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Àííîòàöèÿ. Îáñóæäàåòñÿ çàäà÷à ïîñòðîåíèÿ îïòèìàëüíûõ èíòåðïîëÿöèîííûõ ôîðìóë. Çäåñü
ñíà÷àëà âû÷èñëÿåòñÿ òî÷íàÿ âåðõíÿÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîðìóëû â ïðî-
ñòðàíñòâå Ñîáîëåâà. Äîêàçûâàþòñÿ ñóùåñòâîâàíèå è åäèíòâåííîñòü îïòèìàëüíîé èíòåðïîëÿ-
öèîííîé ôîðìóëû, êîòîðàÿ äàåò íàèìåíüøóþ ïîãðåøíîñòü. Ïðèâîäèòñÿ àëãîðèòì íàõîæ-
äåíèÿ êîýôôèöèåíòîâ îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû. Ðåàëèçîâàâ ýòîò àëãîðèòì
íàõîäÿòñÿ îïòèìàëüíûå êîýôôèöèåíòû.
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1. Ââåäåíèå

Äëÿ îòûñêàíèÿ ïðèáëèæåííîãî ïðåäñòàâëåíèÿ ôóíêöèè ϕ ýëåìåíòàìè èç íåêîòîðîãî íà-
áîðà ìîæíî âîñïîëüçîâàòüñÿ çíà÷åíèÿìè, êîòîðûå ýòà ôóíêöèÿ ïðèíèìàåò â íåêîòîðîì
êîíå÷íîì ìíîæåñòâå òî÷åê xk, k = 0, 1, . . . , N .
Ñîîòâåòñòâóþùàÿ çàäà÷à íàçûâàåòñÿ çàäà÷åé èíòåðïîëèðîâàíèÿ.
Â íàñòîÿùåé ðàáîòå ðàññìîòðèì çàäà÷ó îá îïòèìàëüíûõ èíòåðïîëÿöèîííûõ ôîðìóëàõ,

êîòîðàÿ âïåðâûå ïîñòàâëåíà è èññëåäîâàíà Ñ.Ë. Ñîáîëåâûì [1].
Ñëåäóåò îòìåòèòü, ÷òî ðåøåíèå ïðè p = 2 (òåîðåìà Õîëëèäåÿ [2]) çàäà÷è î ìèíèìèçàöèè

Lp-íîðìû m-é ïðîèçâîäíîé ôóíêöèé, èíòåðïîëèðóþùèõ çàäàííûå çíà÷åíèÿ yi â çàäàííûõ
òî÷êàõ xi, ïðèâåëî ê ðàçâèòèþ òåîðèè ñïëàéíîâ. Â äàëüíåéøåì ýòà çàäà÷à èññëåäîâàëàñü
âî ìíîãèõ ðàáîòàõ â áîëåå îáùåé ïîñòàíîâêå êàê ïðîáëåìà ìèíèìèçàöèè ôóíêöèîíàëà ïðè
îãðàíè÷åíèÿõ (ñì., íàïðèìåð, [3]�[8]).
Äàëåå, ïðèâåäåì ðÿä íåäàâíûõ ðàáîò ïîñâÿùåííûõ ïîñòðîåíèþ èíòåðïîëÿöèîííûõ ñïëàé-

íîâ è îïòèìàëüíûõ èíòåðïîëÿöèîííûõ ôîðìóë. Â ðàáîòå [9] ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ
ðåøåò÷àòûõ îïòèìàëüíûõ èíòåðïîëÿöèîííûõ ôîðìóë â ïðîñòðàíñòâå Ñîáîëåâà ïåðèîäè÷å-
ñêèõ ôóíêöèé n ïåðåìåííûõ. Òàì íàéäåíû êîýôôèöèåíòû ðåøåò÷àòûõ îïòèìàëüíûõ èíòåð-
ïîëÿöèîííûõ ôîðìóë. Â ñòàòüå [10] ñ ïîìîùüþ ìåòîäà Ñîáîëåâà ïîñòðîåíû èíòåðïîëÿöèîí-

íûå Dm-ñïëàéíû, ìèíèìèçèðóþùèå âûðàæåíèå

∫ 1

0

(
f (m)(x)

)2
dx â ïðîñòðàíñòâå L

(m)
2 (0, 1).

Ïîëó÷åíû ÿâíûå ôîðìóëû äëÿ êîýôôèöèåíòîâ èíòåðïîëÿöèîííûõ ñïëàéíîâ. Ïîëó÷åííûé
èíòåðïîëÿöèîííûé ñïëàéí òî÷åí äëÿ ïîëèíîìîâ ñòåïåíè m− 1. Ïîêàçàíà ñâÿçü ìåæäó ïî-
ëó÷åííûìè èíòåðïîëÿöèîííûìè ñïëàéíàìè è îïòèìàëüíûìè êâàäðàòóðíûìè ôîðìóëàìè.

Ïîñòóïèëà â ðåäàêöèþ 29.03.2023, ïîñëå äîðàáîòêè 29.03.2023. Ïðèíÿòà ê ïóáëèêàöèè 29.05.2023.
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Ðàáîòû [11], [12] ïîñâÿùåíû ïîñòðîåíèþ èíòåðïîëÿöèîííûõ ñïëàéíîâ, ìèíèìèçèðóþùèå

âûðàæåíèå

∫ 1

0

(
f (m)(x) + ω2f (m−2)(x)

)2
dx â ïðîñòðàíñòâå K2(Pm). Ïîëó÷åíû ÿâíûå ôîð-

ìóëû äëÿ êîýôôèöèåíòîâ èíòåðïîëÿöèîííûõ ñïëàéíîâ. Ïîëó÷åííûå èíòåðïîëÿöèîííûå
ñïëàéíû òî÷íû äëÿ îäíî÷ëåíîâ 1, x, x2, . . . , xm−3 è äëÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé
sinωx è cosωx. Â ðàáîòàõ [13], [14], èñïîëüçóÿ äèñêðåòíûå àíàëîãè äèôôåðåíöèàëüíûõ îïå-
ðàòîðîâ, ïîñòðîåíû îïòèìàëüíûå èíòåðïîëÿöèîííûå ôîðìóëû â ãèëüáåðòîâûõ ïðîñòðàí-
ñòâàõ.
Ñëåäóþùèå ðàáîòû ïîñâÿùåíû ïðèáëèæåíèþ àëãåáðàè÷åñêèìè ïîëèíîìàìè. Â ñòàòüå [15]

ïîëó÷åíà òî÷íàÿ îöåíêà ïîãðåøíîñòè íàèëó÷øåãî ïðèáëèæåíèÿ àëãåáðàè÷åñêèìè ïîëèíî-
ìàìè â ïðîñòðàíñòâå Ëåáåãà L2(−1, 1) ñ âåñîì 1−x2 â ñòåïåíè λ > −1. Â ðàáîòå [16] â îäíî-
ìåðíîì ñëó÷àå îïðåäåëåíû èíòåðïîëÿöèîííûå âåñîâûå ïðîñòðàíñòâà Áåñîâà äëÿ ôóíêöèé,
â êîòîðûõ ñïðàâåäëèâû ïðÿìûå è îáðàòíûå îöåíêè ïîãðåøíîñòè àïïðîêñèìàöèè àëãåáðàè-
÷åñêèìè ìíîãî÷ëåíàìè è ñïëàéíàìè â ñîáîëåâñêèõ íîðìàõ. Â ðÿäå ñëó÷àåâ óêàçàíû òî÷íûå
êîíñòàíòû â îöåíêàõ.
Ðàññìîòðèì èíòåðïîëÿöèîííóþ ôîðìóëó âèäà

ϕ(x) ∼= Pϕ(x) =
N∑
k=0

Ck(x)ϕ(xk). (1.1)

Ôîðìóëà (1.1) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì èíòåðïîëÿöèè:

ϕ(xk) = Pϕ(xk), k = 0, 1, . . . , N.

Çäåñü Ck(x) è xk � ñîîòâåòñòâåííî êîýôôèöèåíòû è óçëû èíòåðïîëÿöèîííîé ôîðìóëû
(1.1), à ôóíêöèÿ ϕ ÿâëÿåòñÿ ýëåìåíòîì íåêîòîðîãî áàíàõîâà ïðîñòðàíñòâà B.
Âàæíîé çàäà÷åé òåîðèè èíòåðïîëèðîâàíèÿ ÿâëÿåòñÿ îòûñêàíèå ìàêñèìóìà îøèáîê èí-

òåðïîëÿöèîííîé ôîðìóëû (1.1). Çíà÷åíèå îøèáêè ϕ(x) − Pϕ(x) â íåêîòîðîé òî÷êå z åñòü
ëèíåéíûé ôóíêöèîíàë íàä ïðîñòðàíñòâîì ôóíêöèé ϕ:

(`, ϕ) ≡ ϕ(z)− Pϕ(z) = ϕ(z)−
N∑
k=0

Ck(z)ϕ(xk). (1.2)

Çäåñü

`(x) = δ(x− z)−
N∑
k=0

Ck(z)δ(x− xk) (1.3)

íàçûâàåòñÿ ôóíêöèîíàëîì ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîðìóëû, δ(x) � äåëüòà-ôóíêöèÿ
Äèðàêà.
Ïî íåðàâåíñòâó Êîøè�Øâàðöà îøèáêà (1.2) èíòåðïîëÿöèîííîé ôîðìóëû (1.1) îöåíèâà-

åòñÿ ñ ïîìîùüþ íîðìû ôóíêöèîíàëà ïîãðåøíîñòè ` â ñîïðÿæåííîì ïðîñòðàíñòâå B∗:

|(`, ϕ)| ≤ ‖ϕ|B‖ · ‖`|B∗‖.
Ïðåäìåòîì íàøåãî èçó÷åíèÿ áóäåò íîðìà ýòîãî ôóíêöèîíàëà:

‖`|B∗‖.
Ðàçëè÷íûì óçëàì xk è êîýôôèöèåíòàì Ck(z) îòâå÷àþò ðàçíûå çíà÷åíèÿ íîðìû ‖`|B∗‖.
Âàæíàÿ çàäà÷à � ýòî ìèíèìèçàöèÿ íîðìû ‖`|B∗‖, ò. å. íàéòè

‖˚̀|B∗‖ = inf
Ck(z),xk

‖`|B∗‖. (1.4)

Òîãäà ñîîòâåòñòâóþùàÿ ôîðìóëà íàçûâàåòñÿ îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëîé.
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Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Íàéòè max
ϕ(x)∈B

|(`, ϕ)|.

Çàäà÷à 2. Íàéòè îïòèìàëüíûå êîýôôèöèåíòû C̊k(z) è x̊k, óäîâëåòâîðÿþùèå ðàâåí-
ñòâó (1.4).

Â íàñòîÿùåé ðàáîòå ìû çàéìåìñÿ èññëåäîâàíèåì çàäà÷ 1 è 2 â ïðîñòðàíñòâå Ñîáîëåâà

L
(m)
2 (0, 1) ôóíêöèé, ó êîòîðûõ îáîáùåííàÿ ïðîèçâîäíàÿ ïîðÿäêà m èíòåãðèðóåìà ñ êâàä-

ðàòîì íà îòðåçêå [0, 1].
Îñòàëüíàÿ ÷àñòü ðàáîòû îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Â ðàçäåëå 2 íàéäåíû ýêñ-

òðåìàëüíàÿ ôóíêöèÿ è êâàäðàò íîðìû ôóíêöèîíàëà ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîð-
ìóëû. Ïîëó÷åíà òî÷íàÿ âåðõíÿÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîðìóëû â ïðî-
ñòðàíñòâå Ñîáîëåâà. Ðàçäåë 3 ïîñâÿùåí äîêàçàòåëüñòâó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû ñ ðàâíîîòñòîÿùèìè óçëàìè. Â ðàçäåëå 4 îïèñû-
âàåòñÿ àëãîðèòì ïîñòðîåíèÿ îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû ñ ðàâíîîòñòîÿùèìè
óçëàìè. Â êîíöå ðàáîòû ñ ïîìîùüþ ýòîãî àëãîðèòìà ïîëó÷åíû ÿâíûå âûðàæåíèÿ äëÿ êî-
ýôôèöèåíòîâ îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû.

2. Òî÷íàÿ âåðõíÿÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîðìóëû

Çàäà÷ó 1 ìû áóäåì ðåøàòü ñ ïîìîùüþ ýêñòðåìàëüíîé ôóíêöèè, êîòîðàÿ óäîâëåòâîðÿåò
ðàâåíñòâó

(`, ψ`) =
∥∥`∣∣L(m)∗

2 (0, 1)
∥∥ · ∥∥ψ`∣∣L(m)

2 (0, 1)
∥∥.

Äëÿ ýêñòðåìàëüíîé ôóíêöèè ñïðàâåäëèâà

Òåîðåìà 1. Ýêñòðåìàëüíàÿ ôóíêöèÿ èíòåðïîëÿöèîííîé ôîðìóëû (1.1) â ïðîñòðàíñòâå

L
(m)
2 (0, 1) îïðåäåëÿåòñÿ ôîðìóëîé

ψ`(x) = (−1)m`(x) ∗Gm(x) + Pm−1(x). (2.1)

Çäåñü

Gm(x) =
x2m−1sign(x)

2(2m− 1)!
, (2.2)

Pm−1(x) � íåèçâåñòíûé ìíîãî÷ëåí ñòåïåíè m− 1.

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ïðîñòðàíñòâî L
(m)
2 (0, 1) ÿâëÿåòñÿ ãèëüáåðòîâûì è ñêàëÿð-

íîå ïðîèçâåäåíèå â íåì çàäàåòñÿ ôîðìóëîé

{ϕ,ψ} =

1∫
0

ϕ(m)(x)ψ(m)(x)dx. (2.3)

Íîðìà ôóíêöèé â L
(m)
2 (0, 1) îïðåäåëÿåòñÿ ôîðìóëîé

‖ϕ|L(m)
2 ‖ =

 1∫
0

(
ϕ(m)(x)

)2
dx


1
2

.

Ïîñêîëüêó ôóíêöèîíàë ` âèäà (1.3) îïðåäåëåí íà L
(m)
2 (0, 1), èìååì

(`, xα) = 0 ïðè α = 0, 1, . . . ,m− 1. (2.4)
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Òåïåðü, âîñïîëüçîâàâøèñü îáùèì âèäîì ëèíåéíîãî ôóíêöèîíàëà â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå, ïðåäñòàâèì ôóíêöèîíàë ïîãðåøíîñòè (1.3) â âèäå

(`, ϕ) = {ψ0, ϕ}, (2.5)

ãäå ψ0 ∈ L(m)
2 (0, 1) íàçûâàåòñÿ ýëåìåíòîì Ðèññà. Ïî òåîðåìå Ðèññà èìååò ìåñòî ðàâåíñòâî∥∥`∣∣L(m)∗

2 (0, 1)
∥∥ =

∥∥ψ0

∣∣L(m)
2 (0, 1)

∥∥.
Â ñèëó (2.3) è (2.5) ïîëó÷àåì ñïðàâåäëèâîå äëÿ ëþáîé ôóíêöèè ϕ ∈ C̊(∞)(R) òîæäåñòâî

1∫
0

dmϕ

dxm
dmψ0

dxm
dx = (`, ϕ). (2.6)

Ïðîèçâåäÿ m ðàç èíòåãðèðîâàíèå ïî ÷àñòÿì â ñìûñëå îáîáùåííûõ ôóíêöèé, â ëåâîé
÷àñòè (2.6) ïîëó÷àåì

(`, ϕ) =

1∫
0

DmϕDmψ0dx = (−1)m
(
D2m(ε[0,1](x)ψ0(x)), ϕ(x)

)
+

+
m∑
j=1

(−1)j−1Dm−1+jψ0(y)Dm−jϕ(y)

∣∣∣∣y=1

y=0

=
(
D2m((−1)mε[0,1](x)ψ0(x)), ϕ(x)

)
+

+

(
m∑
j=1

(−1)m−1Dm−1+jψ0(y)δ(m−j)(x− y), ϕ(x)

)∣∣∣∣y=1

y=0

,

ãäå ε[0,1](x) =

{
1, x ∈ [0, 1],
0, x /∈ [0, 1],

Dm =
dm

dxm
.

Òàêèì îáðàçîì, â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé

D2m
(
ε[0,1](x)ψ0(x)

)
= (−1)m`(x) +

m∑
j=1

(−1)m+jDm−1+jψ(y)δ(m−j)(x− y)

∣∣∣∣y=1

y=0

. (2.7)

Îáùåå ðåøåíèå óðàâíåíèÿ (2.7) çàïèñûâàåòñÿ â âèäå

ε[0,1](x)ψ0(x) = (−1)m`(x) ∗Gm(x) +
m∑
j=1

aj |x− y|2m−j
∣∣∣∣y=1

y=0

+ P2m−1(x), (2.8)

ãäå
m∑
j=1

aj |x−y|2m−j
∣∣∣∣y=1

y=0

� ìíîãî÷ëåí ñòåïåíè 2m−1 ñ ïåðåîïðåäåëåííûìè êîýôôèöèåíòàìè

aj , ñîîòâåòñòâóþùèé ÷ëåíó
m∑
j=1

Dm−1+jψ0(y)δ(m−j)(x− y)

∣∣∣∣y=1

y=0

,

Gm(x) îïðåäåëÿåòñÿ ôîðìóëîé (2.2).
Ðàññìîòðèì (2.8) âíå îòðåçêà [0, 1]. Âûðàæåíèå (−1)m`(x) ∗ Gm(x) âíå îòðåçêà [0, 1] ÿâ-

ëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè m− 1, òàê êàê ýòà ôóíêöèÿ èç C∞(R \ [0, 1]), êîòîðàÿ ïîñëå m
êðàòíîãî äèôôåðåíöèðîâàíèÿ îáðàùàåòñÿ â íóëü áëàãîäàðÿ óñëîâèþ (2.4).
Äëÿ âûïîëíåíèÿ óñëîâèÿ

ε[0,1](x)ψ0(x) = 0 ïðè x /∈ [0, 1]
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íåîáõîäèìî
m−1∑
j=1

aj |x− y|2m−1
∣∣∣∣y=1

y=0

+ P2m−1(x) = Rm−1(x),

ãäå Rm−1(x) � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè m− 1.

Èòàê, äëÿ ëþáîé èíòåðïîëÿöèîííîé ôîðìóëû âèäà (1.1) â ïðîñòðàíñòâå L
(m)
2 (0, 1) åå

ýêñòðåìàëüíàÿ ôóíêöèÿ, ò. å. ýëåìåíò Ðèññà, äàåòñÿ ôîðìóëîé

ψ`(x) = ψ0(x) = (−1)m`(x) ∗Gm(x) + Pm−1(x).

�

Íîðìà ôóíêöèîíàëà `(x) è ýêñòðåìàëüíàÿ ôóíêöèÿ ψ`(x) ñâÿçàíû ìåæäó ñîáîé ñîîòíî-
øåíèåì ∥∥`∣∣L(m)

2 (0, 1)
∥∥2 =

1∫
0

(
ψ
(m)
` (x)

)2
dx. (2.9)

Ïîäñòàâëÿÿ (2.1) â (2.9), âèäèì, ÷òî êâàäðàò íîðìû ôóíêöèîíàëà ïîãðåøíîñòè ïðåäñòàâ-
ëÿåò ñîáîé êâàäðàòè÷íóþ ôóíêöèþ åãî êîýôôèöèåòîâ Ck(z):

Ψ(C(z)) =
∥∥`∣∣L(m)∗

2 (0, 1)
∥∥2 =

= (−1)m

(
N∑
k=0

N∑
k′=0

Ck(z)Ck′(z)Gm(xk − xk′)− 2
N∑
k=0

Ck(z)Gm(z − xk)

)
, (2.10)

ãäå C(z) = (C0(z), C1(z), . . . , CN (z)).
Íàïîìíèì, ÷òî êîýôôèöèåíòû Ck(z) â ðàâåíñòâå (2.10) äîëæíû óäîâëåòâîðÿòü ñèñòåìå

ëèíåéíûõ óðàâíåíèé (2.4).

3. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü îïòèìàëüíîé èíòåðïîëÿöèîííîé
ôîðìóëû

Ñôîðìóëèðóåì óñëîâèÿ, ïðè êîòîðûõ êâàäðàòè÷íàÿ ôóíêöèÿ Ψ(C(z)) äîñòèãàåò ìèíè-
ìóìà íà ìíîæåñòâå âåêòîðîâ C(z), ïîä÷èíåííûõ ñîîòíîøåíèþ (2.4). Äëÿ ýòîãî ïðèìåíèì
ìåòîä íåîïðåäåëåííûõ ìíîæèòåëåé Ëàãðàíæà. Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ

Ψ1(C(z), λ) = Ψ(C(z)) + 2(−1)m
m−1∑
α=0

λα(`, xα),

ãäå λ = (λ0, λ1, . . . , λm−1).
Ïðèðàâíèâàÿ íóëþ ÷àñòíûå ïðîèçâîäíûå îò Ψ1(C(z), λ) ïî Ck(z) è λα, ïîëó÷àåì

N∑
k′=0

Ck′(z)Gm(xk′ − xk) + Pm−1(xk) = Gm(z − xk), k = 0, N, (3.1)

N∑
k′=0

Ck′(z)x
α
k′ = zα, α = 0,m− 1. (3.2)

Ñèñòåìà (3.1), (3.2) íàçûâàåòñÿ äèñêðåòíîé ñèñòåìîé Âèíåðà�Õîïôà [1].

Ñèñòåìà (3.1), (3.2) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìû îáîçíà÷èì C̊k(z) è λ̊α, è
ïðåäñòàâëÿåò ñîáîé ñòàöèîíàðíóþ òî÷êó ôóíêöèè Ψ1(C(z), λ).
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Ñèñòåìó (3.2) ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå

SC(z) = b

ñ ìàòðèöåé

S =


1 1 1 . . . 1
x0 x1 x2 . . . xN
...

...
...

...
...

xm−10 xm−11 xm−12 . . . xm−1N

 .

Èç òåîðèè óñëîâíîãî ýêñòðåìóìà èçâåñòíî äîñòàòî÷íîå óñëîâèå, ïðè êîòîðîì ðåøåíèå
ñèñòåìû (3.1), (3.2) äàåò ëîêàëüíûé ìèíèìóì ‖`‖2 íà ìíîãîîáðàçèè (2.4). Ýòî ñîñòîèò â
ïîëîæèòåëüíîé îïðåäåëåííîñòè ñëåäóþùåé êâàäðàòè÷íîé ôîðìû:

Φ(C(z)) =
N∑
k=0

N∑
k′=0

∂2Ψ1(C(z), λ)

∂Ck(z)∂Ck′(z)
Ck(z)Ck′(z) (3.3)

íà ìíîæåñòâå âåêòîðîâ C(z), ïîä÷èíåííûõ òðåáîâàíèþ

SC(z) = 0. (3.4)

Â íàøåì ñëó÷àå ýòî óñëîâèå âûïîëíÿåòñÿ, ò. å. ñïðàâåäëèâà

Ëåììà 1. Äëÿ ëþáîãî íåíóëåâîãî âåêòîðà C(z) = (C0(z), C1(z), . . . , CN (z)) èç RN+1, ëå-

æàùåãî â ïîäïðîñòðàíñòâå SC(z) = 0, ôóíêöèÿ Φ (C(z)) ñòðîãî ïîëîæèòåëüíà.

Äîêàçàòåëüñòâî. Âû÷èñëÿÿ ÷àñòíûå ïðîèçâîäíûå îò ôóíêöèè Ψ1(C(z), λ) ïî ïðååìåííûì
Ck(z) èç (3.3), èìååì

Φ(C(z)) = 2(−1)m
N∑
k=0

N∑
k′=0

Gm(xk − xk′)Ck(z)Ck′(z). (3.5)

Ðàññìîòðèì ñëåäóþùèé ôóíêöèîíàë, êîòîðûé ñîñòîèò èç ëèíåéíûõ êîìáèíàöèé δ-ôóíêöèé

`C(z)(x) =
√

2

N∑
k=0

Ck(z)δ(x− xk). (3.6)

Ýòîò ôóíêöèîíàë ïðèíàäëåæèò ñîïðÿæåííîìó ïðîñòðàíñòâó, ò. å. ïðîñòðàíñòâó L
(m)∗
2 (0, 1),

áëàãîäàðÿ óñëîâèþ (3.4). Òîãäà îí èìååò ýêñòðåìàëüíóþ ôóíêöèþ UC(z)(x) ∈ L
(m)
2 (0, 1),

êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

d2m

dx2m
UC(z)(x) = (−1)m`C(z)(x).

Âîçüìåì

UC(z)(x) =
√

2(−1)m
N∑
k=0

Ck(z)Gm(x− xk).

Êâàäðàò íîðìû ôóíêöèè UC(z)(x) â ïðîñòðàíñòâå L
(m)
2 (0, 1) ñîâïàäàåò ñ ôóíêöèåé Φ(C(z)):

∥∥UC(z)

∣∣L(m)
2 (0, 1)

∥∥2 = (`C(z), UC(z)) = 2(−1)m
N∑
k=0

N∑
k′=0

Gm(xk − xk′)Ck(z)Ck′(z).

Îòñþäà ñëåäóåò, ÷òî äëÿ íåíóëåâûõ âåêòîðîâ C(z) ∈ RN+1 ôóíêöèÿ Φ(C(z)), îïðåäåëÿå-
ìàÿ ôîðìóëîé (3.5), ÿâëÿåòñÿ ñòðîãî ïîëîæèòåëüíîé. �
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Åñëè óçëû xk èíòåðïîëÿöèîííîé ôîðìóëû (1.1) ïîäîáðàíû òàê, ÷òî ìàòðèöà S èìååò
ïðàâóþ îáðàòíóþ, òî ñèñòåìà (3.1), (3.2) èìååò åäèíñòâåííîå ðåøåíèå.

Ëåììà 2. Åñëè ìàòðèöà S èìååò ïðàâóþ îáðàòíóþ, òî ìàòðèöà Q ñèñòåìû (3.1), (3.2)
íåâûðîæäåííàÿ.

Äîêàçàòåëüñòâî. Îäíîðîäíàÿ ñèñòåìà, ñîîòâåòñòâóþùàÿ ñèñòåìå (3.1), (3.2), èìååò ñëåäó-
þùèé âèä:

Q

(
C(z)
λ

)
=

(
G S∗

S 0

)(
C(z)
λ

)
= 0, (3.7)

ãäå G � ìàòðèöà ñ ýëåìåíòàìè gij = Gm(xi−xj), i = 0, 1, . . . , N, j = 0, 1, . . . , N, S � ìàòðèöà

ñ ýëåìåíòàìè Skp = xkp, k = 0, 1, . . . ,m− 1, p = 0, 1, . . . , N.
Ïîêàæåì, ÷òî ñèñòåìà (3.7) èìååò åäèíñòâåííîå ðåøåíèå C(z)=(0, 0, . . . , 0) è λ=(0, 0, . . . , 0)

� ýòî òîæäåñòâåííûé íóëü.
Ïóñòü C(z), λ � ðåøåíèå îäíîðîäíîé ñèñòåìû (3.7). Âîñïîëüçóÿñü ôîðìóëîé (3.6), îáðà-

çóåì îáîáùåííóþ ôóíêöèþ `C(z)(x), êîòîðàÿ ñîîòâåòñòâóåò âåêòîðó C(z). Îíà, î÷åâèäíî,

ïðèíàäëåæèò L
(m)∗
2 (0, 1). Â êà÷åñòâå ýêñòðåìàëüíîé ôóíêöèè äëÿ `C(z)(x) âîçüìåì ôóíêöèþ

UC(z)(x) =
√

2(−1)m

(
N∑
k=0

Ck(z)Gm(x− xk) + Pm−1(x)

)
.

ÏåðâûåN+1 óðàâíåíèé ñèñòåìû (3.7) îçíà÷àþò, ÷òî UC(z)(x) ïðèíèìàåò íóëåâîå çíà÷åíèå
âî âñåõ óçëàõ èíòåðïîëÿöèè xk:

UC(z)(xk) = 0, k = 0, 1, . . . , N.

Òîãäà äëÿ íîðìû ôóíêöèîíàëà `C(z)(x) èìååì

∥∥`C(z)

∣∣L(m)∗
2 (0, 1)

∥∥2 =
(
`C(z), UC(z)

)
=
√

2
N∑
k=0

Ck(z)UC(z)(xk) = 0,

÷òî âîçìîæíî ëèøü ïðè C(z) = 0.
Â ñèëó ïîñëåäíåãî ðàâåíñòâà, ïîëó÷åííîãî èç ïåðâûõ N + 1 óðàâíåíèé ñèñòåìû (3.7),

èìååì
S∗λ = 0. (3.8)

Ïî óñëîâèþ ìàòðèöà S èìååò ïðàâóþ îáðàòíóþ, íî òîãäà S∗ èìååò ëåâóþ îáðàòíóþ.
Îòñþäà è èç (3.8) ñëåäóåò λ = 0. �

Òàêèì îáðàçîì, ñèñòåìà (3.1), (3.2) èìååì åäèíñòâåííîå ðåøåíèå C̊k(z), k = 0, N , è λ̊i,
i = 0,m− 1.

4. Àëãîðèòì ðåøåíèÿ ñèñòåìû Âèíåðà�Õîïôà

Ïóñòü óçëû xβ èíòåðïîëÿöèîííîé ôîðìóëû (1.1) èìåþò âèä

xβ = [β],

ãäå [β] = hβ, h =
1

N
, β = 0, 1, . . . , N.

Èíòåðïîëÿöèîííàÿ ôîðìóëà ñ ðàâíîîñòîÿùèìè óçëàìè èìååò âèä

ϕ(z) ∼=
N∑
β=0

C([β], z)ϕ[β]. (4.1)
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Ñ÷èòàÿ C([β], z) = 0 ïðè βh∈[0, 1], ñèñòåìó (3.1), (3.2) ïåðåïèøåì â âèäå ñâåðòêè

Gm[β] ∗ C([β], z) + Pm−1[β] = f [β], β = 0, N, (4.2)
N∑
β=0

C([β], z)[β]α = zα, α = 0,m− 1. (4.3)

Çäåñü

f [β] = Gm(z − [β]), (4.4)

C([β], z) � êîýôôèöèåíòû èíòåðïîëÿöèîííîé ôîðìóëû (4.1), Pm−1[β] � íåèçâåñòíûé ïîëè-
íîì äèñêðåòíîãî àðãóìåíòà ñòåïåíè m− 1.

Çàäà÷à À. Íàéòè ôóíêöèþ C([β], z) è ìíîãî÷ëåí äèñêðåòíîãî àðãóìåíòà Pm−1[β] ñòå-
ïåíè m− 1, óäîâëåòâîðÿþùèå ñèñòåìå (4.2)�(4.3) ïðè çàäàííûõ f [β] è zα.

Ðàññìîòðèì

v[β] = Gm[β] ∗ C([β], z) (4.5)

è

U [β] = v[β] + Pm−1[β]. (4.6)

Èçâåñòíî [17], ÷òî

hDm[β] ∗Gm[β] = δ[β].

Çäåñü

Dm[β] =
(2m− 1)!

h2m



m−1∑
k=1

(1− λk)2m+1λ
|β|
k

λkE2m−1(λk)
ïðè |β| ≥ 2;

1 +

m−1∑
k=1

(1− λk)2m+1

E2m−1(λk)
ïðè |β| = 1;

−22m−1 +

m−1∑
k=1

(1− λk)2m+1

λkE2m−1(λk)
ïðè β = 0

(4.7)

� äèñêðåòíûé àíàëîã äèôôåðåíöèàëíîãî îïåðàòîðà
d2m

dx2m
, ãäå E2m−1(λ) � ìíîãî÷ëåí

Ýéëåðà�Ôðîáåíèóñà ñòåïåíè 2m − 1, λk � êîðíè ìíîãî÷ëåíà Ýéëåðà�Ôðîáåíèóñà ñòåïå-
íè 2m − 2, |λk| < 1, h � øàã ðåøåòêà, à δ[β] � äåëüòà-ôóíêöèÿ äèñêðåòíîãî àðãóìåíòà,
êîòîðàÿ ðàâíà åäèíèöå ïðè β = 0 è ðàâíà íóëþ ïðè β 6= 0.
Â ñèëó (4.5) îïåðàòîð Dm[β] ïîçâîëÿåò âûðàçèòü

C([β], z) = hDm[β] ∗ U [β]

è ïðåîáðàçîâàòü çàäà÷ó îòûñêàíèÿ C([β], z) è Pm−1[β] â çàäà÷ó îòûñêàíèÿ íåèçâåñòíîé
ôóíêöèè U [β]. Äëÿ ýòîãî ðàññìîòðèì ôóíêöèþ v[β]. Âû÷èñëÿÿ ñâåðòêó v[β] = Gm[β] ∗
C([β], z) ïðè β ≤ 0 è β ≥ N è ó÷èòûâàÿ (4.3), ïîëó÷àåì

v[β] = Gm[β] ∗ C([β], z) =

{
−Q(2m−1)[β]−Qm−1[β] ïðè β ≤ 0;

Q(2m−1)[β] +Qm−1[β] ïðè β ≥ N,
ãäå

Q(2m−1)[β] =

m−1∑
α=0

(−1)α[β]2m−1−α

2α!(2m− 1− α)!
zα, (4.8)
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Qm−1[β] =
2m−1∑
α=m

(−1)α[β]2m−α−1

2α!(2m− α− 1)!

N∑
γ=0

C([γ], z)[γ]α.

Â ñèëó (4.6) âíå îòðåçêà [0, 1] ôóíêöèÿ

U [β] =

{
−Q(2m−1)[β]−Qm−1[β] + Pm−1[β] ïðè β ≤ 0;

Q(2m−1)[β] +Qm−1[β] + Pm−1[β] ïðè β ≥ N.
Îáîçíà÷èì

Q
(−)
m−1[β] = Pm−1[β]−Qm−1[β], (4.9)

Q
(+)
m−1[β] = Pm−1[β] +Qm−1[β]. (4.10)

Ïîñëå ýòèõ îáîçíà÷åíèé ôóíêöèÿ

U [β] =

{
−Q(2m−1)[β] +Q

(−)
m−1[β] ïðè β ≤ 0;

Q(2m−1)[β] +Q
(+)
m−1[β] ïðè β ≥ N.

(4.11)

Èç (4.9) è (4.10) ñëåäóåò

Pm−1[β] =
1

2

(
Q

(−)
m−1[β] +Q

(+)
m−1[β]

)
,

Qm−1[β] =
1

2

(
Q

(−)
m−1[β]−Q(+)

m−1[β]
)
.

Â ñèëó (4.2), (4.6) è (4.11) ïîëó÷èì

U [β] =


−Q(2m−1)[β] +Q

(−)
m−1[β] ïðè β ≤ 0;

f [β] ïðè 0 ≤ β ≤ N ;

Q(2m−1)[β] +Q
(+)
m−1[β] ïðè β ≥ N,

ãäå ìíîãî÷ëåíû äèñêðåòíîãî àðãóìåíòà Q(2m−1)[β] ñòåïåíè 2m−1 çàäàþòñÿ ôîðìóëîé (4.8),

ôóíêöèÿ f [β] çàäàíà â (4.4), à ìíîãî÷ëåíû äèñêðåòíûõ àðãóìåíòîâ Q
(−)
m−1[β] è Q

(+)
m−1[β] �

íåèçâåñòíûå ìíîãî÷ëåíû ñòåïåíè m− 1.
Èòàê, ìû ïîëó÷àåì ñëåäóùóþ çàäà÷ó.

Çàäà÷à Â. Íàéòè ðåøåíèå óðàâíåíèÿ

Dm[β] ∗ U [β] = 0 ïðè [β]∈[0, 1], (4.12)

èìåþùåå âèä

U [β] =


−Q(2m−1)[β] +Q

(−)
m−1[β] ïðè β ≤ 0;

f [β] ïðè 0 ≤ β ≤ N ;

Q(2m−1)[β] +Q
(+)
m−1[β] ïðè β ≥ N,

ãäå Q
(−)
m−1[β], Q

(+)
m−1[β] � íåèçâåñòíûå, à Q(2m−1)[β] è f [β] � èçâåñòíûå ìíîãî÷ëåíû.

Åñëè çàäà÷à Â ðåøåíà, ò. å. íàéäåíû Q
(−)
m−1[β] è Q

(+)
m−1[β], òî íåèçâåñòíûå C([β], z), Pm−1[β]

îïðåäåëÿþòñÿ ôîðìóëàìè:

C([β], z) = hDm[β] ∗ U [β], (4.13)

Pm−1[β] =
1

2

(
Q

(−)
m−1[β] +Q

(+)
m−1[β]

)
.

Ñïðàâåäëèâà
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Òåîðåìà 2. Â ïðîñòðàíñòâå Ñîáîëåâà L
(m)
2 (0, 1) ñóøåñòâóåò åäèíñòâåííàÿ îïòèìàëüíàÿ

èíòåðïîëÿöèîííàÿ ôîðìóëà âèäà

ϕ(z) ∼=
N∑
β=0

C̊([β], z)ϕ[β],

êîýôôèöèåíòû êîòîðîé îïðåäåëÿþòñÿ ôîðìóëàìè

C̊([0], z) = h

N∑
γ=0

Dm[γ]f [γ] +

m−1∑
k=1

(Ak +Bk) +
(2m− 1)!

h2m−1

(
−Q(2m−1)[−1] +Q

(−)
m−1[−1]

)
,

C̊([β], z) = h

N∑
γ=0

Dm[β − γ]f [γ] +

m−1∑
k=1

(
Akλ

β
k +Bkλ

−β
k

)
, β = 1, 2, . . . , N − 1,

C̊([N ], z)=h
N∑
γ=0

Dm[N−γ]f [γ]+
m−1∑
k=1

(
λNk Ak+λ−Nk Bk

)
+

(2m− 1)!

h2m−1

(
Q(2m−1)[N + 1]+Q

(+)
m−1[N + 1]

)
.

Çäåñü λk � êîðíè ìíîãî÷ëåíà Ýéëåðà�Ôðîáåíèóñà ñòåïåíè 2m− 2 ïî ìîäóëþ ìåíüøå åäè-

íèöû, ò. å. |λk| < 1, f [γ], Dm[β], Q(2m−1)[γ], Ak è Bk îïðåäåëÿþòñÿ ôîðìóëàìè (4.4), (4.7),

(4.8), (4.14), (4.15); Q
(−)
m−1[γ], Q

(+)
m−1[γ] îïðåäåëÿþòñÿ èç ñèñòåìû (4.12).

Äîêàçàòåëüñòâî. Ïåðåéäåì ê âû÷èñëåíèþ ñâåðòêè â ôîðìóëå (4.13). Äëÿ ýòîãî âîñïîëüçó-
åìñÿ âûðàæåíèåì ôóíêöèè U [β], îïðåäåëÿåìîé (4.8) è äèñêðåòíûì àíàëîãîì äèôôåðåíöè-
àëüíîãî îïåðàòîðà 2m-ãî ïîðÿäêà (4.4):

C([β], z) = hDm[β] ∗ U [β] = h

∞∑
γ=−∞

Dm[β − γ]U [γ] = h

N∑
γ=0

Dm[β − γ]f [γ]+

+h

−1∑
γ=−∞

Dm[β − γ]
(
−Q(2m−1)[γ] +Q

(−)
m−1[γ]

)
+ h

∞∑
γ=N+1

Dm[β − γ]
(
Q(2m−1)[γ] +Q

(+)
m−1[γ]

)
.

(4.14)
Ïóñòü β = 1, 2, . . . , N − 1, òîãäà äëÿ êîýôôèöèåíòîâ èíòåðïîëÿöèîííîé ôîðìóëû (4.1)

èìååì

C([β], z) = h

N∑
γ=0

Dm[β − γ]f [γ] +

m−1∑
k=1

(
Akλ

β
k +Bkλ

−β
k

)
.

Çäåñü

Ak =
(2m− 1)!

h2m−1
· (1− λk)2m+1

λkE2m−1(λk)

∞∑
γ=1

λγk

(
−Q(2m−1)[−γ] +Q

(−)
m−1[−γ]

)
,

Bk =
(2m− 1)!

h2m−1
· (1− λk)2m+1

λkE2m−1(λk)

∞∑
γ=N+1

λγk

(
Q(2m−1)[γ] +Q

(+)
m−1[γ]

)
.

Èç (4.14) ïðè β = 0 è β = N ïîëó÷àåì

C([0], z) = h
N∑
γ=0

Dm[γ]f [γ] +
m−1∑
k=1

(Ak +Bk) +
(2m−1)!

h2m−1

(
−Q(2m−1)[−1] +Q

(−)
m−1[−1]

)
,
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C([N ], z)=h
N∑
γ=0

Dm[N−γ]f [γ]+
m−1∑
k=1

(
λNk Ak+λ−Nk Bk

)
+

(2m−1)!

h2m−1

(
Q(2m−1)[N + 1]+Q

(+)
m−1[N + 1]

)
.

�

Â ÷àñòíîñòè, èç òåîðåìû 2 ïîëó÷àåòñÿ

Òåîðåìà 3. Â ïðîñòðàíñòâå Ñîáîëåâà L
(1)
2 (0, 1) ñóùåñòâóåò åäèíñòâåííàÿ èíòåðïîëÿöè-

îííàÿ ôîðìóëà âèäà

ϕ(z) ∼=
N∑
β=0

C̊([β], z)ϕ[β],

êîýôôèöèåíòû êîòîðîé âûðàæàþòñÿ ôîðìóëàìè

C̊([0], z) =
1

2h
(h− z + |h− z|) ,

C̊([β], z) =
1

2h
(|z − h(β − 1)| − 2|z − hβ|+ |z − h(β + 1)|) , β = 1, 2, . . . , N − 1,

C̊([N ], z) =
1

2h
(z + h− 1 + |z + h− 1|) .

Äîêàçàòåëüñòâî ñëåäóåò èç äîêàçàòåëüñòâà òåîðåìû 2 ïðè m = 1.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â íàñòîÿùåé ðàáîòå ïîñòðîåíà îïòèìàëüíàÿ èíòåðïîëÿöèîííàÿ ôîðìó-
ëà â ïðîñòðàíñòâå Ñîáîëåâà. Äëÿ ýòîãî ñ ïîìîùüþ ýêñòðåìàëüíîé ôóíêöèè ïîëó÷åíà òî÷-
íàÿ âåðõíÿÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé ôîðìóëû, êîòîðàÿ âûðàæàåòñÿ íîðìîé
ôóíêöèîíàëà ïîãðåøíîñòè. Äàëåå, ìèíèìèçèðóÿ íîðìû ôóíêöèîíàëà ïîãðåøíîñòè èíòåð-
ïîëÿöèîííîé ôîðìóëû ïî êîýôôèöèåíòàì, ïîëó÷åíà ñèñòåìà Âèíåðà�Õîïôà. Ïðèâåäåí àë-
ãîðèòì íàõîæäåíèÿ êîýôôèöèåíòîâ îïòèìàëüíîé èíòåðïîëÿöèîííîé ôîðìóëû. Ïðèìåíÿÿ
ýòîò àëãîðèòì, ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ îïòèìàëüíûõ êîýôôèöèåíòîâ.
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On the problem of optimal interpolation of functions

Abstract. In this work, the problem of constructing optimal interpolation formulas is discussed.
Here, �rst, an exact upper bound for the error of the interpolation formula in the Sobolev space
is calculated. The existence and uniqueness of the optimal interpolation formula, which gives the
smallest error, are proved. An algorithm for �nding the coe�cients of the optimal interpolation
formula is given. By implementing this algorithm, the optimal coe�cients are found.
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