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Ââåäåíèå

Â ðàçëè÷íûõ ðàçäåëàõ ìàòåìàòèêè è åå ïðèëîæåíèé øèðîêî ïðèìåíÿþòñÿ êâàäðàòóðíûå
è êóáàòóðíûå ôîðìóëû. Ïðè ïîëó÷åíèè äèñêðåòíîé àïïðîêñèìàöèè (êóáàòóðíîé ôîðìó-
ëû) âàæíóþ ðîëü èãðàåò îáùåå òðåáîâàíèå, ÷òîáû êóáàòóðíàÿ ôîðìóëà êàê ìîæíî ëó÷øå
ïðèáëèæàëàñü ê çàäàííûì îïðåäåëåííûì èíòåãðàëàì. Òàêèå êóáàòóðíûå ôîðìóëû ìîæíî
ïîëó÷èòü, íàïðèìåð, ïðè ïîìîùè âàðèàöèîííûõ ïðèíöèïîâ. Ïîýòîìó ïîñòðîåíèå ïî âàðèà-
öèîííûì ìåòîäàì ðåøåò÷àòûõ îïòèìàëüíûõ êóáàòóðíûõ ôîðìóë â ïðîñòðàíñòâå Ñîáîëåâà
ÿâëÿåòñÿ îäíîé èç àêòóàëüíûõ çàäà÷ âû÷èñëèòåëüíîé ìàòåìàòèêè. Ïóñòü x−âåêòîð èç Rn, γ
� âåêòîð èç Zn, ò. å. γ èìååò n öåëî÷èñëåííûõ êîîðäèíàò. Äëÿ ïîëîæèòåëüíîãî ÷èñëà h è
ìàòðèöû H ñ åäèíè÷íûì îïðåäåëèòåëåì îáðàçóåì ìíîæåñòâî âåêòîðîâ {hHγ |γ ∈ Zn}. Ýòî
ìíîæåñòâî ïðèíÿòî íàçûâàòü òî÷å÷íîé ãåîìåòðè÷åñêîé ðåøåòêîé â Rn. Ïóñòü òàêæå èìååò-
ñÿ ôóíêöèÿ ϕ(x), íåïðåðûâíàÿ â èçìåðèìîé îáëàñòè Ω èç Rn. Äàëåå áóäåì ðàññìàòðèâàòü
ôîðìóëû ïðèáëèæåííîãî èíòåãðèðîâàíèÿ, èëè êóáàòóðíûå ôîðìóëû âèäà∫

Ω

p(x)ϕ(x)dx ∼=
∑

hHβ∈Ω

∑
α

|α|≤σ

Cα[β]Dαϕ(hHβ). (1)

Çíà÷åíèÿ ôóíêöèè äèñêðåòíîé ïåðåìåííîé
{
Cα[β] |β ∈ Zn, hHβ ∈ Ω̄

}
íàçûâàþò êîýôôèöè-

åíòàìè êóáàòóðíîé ôîðìóëû, òî÷êè hHβ èç Ω̄ � åå óçëàìè, à ïàðàìåòð h � øàãîì ðåøåòêè
èíòåãðèðîâàíèÿ, p(x) � âåñîâàÿ ôóíêöèÿ, σ � öåëîå ïîëîæèòåëüíîå ÷èñëî, áóêâîé α áó-
äåì îáîçíà÷àòü âåêòîðû âèäà α = (α1, α2, . . . , αn), ãäå αi � öåëûå íåîòðèöàòåëüíûå ÷èñëà,
i = 1, n,

|α| = α1 + α2 + . . .+ αn, Dα =
∂|α|

∂xα1
1 ∂xα2

2 . . . ∂xαn
n
.

Ïîñòóïèëà â ðåäàêöèþ 29.03.2023, ïîñëå äîðàáîòêè 29.03.2023. Ïðèíÿòà ê ïóáëèêàöèè 29.05.2023.
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Îïðåäåëåíèå. Ñåìåéñòâî êóáàòóðíûõ ôîðìóë âèäà (1) íàçûâàåòñÿ ñîñòàâíûìè êóáàòóð-
íûìè ôîðìóëàìè íà ðåøåòêå.

Ôóíêöèîíàë ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (1) îïðåäåëÿåòñÿ êàê îáîáùåííàÿ ôóíê-
öèÿ, äåéñòâóþùàÿ ïî ôîðìóëå

(`, ϕ) =

∫
Ω

(
p(x)−

∑
hHβ∈Ω

∑
α

|α|≤σ

Cα[β](−1)|α|Dαδ(x− hHβ)

)
ϕ(x)dx =

=

∫
Ω

p(x)ϕ(x)dx−
∑

hHβ∈Ω

∑
α

|α|≤σ

Cα[β]Dαϕ(hHβ). (2)

ßñíî, ÷òî çàäàíèå ôóíêöèîíàëà ïîãðåøíîñòè `(x) îäíîçíà÷íî îïðåäåëÿåò ôîðìóëó (1) è
îáðàòíî. Ïîýòîìó â äàëüíåéøåì áóäåì èìåòü äåëî â îñíîâíîì ñ ôóíêöèîíàëîì ïîãðåøíî-
ñòè. Íàñ áóäóò èíòåðåñîâàòü ñâîéñòâà êóáàòóðíîé ôîðìóëû (1) íà ïðîñòðàíñòâàõ Ñîáîëåâà

L
(m)
2 (Rn) è L̃

(m)
2 (Rn) .

Íàïîìíèì îïðåäåëåíèÿ ýòèõ ïðîñòðàíñòâ [1], [2].
Ïóñòü ôóíêöèÿ ϕ(x) îïðåäåëåíà íà âñåì Rn è èìååò ëîêàëüíî ñóììèðóåìûå ïðîèçâîäíûå

äî ïîðÿäêà m âêëþ÷èòåëüíî ñ ïîëóíîðìîé

‖ϕ|L(m)
2 (Rn)‖ =

[ ∫
Rn

∑
|α|=m

m!

α!
(Dαϕ(x))2dx

] 1
2

<∞. (3)

Ñóììèðîâàíèå ïðîâîäèòñÿ ïî ìóëüòèèíäåêñàì α = (α1, α2, . . . , αn) ñ öåëî÷èñëåííûìè êîîð-

äèíàòàìè, α! = α1!α2! . . . αn! è |α| =
n∑
j=1

αj .

Ýëåìåíòàìè ïðîñòðàíñòâà L
(m)
2 (Rn) ñëóæàò êëàññû ôóíêöèé, îòëè÷àþùèõñÿ äðóã îò äðó-

ãà íà ïîëèíîì ñòåïåíè ìåíüøå m è èìåþùèõ êîíå÷íûé èíòåãðàë (3). Âûðàæåíèå (3), î÷å-

âèäíî, çàäàåò â L
(m)
2 (Rn) ïîëóíîðìó, ïî êîòîðîé ýòî ïðîñòðàíñòâî ïîëíî. Äëÿ òîãî ÷òîáû

ôóíêöèîíàë ïîãðåøíîñòè áûë îïðåäåëåí â L
(m)
2 (Rn) íåîáõîäèìî âûïîëíåíèå óñëîâèé

(`, xα) = 0, |α| < m.

Åñëè ê òîìó æå 2m > n, ò. å. âûïîëíåíî óñëîâèå ïåðâîé òåîðåìû âëîæåíèÿ [3], òî `(x)

îãðàíè÷åí â L
(m)
2 (Rn).

Àíàëîãè÷íî îïðåäåëÿåòñÿ ïðîñòðàíñòâî L
(m)
2 (Ω), ïîëóíîðìà â êîòîðîì çàäàåòñÿ ðàâåí-

ñòâîì

‖ϕ|L(m)
2 (Ω)‖ =

[∫
Ω

∑
|α|=m

m!

α!
(Dαϕ(x))2 dx

] 1
2

. (4)

Ïðîñòðàíñòâî Ñîáîëåâà ïåðèîäè÷åñêèõ ôóíêöèé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü
ôóíêöèÿ ϕ(x) èìååò â Rn ëîêàëüíî ñóììèðóåìûå ïðîèçâîäíûå äî ïîðÿäêà m, ïðè÷åì äëÿ
ëþáîé îãðàíè÷åííîé îáëàñòè Ω êîíå÷åí èíòåãðàë (4). Ïðåäïîëîæèì, 2m > n, à ôóíêöèÿ
ϕ(x) ïåðèîäè÷íà ñ ìàòðèöåé ïåðèîäîâ H, ò. å.

ϕ(x+Hγ) = ϕ(x)
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äëÿ ëþáîãî x èç Rn, ãäå γ � ïðîèçâîëüíûé öåëî÷èñëåííûé âåêòîð-ñòîëáåö. Ìàòðèöå H
ñîïîñòàâëåí åå ôóíäàìåíòàëüíûé ïàðàëëåëåïèïåä Ω0, ïîëîæèâ

Ω0 =
{
x ∈ Rn : x = Hy, 0 ≤ yi < 1, j = 1, n

}
.

Ýëåìåíòàìè ïðîñòðàíñòâà L̃
(m)
2 (H) ñëóæàò êëàññû ôóíêöèé, îòëè÷àþùèõñÿ äðóã îò äðóãà

íà ïîñòîÿííîå ñëàãàåìîå. Ïîëóíîðìà â L̃
(m)
2 (H) èìååò âèä

∥∥ϕ∣∣L̃(m)
2 (H)

∥∥ =

[ ∫
Ω0

∑
|α|=m

m!

α!
(Dαϕ(x))2 dx

] 1
2

.

Îòìåòèì, ÷òî ïðîñòðàíñòâî L̃
(m)
2 (H) ïîëíîå. Òåïåðü ñîïîñòàâèì ôóíêöèîíàëó ïîãðåøíîñòè

(2) ÷èñëî ∥∥`∣∣L(m)∗
2

∥∥ = sup
‖ϕ‖6=0

|(`, ϕ)|∥∥ϕ∣∣L(m)
2

∥∥ . (5)

Êà÷åñòâî ôîðìóëû (1) áóäåò òåì ëó÷øåå, ÷åì ìåíüøå âåëè÷èíà (5).
Â ðàáîòå Ñ.Ë. Ñîáîëåâà [1] ðàññìîòðåíà çàäà÷à ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëîâ

ïåðèîäè÷åñêèõ ôóíêöèé èç ïðîñòðàíñòâà L̃
(m)
2 (H). Òàêæå ðàññìîòðåíî ïîñòðîåíèå îïòè-

ìàëüíûõ ðåøåò÷àòûõ êóáàòóðíûõ ôîðìóë âèäà∫
Ω0

p(x)ϕ(x)dx ∼=
∑

hHβ∈Ω0

C[β]ϕ[β] (6)

ñ ôóíêöèîíàëîì ïîãðåøíîñòè

`(x) = p(x)χΩ0 (x)−
∑

hHβ∈Ω0

C[β]δ(x− hHβ).

Çäåñü ϕ(x) ∈ L̃(m)
2 (H), p(x) � âåñîâàÿ ôóíêöèÿ, χΩ0 (x) � èíäèêàòîð îáëàñòè Ω0, h � øàã

ðåøåòêè.

Òàì æå ïîêàçàíî, ÷òî íà ïðîñòðàíñòâå L̃
(m)
2 (H) ïåðèîäè÷åñêèõ ôóíêöèé, íîðìà â êîòîðîì

èíâàðèàíòà îòíîñèòåëüíî óçëîâ, åñòü ôóíêöèîíàë ïîãðåøíîñòè ñ ðàâíûìè êîýôôèöèåíòàìè

`(x) = χΩ0(x)−
∑

hHβ∈Ω0

C̊[β]δ(x− hHβ).

Â ðàáîòàõ Ì.Ä. Ðàìàçàíîâà [3], [4] ïîñòðîåíû îïòèìàëüíûå êóáàòóðíûå ôîðìóëû âèäà (6).
Àâòîð ðàññìàòðèâàåò ïðîñòðàíñòâà ôóíêöèé Wµ

2 , êîòîðûå ïîëó÷àþòñÿ ïîïîëíåíèåì êîíå÷-

íûõ ðÿäîâ Ôóðüå f(x) =
∑
k

fke
2πikx â íîðìå:

∥∥f ∣∣Wµ
2

∥∥ =
∣∣∣∑
k

|fkµ(2πik)|2
∣∣∣ 12 .

Â ðàáîòàõ Ì.Ä. Ðàìàçàíîâà, Õ.Ì. Øàäèìåòîâà [4], [5] ïîñòðîåíû âåñîâûå îïòèìàëüíûå

êóáàòóðíûå ôîðìóëû âèäà (6) íà ïðîñòðàíñòâå Ñîáîëåâà L̃
(m)
2 (H). Êðîìå òîãî, â [6] ïîñòðî-

åíà îïòèìàëüíàÿ êóáàòóðíàÿ ôîðìóëà òèïà Ýéëåðà�Ìàêëîðåíà â ïðîñòðàíñòâå L
(m)
2 (Rn).

Â ðàáîòàõ Á.Ã. Ãàáäóëõàåâà [7]�[10] ïðåäëàãàåòñÿ îáùèé ïðîåêöèîííûé ìåòîä ðåøåíèÿ
ñèíãóëÿðíûõ èíòåãðàëüíûõ óïðàâëåíèé è äàåòñÿ åãî òåîðåòè÷åñêîå îáîñíîâàíèå íà îñíîâå
òåîðèè ïîëîæèòåëüíî îïðåäåëåííûõ îïåðàòîðîâ â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ.
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Â íàñòîÿùåé ðàáîòå ìû áóäåì çàíèìàòüñÿ ïîñòðîåíèåì ñîñòàâíûõ ðåøåò÷àòûõ îïòèìàëü-

íûõ êóáàòóðíûõ ôîðìóë â ïðîñòðàíñòâå L̃
(m)
2 (H). Çàäà÷à ïî ïîñòðîåíèþ êóáàòóðíîé ôîð-

ìóëû âèäà (1) â ôóíêöèîíàëüíîé ïîñòàíîâêå ñîñòîèò â íàõîæäåíèè òàêîãî ôóíêöèîíàëà

(2), íîðìà êîòîðîãî â ïðîñòðàíñòâå L̃
(m)∗
2 (H) ìèíèìàëüíà. Â ñëåäóþùèõ ðàçäåëàõ ýòîé

ðàáîòû ïðèâîäÿòñÿ îñíîâíûå ðåçóëüòàòû, ýêñòðåìàëüíàÿ ôóíêöèÿ êóáàòóðíîé ôîðìóëû,
ò. å. ôóíêöèÿ íà êîòîðîé ôóíêöèîíàë ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû äîñòèãàåò ñâîåãî

íàèáîëüøåãî çíà÷åíèÿ â ïîñòðîåíèå L̃
(m)
2 (H), íîðìà ôóíêöèîíàëà ïîãðåøíîñòè êóáàòóð-

íûõ ôîðìóë, ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ îïòèìàëüíûõ
êîýôôèöèåíòîâ êóáàòóðíûõ ôîðìóë, îïòèìàëüíûå êîýôôèöèåíòû ñîñòàâíûõ êóáàòóðíûõ

ôîðìóë â L̃
(m)
2 (H), êâàäðàò íîðìû ôóíêöèîíàëà ïîãðåøíîñòè ðåøåò÷àòûõ îïòèìàëüíûõ

êóáàòóðíûõ ôîðìóë.

1. Îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì ñîñòàâíóþ êóáàòóðíóþ ôîðìóëó∫
Ω0

ϕ(x)dx ∼=
N∑
k=1

(
Ckϕ

(
x(k)

)
+ C

(′)
k Dϕ

(
x(k)

))
, (7)

ãäå òî÷êè x(k) ∈ Ω0 è ïàðàìåòðû Ck, C
(′)
k íàçûâàþò ñîîòâåòñòâåííî óçëàìè è êîýôôèöèåí-

òàìè êóáàòóðíîé ôîðìóëû, D =
∂

∂x1
+

∂

∂x2
+ . . .+

∂

∂xn
.

Ðàçíîñòü ∫
Ω0

ϕ(x)dx−
N∑
k=1

(
Ckϕ

(
x(k)

)
+ C

(′)
k Dϕ

(
x(k)

))
íàçûâàåòñÿ ïîãðåøíîñòüþ êóáàòóðíîé ôîðìóëû (7).
Ñ äðóãîé ñòîðîíû,

(`, ϕ) =

∫
Ω0

ϕ(x)dx−
N∑
k=1

(
Ckϕ

(
x(k)

)
+ C

(′)
k Dϕ

(
x(k)

))
=

=

∫
Ω0

[(
χΩ0(x)−

N∑
k=1

(
Ckδ

(
x− x(k)

)
− C(′)

k δ
′(x− x(k)

)))
∗ Φ0

(
H−1x

)]
ϕ(x)dx,

ãäå

χΩ0(x) =

{
1 ïðè x ∈ Ω0,
0 ïðè x /∈ Ω0,

δ(x) � èçâåñòíàÿ äåëüòà-ôóíêöèÿ Äèðàêà,

Φ0

(
H−1x

)
=
∑
β

δ(x−Hβ), β = (β1, β2, . . . , βn),

βi−öåëûå ÷èñëà, ò. å. βi ∈ Z,

`(x) =

(
χΩ0(x)−

N∑
k=1

(
Ckδ

(
x− x(k)

)
− C(′)

k δ
′(x− x(k)

)))
∗ Φ0(H−1x) (8)

� ôóíêöèîíàë ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (7), δ′
(
x− x(k)

)
= Dδ

(
x− x(k)

)
.
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Ïðîñòðàíñòâî L̃
(m)∗
2 (H) ñîñòîèò èç âñåõ ïåðèîäè÷åñêèõ ôóíêöèîíàëîâ (3), êîòîðûå îðòî-

ãîíàëüíû åäèíèöå:

(`, 1) = 0. (9)

Íåèçâåñòíûìè ïàðàìåòðàìè êóáàòóðíîé ôîðìóëû (7) ÿâëÿþòñÿ óçëû x(k) è êîýôôèöèåíòû

Ck, C
(′)
k .

Îïòèìàëüíîé êóáàòóðíîé ôîðìóëîé íàçûâàþò òàêóþ êóáàòóðíóþ ôîðìóëó, ïîãðåøíîñòü

êîòîðîé ïðè çàäàííîì ÷èñëå óçëîâ N èìååò íàèìåíüøóþ íîðìó â L̃
(m)∗
2 (H).

Åñëè óçëû x(k) ÿâëÿþòñÿ òî÷êàìè ðåøåòêè, ò. å. ðàñïîëîæåíû â òî÷êàõ âèäà x(γ) = hHγ,
òî òàêóþ êóáàòóðíóþ ôîðìóëó íàçûâàþò ðåøåò÷àòîé. Çäåñü h � ìàëûé ïîëîæèòåëüíûé
ïàðàìåòð, γ = (γ1, γ2, . . . , γn), γi ∈ Z, i = 1, n.
Îñíîâíûìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ýêñòðåìàëüíàÿ ôóíêöèÿ ôóíêöèîíàëà ïîãðåøíîñòè `, îïðåäåëÿåìàÿ ôîðìó-

ëîé (8) â ïðîñòðàíñòâå L̃
(m)
2 (H), èìååò âèä

ψ`(x) = −
N∑
k=1

(
CkB2m

(
x− x(k)

)
− C(′)

k B
′
2m

(
x− x(k)

))
− d0. (10)

Çäåñü

B2m

(
x− x(k)

)
=

∑
β 6=0

e−2πiH∗−1β(x−x(k))

|2πH∗−1β|2m
,

B′2m
(
x− x(k)

)
= −

∑
β 6=0

2πiH∗−1βe−2πiH∗−1β(x−x(k))

|2πH∗−1β|2m
,

d0 � íåèçâåñòíàÿ, β � âåêòîð-ñòîëáåö ñ êîìïîíåíòàìè βi, βi � öåëûå ÷èñëà, i = 1, n.

Òåîðåìà 2. Ïóñòü ôóíêöèîíàë ïîãðåøíîñòè ` îïðåäåëåí íà ïðîñòðàíñòâå L̃
(m)
2 (H), ò. å.

åãî çíà÷åíèå äëÿ êîíñòàíòû ðàâíî íóëþ: (`, 1) = 0, è îïòèìàëåí, ò. å. ñðåäè âñåõ ôóíêöè-

îíàëîâ âèäà (8) â çàäàííîé ñèñòåìå óçëîâ îí èìååò íàèìåíüøóþ íîðìó â L̃
(m)∗
2 (H). Òîãäà

ñóùåñòâóåò ýêñòðåìàëüíàÿ ôóíêöèÿ ψ`, êîòîðàÿ ïðèíàäëåæèò L̃
(m)
2 (H), à ñàìà ôóíêöèÿ

ψ`(x) è åå ïåðâûå ïðîèçâîäíûå ψ′`(x) îáðàùàþòñÿ â íóëü â òî÷êàõ x(k).

Òåîðåìà 3. Îïòèìàëüíûå êîýôôèöèåíòû êóáàòóðíûõ ôîðìóë âèäà (7) â ïðîñòðàíñòâå

ïåðèîäè÷åñêèõ ôóíêöèé L̃
(m)
2 (H) èìåþò âèä

C̊[γ] = hn, C̊(′)[γ] = 0 ïðè hHγ ∈ Ω0.

Òåîðåìà 4. Íîðìà ôóíêöèîíàëà ïîãðåøíîñòè `(x) ðåøåò÷àòûõ îïòèìàëüíûõ êóáàòóð-

íûõ ôîðìóë âèäà (7) â ïðîñòðàíñòâå L̃
(m)
2 (H) èìååò âèä∥∥`∣∣L̃(m)∗

2 (H)
∥∥2

=
h2m

(2π)2m

∑
γ 6=0

1

|H∗−1γ|2m
.

Â îñíîâíîì ðåøåò÷àòûìè êóáàòóðíûìè è êâàäðàòóðíûìè ôîðìóëàìè çàíèìàëèñü Ñ.Ë.
Ñîáîëåâ è åãî ó÷åíèêè [2]�[6], [11]�[22].
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2. Ýêñòðåìàëüíàÿ ôóíêöèÿ ñîñòàâíîé êóáàòóðíîé ôîðìóëû

Äëÿ íàõîæäåíèÿ â ÿâíîì âèäå íîðìû ôóíêöèîíàëà ïîãðåøíîñòè ` â ïðîñòðàíñòâå L̃
(m)∗
2 (H)

áóäåì èñïîëüçîâàòü ïîíÿòèå åãî ýêñòðåìàëüíîé ôóíêöèè [1].

Ôóíêöèþ ψ` èç L̃
(m)
2 (H) íàçûâàþò ýêñòðåìàëüíîé äëÿ äàííîãî ôóíêöèîíàëà ïîãðåøíîñòè

`, åñëè âûïîëíÿåòñÿ ðàâåíñòâî

(`, ψ`) =
∥∥`∣∣L̃(m)∗

2 (H)
∥∥∥∥ψ`∣∣L̃(m)

2 (H)
∥∥.

Ïðîñòðàíñòâî L̃
(m)
2 (H) ãèëüáåðòîâî, ñêàëÿðíîå ïðîèçâåäåíèå â íåì çàäàåòñÿ ôîðìóëîé

(ϕ,ψ)m =

∫
Ω0

∑
|α|=m

m!

α!
Dαϕ(x)Dαψ(x)dx.

Ïî òåîðåìå Ðèññà ëþáîé ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë ` â ãèëüáåðòîâîì ïðîñòðàí-
ñòâå ïðåäñòàâëÿåòñÿ â âèäå ñêàëÿðíîãî ïðîèçâåäåíèÿ

(`, ϕ) = (ψ`, ϕ)m (11)

äëÿ ëþáîãî ϕ èç L̃
(m)
2 (H). Çäåñü ψ` � ôóíêöèÿ èç L̃

(m)
2 (H), îïðåäåëåííàÿ îäíîçíà÷íî ïî

ôóíêöèîíàëó ` è ÿâëÿåòñÿ ýêñòðåìàëüíîé äëÿ íåãî. Êðîìå òîãî, ψ` ÿâëÿåòñÿ ýëåìåíòîì
Ðèññà è èìååò ìåñòî ðàâåíñòâî∥∥`∣∣L̃(m)∗

2 (H)
∥∥ =

∥∥ψ`∣∣L̃(m)
2 (H)

∥∥.
Èíòåãðèðóÿ ïî ÷àñòÿì âûðàæåíèå â ïðàâîé ÷àñòè ôîðìóëû (11) è ïîëüçóÿñü ïåðèîäè÷-

íîñòüþ ôóíêöèé ϕ è ψ`, ïîëó÷àåì

(`, ϕ) = (−1)m
∫
Ω0

(
∆mψ`(x)

)
ϕ(x)dx.

Òàêèì îáðàçîì, ôóíêöèÿ ψ` ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì ïîëèãàðìîíè÷åñêîãî óðàâ-
íåíèÿ

∆mψ`(x) = (−1)m`(x), (12)

ãäå

∆m =

(
n∑
j=1

∂2

∂x2
j

)m
.

Äîêàçàòåëüñòâî òåîðåìû 1. Íàéäåì ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (12). Äëÿ ýòîãî
âîñïîëüçóåìñÿ èçâåñòíûìè ôîðìóëàìè ïðåîáðàçîâàíèÿ Ôóðüå [1].
Ââåäåì îáîçíà÷åíèÿ

Φ0(H−1x) =
∑
β

δ(x−Hβ).

Ïðåîáðàçîâàíèå Ôóðüå ýòîé ôóíêöèè åñòü

F
[
Φ0(H−1x)

]
=
∑
β 6=0

δ
(
p−H∗−1β

)
= Φ0(H∗p). (13)

Êðîìå òîãî,

χΩ0(x) ∗ Φ0

(
H−1x

)
=
∑
β

χΩ0(x−Hβ) = 1, (14)
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ãäå εΩ0(x) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ôóíäàìåíòàëüíîé îáëàñòè Ω0,

F [∆m] = F

( n∑
j=1

∂2

∂x2
j

)m =

 n∑
j=1

(2πipj)
2

m. (15)

Ïðèìåíÿÿ ê îáåèì ñòîðîíàì (12) ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷àåì

F [∆mψ`(x)] = (−1)mF

[(
χΩ0(x)−

N∑
k=1

Ckδ
(
x− x(k)

)
+

N∑
k=1

C
(′)
k δ
′(x− x(k)

))
∗ Φ0

(
H−1x

)]
.

(16)
Òàê êàê ïðåîáðàçîâàíèå Ôóðüå ÿâëÿåòñÿ ëèíåéíûì, â ôîðìóëå (15) ê êàæäîìó ñëàãàåìîìó
â îòäåëüíîñòè ïðèìåíÿåì ïðåîáðàçîâàíèå Ôóðüå. Ïîëüçóÿñü ïðåîáðàçîâàíèåì Ôóðüå ïðî-
èçâîäíûõ, èìååì

F [∆mψ`(x)] =

[
n∑
j=1

(2πipj)
2

]m
F [ψ`(x)]. (17)

Ó÷èòûâàÿ (14) è ïîëüçóÿñü ôóíäàìåíòàëüíîñòüþ îáëàñòè Ω0, íåòðóäíî âèäåòü, ÷òî

F
[
χΩ0(x) ∗ Φ0

(
H−1x

)]
= δ(p). (18)

Òåïåðü âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ñâåðòêè

F

[
N∑
k=1

Ck δ
(
x− x(k)

)
∗ Φ0

(
H−1x

)]
=

N∑
k=1

CkF
[
δ
(
x− x(k)

)]
F
[
Φ0

(
H−1x

)]
. (19)

Èçâåñòíî, ÷òî

F
[
δ
(
x− x(k)

)]
= e2πip∗x(k) .

Ïîëüçóÿñü ýòîé èçâåñòíîé ôîðìóëîé è ðàâåíñòâîì (13) âûðàæåíèå (19) ïðèâîäèì ê âèäó

F

[
N∑
k=1

Ckδ
(
x− x(k)

)
∗ Φ0(H−1x)

]
=

N∑
k=1

Cke
2πip∗x(k)Φ0(H∗p) =

=
N∑
k=1

Cke
2πip∗x(k)

(
δ(p) +

∑
β 6=0

δ
(
p−H∗−1β

))
=

=
N∑
k=1

Cke
2πip∗x(k)δ(p) +

N∑
k=1

Cke
2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)
.

Ïîëüçóÿñü ôîðìóëîé (9) è ñâîéñòâîì äåëüòà-ôóíêöèè Äèðàêà, ïîëó÷àåì

N∑
k=1

Cke
2πip∗x(k)δ(p) =

N∑
k=1

Ckδ(p) = δ(p).

Òîãäà èç ïðåäûäóùåãî âûðàæåíèÿ èìååì

F

[
N∑
k=1

Ckδ
(
x− x(k)

)
∗ Φ0

(
H−1x

)]
= δ(p) +

N∑
k=1

Cke
2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)
. (20)
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Òåïåðü ïåðåõîäèì ê âû÷èñëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóþùåé ñâåðòêè:

F

[
N∑
k=1

C
(′)
k δ
′ (x− x(k)

)
∗ Φ0

(
H−1x

)]
=

N∑
k=1

C
(′)
k F

[
δ′
(
x− x(k)

)]
F
[
Φ0

(
H−1x

)]
=

= −
N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)Φ0(H∗p) =

= −
N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

(
δ(p) +

∑
β 6=0

δ
(
p−H∗−1β

))
=

= −
N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)δ(p)−

N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)
=

= −
N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)
. (21)

Â ñèëó (17), (18), (20), (21) ôîðìóëó (16) ïðèâîäèì ê âèäó[
n∑
j=1

(2πipj)
2

]m
F [ψ`(x)] = (−1)m

[
δ(p)− δ(p)−

−
N∑
k=1

Cke
2πip∗x(k)

∑
β 6=0

δ(p−H∗−1β)−
N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)]
=

= (−1)m+1

 N∑
k=1

Cke
2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)
+

N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

) .
Èòàê, (16) ïðèíèìàåò âèä[

n∑
j=1

(2πipj)
2

]m
F [ψ`(x)] = (−1)m+1

[
N∑
k=1

Cke
2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)
+

+
N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

∑
β 6=0

δ
(
p−H∗−1β

)]
. (22)

Èç ôîðìóëû (22) ñðàçó ñëåäóåò, ÷òî åå ïðàâàÿ ÷àñòü ðàâíà íóëþ â îêðåñòíîñòè íà÷àëà
êîîðäèíàò. Ïîýòîìó ìîæíî âûïîëíèòü äåëåíèå îáåèõ ÷àñòåé ôîðìóëû íà[

n∑
j=1

(2πipj)
2

]m
.

Ýòî äåëåíèå áóäåò íåîäíîçíà÷íûì. Ôóíêöèÿ F [ψ`(x)] îïðåäåëÿåòñÿ èç óðàâíåíèÿ (20) ñ
òî÷íîñòüþ äî ñëàãàåìîãî âèäà [1]

−d0δ(p) +
∑

0<|α|<2m

dαD
(α)(p),
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ò. å. äî ëèíåéíîé êîìáèíàöèè δ(p) è D(α)(p). Òàê êàê F [ψ`(x)] äîëæíà áûòü áîðîíîîáðàçíîé,
òî ñëàãàåìûå, êðîìå (−1)d0δ(p), äîëæíû áûòü îòáðîøåíû. Òîãäà èìååì

F [ψ`(x)] = −

N∑
k=1

Cke
2πip∗x(k)

∑
β 6=0

δ(p−H∗−1β)

(2π)2m

[
2∑
j=1

(pj)
2

]2m −

−

N∑
k=1

C
(′)
k (2πip∗)e2πip∗x(k)

∑
β 6=0

δ(p−H∗−1β)

(2π)2m

[
2∑
j=1

(pj)
2

]m − d0δ(p).

Îòñþäà ïîëüçóåìñÿ ñâîéñòâîì äåëüòà-ôóíêöèè, ò. å. äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè f(x)
èìååò ìåñòî ðàâåíñòâî

f(x)δ(x− a) = f(a)δ(x− a).

Â ñèëó ýòîãî ïîëó÷àåì

F [ψ`(x)] = −
N∑
k=1

Ck
∑
β 6=0

e2πiH∗−1βx(k)δ
(
p−H∗−1β

)
(2π)2m|H∗−1β|2m

−

−
N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiH∗−1β

)
e2πiH∗−1βx(k)δ

(
p−H∗−1β

)
(2π)2m|H∗−1β|2m

− d0δ(p). (23)

Òåïåðü ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ê óðàâíåíèþ (23), îêîí÷àòåëüíî èìååì

ψ`(x) = −
N∑
k=1

Ck
∑
β 6=0

e2πiH∗−1βx(k)e−2πiH∗−1βx

(2π)2m|H∗−1β|2m
−

−
N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiH∗−1β

)
e2πiH∗−1βx(k)e−2πiH∗−1βx

(2π)2m|H∗−1β|2m
− d0 =

= −
N∑
k=1

(
CkB2m

(
x− x(k)

)
− C(′)

k B
′
2m

(
x− x(k)

))
− d0.

Òåîðåìà 1 äîêàçàíà ïîëíîñòüþ. �

3. Íîðìà ôóíêöèîíàëà ïîãðåøíîñòè ñîñòàâíûõ êóáàòóðíûõ ôîðìóë

Íîðìà êóáàòóðíîé ôîðìóëû âèäà (7) âûðàæàåòñÿ áèëèíåéíîé ôîðìîé îò êîýôôèöè-
åíòîâ êóáàòóðíîé ôîðìóëû è çíà÷åíèé ýêñòðåìàëüíîé ôóíêöèè, îïðåäåëÿåìîé ôîðìóëîé

(12). Ïîñêîëüêó ïðîñòðàíñòâî L̃
(m)
2 (Ω0) ãèëüáåðòîâî, òî êâàäðàò íîðìû ôóíêöèîíàëà ïî-

ãðåøíîñòè ` è ýêñòðåìàëüíàÿ ôóíêöèÿ ψ` ñâÿçàíû ìåæäó ñîáîé ñîîòíîøåíèåì∥∥`∣∣L̃(m)∗
2

∥∥2
=

∫
Ω0

∑
|α|=m

m!

α!
(Dαψ

`
(x))2dx = (−1)m

∫
Ω0

(∆mψ`(x))ψ`(x)dx.
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Òàê êàê
∆mψ`(x) = (−1)m`(x)

è, çíà÷èò, ∥∥`∣∣L̃(m)∗
2

∥∥2
= (`, ψ`),

òî ∥∥`∣∣L̃(m)∗
2

∥∥2
= (`, ψ`) =

∫
Ω0

`(x)ψ`(x)dx =

=

∫
Ω0

[(
χΩ0(x)−

N∑
k′=1

(
Ck′δ

(
x− x(k′)

)
− C(′)

k′ δ
′(x− x(k′)

)))
∗ Φ0(H−1x)

]
×

×

− N∑
k=1

Ck∑
β 6=0

e−2πiH∗−1β(x−x(k))

|2πH∗−1β|2m
+ C

(′)
k

∑
β 6=0

(
2πiH∗−1β

)
e2πiH∗−1β(x−x(k))

|2πH∗−1β|2m

− d0

 dx =

= −
N∑
k=1

Ck
∑
β 6=0

e2πiH∗−1βx(k)

|2πH∗−1β|2m

∫
Ω0

e−2πiH∗−1βxdx−

−
N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiH∗−1β

)
e2πiH∗−1βx(k)

|2πH∗−1β|2m

∫
Ω0

e−2πiH∗−1βxdx+

+
N∑
k′=1

Ck′
N∑
k=1

Ck
∑
β 6=0

e−2πiH∗−1β(x(k
′)−x(k))

|2πH∗−1β|2m
+

+
N∑
k′=1

Ck′
N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiH∗−1β

)
e−2πiH∗−1β(x(k

′)−x(k))

|2πH∗−1β|2m
−

−
N∑
k′=1

C
(′)
k′

N∑
k=1

Ck
∑
β 6=0

(
2πiH∗−1β

)
e−2πiH∗−1β(x(k

′)−x(k))

|2πH∗−1β|2m
−

−
N∑
k′=1

C
(′)
k′

N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiH∗−1β

)2
e−2πiH∗−1β(x(k

′)−x(k))

|2πH∗−1β|2m
. (24)

Èíòåãðàë îò ôóíêöèè e2πiβ∗H−1x ïî îñíîâíîìó ïàðàëëåëåïèïåäó Ω0 ðàâåí íóëþ, ò. å.∫
Ω0

e2πiβ∗H−1xdx = 0, (25)

òàê êàê â ýòîì ïàðàëëåëåïèïåäå y = H−1x èçìåíÿåòñÿ â êóáå 0 ≤ yi < 1, à ôóíêöèè

e2πiβ∗H−1x = e2πiβ∗y

èìåþò ñðåäíåå çíà÷åíèå ïî ýòîìó êóáó, ðàâíîå íóëþ.
Íåòðóäíî âèäåòü, ÷òî

N∑
k′=1

Ck′
N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiβ∗H−1

)
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
=
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= −
N∑
k′=1

C
(′)
k′

N∑
k=1

Ck
∑
β 6=0

(
2πiβ∗H−1

)
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
. (26)

Â ëåâîé ÷àñòè (26) ìåíÿåì ìåñòàìè k è k′, è, êðîìå òîãî, òàê êàê β ìåíÿåòñÿ îò −∞ äî
+∞, ýòî îçíà÷àåò, ÷òî β = (β1, β2, . . . , βn), êàæäîå βi ìåíÿåòñÿ îò −∞ äî +∞. Çàìåíÿåì β
íà −β è ïîëó÷àåì ðàâåíñòâî (26).
Ó÷èòûâàÿ (25) è (26), êâàäðàò íîðìû (24) ïðèâîäèì ê âèäó∥∥∥` ∣∣∣L(m)∗

2

∥∥∥2
=

N∑
k′=1

Ck′
N∑
k=1

Ck
∑
β 6=0

e−2πiβ∗H−1(x(k
′)−x(k))

|2πH∗−1β|2m
−

−2
N∑
k′=1

C
(′)
k′

N∑
k=1

Ck
∑
β 6=0

(
2πiβ∗H−1

)
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
+

+
N∑
k′=1

C
(′)
k′

N∑
k=1

C
(′)
k

∑
β 6=0

(
2πβ∗H−1

)2
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
. (27)

4. Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ

îïòèìàëüíûõ êîýôôèöèåíòîâ ñîñòàâíûõ êóáàòóðíûõ ôîðìóë

Äëÿ íàõîæäåíèÿ ìèíèìóìà êâàäðàòà íîðìû (27) ïðèìåíÿåì ìåòîä íåîïðåäåëåííûõ ìíî-
æèòåëåé Ëàãðàíæà. Äëÿ ýòîãî ñîñòàâëÿåì ôóíêöèþ Ëàãðàíæà

Ψ(C,C(′), λ) = ‖`‖2 + 2λ(`, 1),

ãäå C = (C1, . . . , CN ), C(′) =
(
C

(′)
1 , . . . , C

(′)
N

)
.

Ïðèðàâíèâàÿ ê íóëþ âñå ÷àñòíûå ïðîèçâîäíûå ïî Ck, C
(′)
k è λ îò ôóíêöèè Ψ(C,C(′), λ),

ïîëó÷àåì

∂Ψ
(
C,C(′), λ

)
∂Ck

= 0, k = 1, N ;
∂Ψ
(
C,C(′), λ

)
∂C

(′)
k

= 0, k = 1, N ;

∂Ψ
(
C,C(′), λ

)
∂λ

= 0.

Ýòè ðàâåíñòâà äàþò ñèñòåìó óðàâíåíèé

N∑
k=1

Ck′
∑
β 6=0

e−2πiβ∗H−1(x(k
′)−x(k))

|2πH∗−1β|2m
−

−
N∑
k′=1

C
(′)
k′

∑
β 6=0

(
2πiβ∗H−1

)
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
+ λ = 0, k = 1, N ; (28)

N∑
k′=1

Ck′
∑
β 6=0

(
2πiβ∗H−1

)
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
−

−
N∑
k=1

C
(′)
k

∑
β 6=0

(
2πiβ∗H−1

)2
e−2πiβ∗H−1(x(k

′)−x(k))

|2πH∗−1β|2m
= 0, k′ = 1, N, (29)
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N∑
k=1

Ck = 1. (30)

Ðåøåíèå ñèñòåìû (28)�(30) îáîçíà÷àåì ÷åðåç òî÷êó (C̊k, C̊
(′)
k , λ̊,), êîòîðàÿ ÿâëÿåòñÿ ñòàöèî-

íàðíîé òî÷êîé äëÿ ôóíêöèè Ψ
(
C,C(′), λ

)
.

Èç òåîðèè ìåòîäà íåîïðåäåëåííûõ ìíîæèòåëåé Ëàãðàíæà ñëåäóåò, ÷òî C̊k è C̊
(′)
k áóäóò

èñêîìûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ñîñòàâíîé êóáàòóðíîé ôîðìóëû. Îíè äàþò óñëîâíûé

ìèíèìóì êâàäðàòó íîðìû
∥∥`∣∣L̃(m)∗

2

∥∥2
, çàäàííîé ôîðìóëîé (27), ïðè ñîáëþäåíèè óñëîâèÿ (9).

Äîêàçàòåëüñòâî òåîðåìû 2. Ðàññìîòðèì ôîðìóëó (10) äëÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (12).

Âûáèðàåì â íåé ïîñòîÿííûé d0 òàê, ÷òîáû îí áûë ðàâåí λ̊, ãäå λ̊ � íàéäåííîå íàìè çíà÷åíèå
ìíîæèòåëÿ Ëàãðàíæà.
Â ñèëó ñèñòåìû óðàâíåíèé (28), (29) âèäèì, ÷òî ψ`

(
x(k)

)
= 0 è ψ′`

(
x(k)

)
= 0.

Òåîðåìà 2 ïîëíîñòüþ äîêàçàíà. �
Àíàëîãè÷íàÿ òåîðåìà â ñëó÷àå êóáàòóðíûõ ôîðìóë áåç ó÷àñòèÿ çíà÷åíèÿ ïðîèçâîäíûõ

ïðèíàäëåæèò È.Áàáóøêå è äîêàçàíà â ðàáîòå [16].

5. Îïòèìàëüíûå ðåøåò÷àòûå êóáàòóðíûå ôîðìóëû â ïðîñòðàíñòâå

ïåðèîäè÷åñêèõ ôóíêöèé L̃
(m)
2 (H)

Äîêàçàòåëüñòâî òåîðåìû 3. Ïóñòü óçëû x(k) ÿâëÿþòñÿ òî÷êàìè ðåøåòêè, ò. å. x(β) = hHβ,
hHβ ∈ Ω0, N � ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû, Nhn = |Ω0| = 1, |Ω0| � îáúåì îáëàñòè
Ω0.

Èìåÿ â âèäó îáîçíà÷åíèÿ Ck = C[k] è C
(′)
k = C(′)[k] íà ðåøåòêå ñèñòåìó óðàâíåíèé (28)�

(30) ïåðåïèøåì â âèäå ∑
hHk∈Ω0

C̊[k]
∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
+
◦

λ+

+
∑

hHk∈Ω0

C̊(′)[k]
∑
β 6=0

(
2πiH∗

−1
β
)
e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
= 0, hHk′ ∈ Ω0; (31)

∑
hHk∈Ω0

C̊[k]
∑
β 6=0

(
2πiH∗

−1
β
)
e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
−

−
∑

hHk∈Ω0

C̊(′)[k]
∑
β 6=0

(
2πH∗

−1
β
)2
e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
= 0, hHk′ ∈ Ω0, (32)

∑
hHk∈Ω0

C̊[k] = 1. (33)

Òàê êàê h−1 öåëîå è H−1 � ìàòðèöà ñ öåëî÷èñëåííûìè ýëåìåíòàìè, òî çàìåíîé βh = γ
ïîëó÷àåì∑
hHk∈Ω0

C̊[k]
∑
β 6=0

(
2πiH∗

−1
β
)
e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
=

∑
hHk∈Ω0

C̊[k]
∑
γ 6=0

(
2πih−1H∗

−1
γ
)
e−2πiγ∗(k′−k)

|2πh−1H∗−1γ|2m
=

= 2πih−1
∑
γ 6=0

H∗
−1
γ

|2πh−1H∗−1γ|2m
= 0. (34)
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Èìååò ìåñòî ðàâåíñòâî∑
hHk∈Ω0

C[k]
∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
=

∑
hHk∈Ω0

C[k]
∑
γ 6=0

e−2πiγ∗(k′−k)

|2πh−1H∗−1γ|2m
.

Â ïåðèîäè÷åñêîì ñëó÷àå âñå êîýôôèöèåíòû C[k] ðàâíû ìåæäó ñîáîé, ò. å. C[k] = C, ïîýòîìó∑
hHk∈Ω0

C[k]
∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
= C

∑
hHk∈Ω0

∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
=

= C
∑
β 6=0

1

|2πH∗−1β|2m
∑

hHk∈Ω0

e−2πiβ∗h(k′−k).

Èçâåñòíî, ÷òî ∑
hHk∈Ω0

e−2πiβ∗h(k′−k) = e−2πiβ∗hk′
∑

hHk∈Ω0

e2πiβ∗hk,

∑
hHk∈Ω0

e2πiβ∗hk =

{
0, β∗h /∈ Z;∑
hHk∈Ω0

1 = N, β∗h ∈ Z,

ãäå Z � ìíîæåñòâî öåëî÷èñëåííûõ âåêòîðîâ.
Èòàê, ìû ïîêàçàëè, ÷òî â ôîðìóëå (34) äåéñòâèòåëüíî èìååò ìåñòî ðàâåíñòâî βh = γ.

Â ñèëó (34) ñèñòåìà (31)�(33) ïðèíèìàåò âèä∑
hHk∈Ω0

C̊[k]
∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
+ λ̊ = 0, hHk′ ∈ Ω0; (35)

∑
hHk∈Ω0

C̊(′)[k]
∑
β 6=0

(
2πH∗

−1
β
)2
e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
= 0, hHk′ ∈ Ω0, (36)

∑
hHk∈Ω0

C̊[k] = 1.

Ðàâåíñòâî (36) èìååò ìåñòî, åñëè

C̊(′)[k] = 0, hHk ∈ Ω0.

Äåéñòâèòåëüíî, â ïåðèîäè÷åñêîì ñëó÷àå âñå êîýôôèöèåíòû ðàâíû ìåæäó ñîáîé è C̊(′) = C,
è òîãäà (36) ïðèíèìàåò âèä

C̊(′)Nn
∑
γ 6=0

(
2πH∗

−1
γ
)2

|2πh−1H∗−1γ|2m
= 0.

Îòñþäà C = 0, ò. å. C̊(′)[k] = 0, hHk ∈ Ω0.

Òåïåðü ïåðåõîäèì ê íàõîæäåíèþ C̊[k]. Ñ÷èòàÿ, ÷òî C̊[k] = 0, ïðè hHk /∈ Ω0 óðàâíåíèå
(35) çàïèñûâàåì â âèäå ∑

γ

C̊[γ]χΩ0 [γ]
∑
β 6=0

e−2πiβ∗(hγ′−hγ)

|2πH∗−1β|2m
+ λ̊ = 0,

ýòî è åñòü (
C̊[γ]χΩ0 [γ]

)
∗
∑
β 6=0

e−2πiβ∗(hγ)

|2πH∗−1β|2m
+ λ̊ = 0, hHγ′ ∈ Ω0. (37)
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Ïðèìåíÿÿ èçâåñòíûé îïåðàòîð hnD
(m)
h+1[β] (ñì. [1]) ê îáåèì ÷àñòÿì ðàâåíñòâà (37), ïîëó-

÷àåì
C̊[γ]− hn

∑
hHγ∈Ω0

C̊[β] = 0.

Îòñþäà â ñèëó (33) îêîí÷àòåëüíî èìååì

C̊[γ] = hn ïðè hHγ ∈ Ω0.

Òåîðåìà 3 ïîëíîñòüþ äîêàçàíà. �

6. Íîðìà ôóíêöèîíàëà ïîãðåøíîñòè ðåøåò÷àòûõ îïòèìàëüíûõ êóáàòóðíûõ

ôîðìóë

Äîêàçàòåëüñòâî òåîðåìû 4. Ôîðìóëà (27) â ðåøåò÷àòîì ñëó÷àå, ò. å. ïðè x(k) = hHk è
Ck = C[k], èìååò âèä∥∥`∣∣L̃(m)∗

2

∥∥2
=

∑
hHk′∈Ω0

C[k′]
∑

hHk∈Ω0

C[k]
∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
−

−2
∑

hHk′∈Ω0

C(′)[k′]
∑

hHk∈Ω0

C[k]
∑
β 6=0

(2πiβ∗H−1)e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
+

+
∑

hHk′∈Ω0

C(′)[k′]
∑

hHk∈Ω0

C(′)[k]
∑
β 6=0

(2πH−1β∗)
2
e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
.

Îòñþäà, ïîëüçóÿñü òåîðåìîé 3, ò. å. ïîñëå ïîäñòàíîâêè C[k] = hn, C(′)[k] = 0, ïðè hHk ∈ Ω0

ïîëó÷àåì ∥∥`∣∣L̃(m)∗
2 (H)

∥∥2
=

∑
hHk′∈Ω0

hn
∑

hHk∈Ω0

hn
∑
β 6=0

e−2πiβ∗h(k′−k)

|2πH∗−1β|2m
. (38)

Ó÷èòûâàÿ, ÷òî
∑

hHk′∈Ω0

1 = N , hnN = 1 è h−1 öåëîå, ïîñëå çàìåíû ïåðåìåííûõ βh = γ,

β = γh−1 (38) ïðèâîäèì ê âèäó∥∥`∣∣L̃(m)∗
2 (H)

∥∥2
=
∑
γ 6=0

e−2πiγ∗(k−k′)

|2πh−1H∗−1γ|2m
. (39)

Èçâåñòíî, ÷òî γ, k, k′ � âåêòîðû ñ öåëî÷èñëåííûìè êîîðäèíàòàìè, ïîýòîìó

e−2πiγ∗(k−k′) = 1. (40)

Â ñèëó (39) è (40) îêîí÷àòåëüíî ïîëó÷àåì óòâåðæäåíèå òåîðåìû 4. �

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â äàííîé ðàáîòå ÿâíî íàéäåíà ýêñòðåìàëüíàÿ ôóíêöèÿ ñîñòàâíîé êóáà-
òóðíîé ôîðìóëû. Ñ ïîìîùüþ ýòîé ôóíêöèè âû÷èñëåí êâàäðàò íîðìû ôóíêöèîíàëà ïîãðåø-
íîñòè ñîñòàâíûõ êóáàòóðíûõ ôîðìóë. Ìèíèìèçèðóÿ êâàäðàò íîðìû ôóíêöèîíàëà ïîãðåø-
íîñòè ïî êîýôôèöèåíòàì êóáàòóðíîé ôîðìóëû áûëà ïîëó÷åíà ñèñòåìà ëèíåéíûõ àëãåáðà-
è÷åñêèõ óðàâíåíèé äëÿ íàõîæäåíèÿ îïòèìàëüíûõ êîýôôèöèåíòîâ ñîñòàâíûõ êóáàòóðíûõ
ôîðìóë. Â ðåøåò÷àòîì ñëó÷àå ÿâíî íàéäåíû îïòèìàëüíûå êîýôôèöèåíòû ñîñòàâíûõ êó-
áàòóðíûõ ôîðìóë. Çäåñü íàéäåí êâàäðàò íîðìû ôóíêöèîíàëà ïîãðåøíîñòè îïòèìàëüíûõ
ðåøåò÷àòûõ êóáàòóðíûõ ôîðìóë.
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Kh.M. Shadimetov and N.H.Mamatova

Compound cubature formulas on a lattice

Abstract. In the present paper lattice optimal cubature formulas are constructed by the variational
method in the Sobolev space. In addition, the square of the norm of the error functional of
the constructed lattice optimal cubature formulas in the conjugate Sobolev space is explicitly
calculated.

Keywords: Sobolev space, extremal function, composite lattice optimal cubature formulas, error
functional.
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