C\o,, (H,) conu

ess

H , omepaTopHUHT XOC KuAMaru Oyiaumm yuyH A (z,)=0 TeHITHMK ypuHIM Oyauinu
3apyp Ba €TapIUAMP.
Ucoor. Papaz kunainmk, xap Oup ¢uKcupiaaHraH g€ R COHU YYyH

z,€C\o,,(H,) conu H,6 omnepatopuunr xoc kuimaru, f €L,(T) sca Oy xoc

KuiimaTra Moc xoc pyHnkuus 6ynacus. Y xonga f € L,(T) dbyHKums xoc KuiMaTra Moc

H,f =z,f Tenrnamanu KaHoariaHTtupaad. OXUpru TEHIIaMaHu
(1—cosx)’ f(x)— u[sin(x+1) f(t)dt = z,, f (x)
T
€K1
(1-cosx)” f(x)— usin x_[costf(t)dt —ycosxjsin tf@dt=z, f(x) (1)
T T
KYpUHHIIAA €3UILI MyMKHH.
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Ky#innaruda 6enrunanuiap KApuTaMu3:
a:=[cost f(r)dt; )
T

b:=[sint f(r)dt. (3)
T
z,€C\[0;4] OYynranwnuru Oouc Oapua xeT Hykramapma (1 —cosx)’ —z .70
MyHocabat 6axxapunaau. [y cababmm (1) Tenrmamanan f(x) GyHKOUS ya9yH

fx)=

ausinx +bpcosx

4

(l—cosx)z—zﬂ
udponann Tomamus. f(x) ¢ynkums yuyH Ttomwiran (4) udomanu (2) Ba (3)

Oenrunaniapra KysiMmu3 xamjaa

sint cost cos’ ¢
1- dt |la— dt b=0;
[ 'ug[ (1-cost)’ -z, J 'UU (1-cost)’ -z, j

. 2 .
_IUU si” ¢ dtja+[1—y'[ SInfzcost dtjsz

T(l—cost)z—zﬂ T(l—cosz‘)z—zﬂ

TEHIrJIaMaJlap CUCTEMACUHU XOCUJ KUJIaMU3.
Tok GyHKIMSITaH CHMMETPUK OpaUK Oyilda OJMHTaH UHTETPATHUHT KuiiMaTu 0
ra TeHT PKaHJIUTHIaH, ShHU Xap oup gukcupnanran ze€ C\o

ess

(H,,) coHH yuyH

dt =0

sint sint cost
I 2 =0, .[ 2
r(1—cost) —z r(1—cost)” —z
TEHTJIMKJIAP YPUHIN SKaHJIUTHIAH OXUPTH TCHIJIaMajiap CUCTEMAaCHHU

2
a— ,L{I cos 1 dtJb =0;

° (1-cost)’ -z,

_ﬂ(j sin” ¢ dtja+b—0 5)

r(1-cost)’ -z,

kabu €3um myMkuH. Kypuaub typubauku, (1) TeHriama HolMac edyuMmra 3ra OyIuImm
y4yH a Ba b HOMabiaymiapra HucOaraH (5) TeHTJaManaap CHCTEeMAacH HOJIMAC €UUMTa
sra GyHIM 3apyp Ba erapauaup. Y3 HapOatuia (5) TEHIIaMazap CHCTEMACH HOJIMAC
eurMTa dra OVIIMINY y9yH YHHHT aCOCUH JTeTepMUHAHTH

Ay(zﬂ):=1—,u2('[ cos” tdt J[I sin” tdt ]

(1-cost)’ —z, )\ s (1—-cost)’ -z,

HoJra TeHr Oymuum, sbau A (z,) =0 Oynuium 3apyp Ba eTapiuaup. 1-Teopema TYIuK

UCOOTIaHN.
l-reopemanan H, OMEpaTOPHUHT MWUCKPET CICKTPU YYyH KyWHIAard TaCIuK

VPUHIIHM SKaHIUTH KeTUO YUKaIu:
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Oy (H,)={zeC\o, (H,): A, (z)=0}.

Ilynnaii kunub, H, OmepaTOpHUHI XOC KUWMATIAPUHU YPraHuil macanacu Oy

ess

oreparopra Moc KeinyBud A, (z) ®pearoibM A€TePMHUHAHTHHUHI HOJUTAPUHK YPraHHI

MacajlaCura KCJITHPUIIIH.

XVYJI0CA
Xynoca Kunu0 aitrania H, onepaTOpHUHT CIIEKTPH

o(H,)=[0;4]U{z e C\[0;4]: A (z) = 0}

KaOW aHUKJIaHAJIH.
NuHuHT HaBOaTHaru acoCUil HaTMXKaCUHU 0aéH KUIaMus3.
2-teopema. H , oneparopuunr R.(H,), ze C\o(H,) pe30oibBEHTa OlEpaTOpu

L,(T) daszona Kylinaaruda TabCUp KAITYBYH

_ g(x)
(R.(H,)g)(x)= (—cosx) —z

. 7
A, (2)[(1-cosx)’ —z]

cos’ tdt } J (sint)g(t)dt

COSX+ (sinx
{ : 7 (1—cost)’ —z |y (1-cost)’ —z

s 2
N 7 : {sinx . sin tait }J- (cost)g(z)dt
A, (2)[(I1-cosx)” —z] r(1—cost)"—z |y (1—cost) —z
oriepaTopaup.
Hcbor. H, onepaTOpHUHT PE30JILBEHTA ONIEPATOPUHY AHUKJIAI MAKCAIU/IA

H,f-#=¢g
TEHTJIaMaHU KapaltMu3 Ba YHU
(1—cosx)’ f(x)— psin x[cost f(1)dt — pcosx[sint f(t)dt —zf (x) = g(x)  (6)
T T
KypuHHILIAA €310 oJlaMu3.
zeC\[0;4] Tacmukra kypa wuxtuépuit xeT yuyn (1—cosx)’—z#0
TeHrcusnuk Oaxapunanu. [y 6ouc (6) Tearnamanan f(x) GbyHKIUS yIyH

S ()

_ g(x)+ausinx+bucosx

(7)

(1-cosx)’ —z
nponanu tomamus. byHma a Ba b conmapu Moc pasumiia (2) Ba (3) TEHIVIMKIIAp
épnamuia aHuKIaHTad cormnmapaup. f(x) dyukmus yayn tonunrad (7) udonanu (2) Ba

(3) 6enrunammapra KyssMu3 Xamia
. 2
1—/1] s1ntco§t dtla - u J- cos t2 1 bzf (cost)gz(t) dt:
r(1—cost) —z r(1—cost) —z r(1—cost) —z
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—,U(I sin’ ¢ dtja+(1—,uf sint cost dt]bz[ (sint)g(2) it

> (1-cost)’ —z 7 (1—cost)’ —z 2 (1—cost)’ —z

EKH1

. ,U(J. cos’ z; : Zdt]b | (Cost)gz(f_) Zdt :

7 (1—cost) 7 (1—cost)

—u(j sin’ d¢)a+b: f (sinNg(®) @®)

~(1-cost)’ —z 7 (1—cost)’ -z

TCHIJIaMalIap CUCTCMACHHU XOCHJI KUJIaMHU3.

(8) TeHrnmamamap cucTeMacHIaH a Ba b HomabIymiIapHH Tomamu3. by
TEHIJIaMajap CUCTEMAaCUHUHT UKKUHYM TEHIJIaMaCUHU

cos’ ¢t
dt
'UU (1-cost)’ —z j

udoaara kynmanTupud, OUPpUHYM TEHIIamara Kyuamus3 Xama

A= (cost)g () dH”U(l cos>t dtJJ-(l(sint)g(t) ”

> (1—cost)’ —z —cost)’ —z —cost)’ —z

TEHITIMKHA XOCHIl Kuiamu3. l-teopema Harmwkacura kypa zeC\o, (H,) y4yH
A ,(z) # 0 tenrcusnuk Ypunmu 6ynanu. Iy cababiau a Hu Kyinparnya Tonamus:
1 ,[ (cost)g(t) g M J- cos’ ¢t _[ (smt)g(t)
A, (2)7(I-cost)’—z A (2) T(l—cost)z—z > (1-cost)’ —

Xyanu mry kabu (8) TeHriaamanap CHCTEMAaCHHUHT OMPUHYY TEHTJIaMaCUHU

sin’t
dt
ﬂ(}[ (1-cost)’ —z J

ndomara KymanTupro, UKKMHYM TEHIJIaMara KyIiamMus3 Xamia

(sint)g(t) sin’ ¢ (cost)g(t)
Au(2)b= j(1 cost)’ — dt+,u(l (1-cost)’ —z ]'[ (1-cost)’ —

TEHIJIMKHU XOCUJ Kunamu3. Hatmwkana b HU Kyiinaarnya TOmaMms:
B J- (sint)g(?) dra M I sin’ ¢ j (cost)g(t)
Aﬂ(Z)T(l—COSl)Z—Z A, (2) T(l—cost)z—z 7 (1-cost)’* —

a Ba b HOMabiymiap y4yH TOmWiIraH rokopujaru udonanapuu (7) H(bonara Kyino
S =R.(H,)g TEHIIIMKHU XOCUJI KWJIaMU3. 2-TeopeMa TYIIUK UCOOTIaH IH.
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