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MATHEMATICS

UDC 51

INITIAL-BOUNDARY VALUE PROBLEM FOR THE INTEGRO-DIFFERENTIAL
EQUATION OF BEAM VIBRATION

Durdiev Umidjon Durdimuratovich,

Head of the department Differential equations, Bukhara State University,

Senior Research Fellow at the Institute of Mathematics named after V.I.Romanovskiy
at the Academy of sciences of the Republic of Uzbekistan

umidjan93 @list.ru, u.d.durdiev@buxdu.uz

Abstract. This paper considers the initial boundary value problem for the integro-differential equation
of vibration of a finite-length beam. From a physical standpoint, the boundary conditions stipulate that the
beam is fixed at one end and free at the other. Subsequently, the vibration operator of a homogeneous beam
is treated using the method of separation of variables for eigenvalues and eigenfunctions, which reduces the
problem to a Fredholm integral equation of the second kind. The method of successive approximations is
employed to derive a solution to these equations, and the existence theorem is subsequently demonstrated.

Keywords: integro-differential, kernel, beam vibration equation, Fredholm integral equation,
eigenvalues and eigenfunctions.

HAYAJIBHO-KPAEBAS 3AJJAYA JJIS1 UTHTEI'PO-JU®PEPEHIIUAJIBHOI'O
YPABHEHMS KOJIEBAHUI BAJIKA

Annomauyua. B oannoii pabome paccmampusaemcs Ha4anibHas Kpaeeas 3adavda Ol UHmMezpo-
oughghepenyuanvrHo2o ypasrenus Koaebanui Oaiku KoHeunou Oaunbl. C ¢usuueckou moyKku 3peHus
2PaHuYHble YCI08Us ONUCLIBAIOM, YMO OAIKA 3aKpenieHa ¢ 0OHOU CIMOPOHbL U c80000HA ¢ Opyeoll. 3amem,
UCNONL3YSL MemOoO pazoenenus NnepemeHHuIX O onepamopa eubpayuu 0OHOPOOHOU OanKu, ¢ NOMOWbIO
COOCMBEHNbIX 3HAYEHUUl U COOCMEEHHbIX @QYHKYULL 3a0a4a C600UMCSA K UHMEZPANbHLIM YPAGHEHUAM
Dpeozonvma emopozo pooa. K smum ypagrneHusim npumeHsemcs Memoo nocie008amenbHblX npubIuICeHull
U 00Ka3b16aemcs meopema cyujecmeosanusl peueHus.

Knioueswie cnosa: unmezpo-oudgepenyuanvroe, a0po, ypasuenue Koredanuii Oaiku, uHmezpaibHoe
ypaenenue Ppedzonvma, cobOcmeeHHble 3HAUEHUS U COOCMBEHHbLE DYHKYULUL.

INTEGRO-DIFFERENSIAL BALKA TEBRANISH MASALASI UCHUN BOSHLANG‘ICH-
CHEGARAVIY MASALA

Annotatsiya. Ushbu ishda chekli uzunlikdagi balka tebranishlarining integro-differensial tenglamasi
uchun boshlang ‘ich chegaraviy masala ko ‘rib chigiladi. Fizik nuqtayi nazardan, chegara shartlari balkaning
bir tomonida mustahkamlangan, ikkinchisi esa erkin ekanligini tavsiflaydi. So‘ngra, bir xil balkaning
tebranish operatori uchun o ‘zgaruvchilarni ajratish usulidan foydalanib, masala xos giymatlari va xos
funksiyalaridan foydalangan holda ikkinchi turdagi Fredgolm integral tenglamalariga keltiriladi. Bu
tenglamalarga ketma-ket yaqginlashish usuli qo ‘llaniladi va yechimning mavjudligi teoremasi isbotlanadi.

Kalit so‘zlar: integro-differensial, yadro, balka tebranish tenglamasi, Fredgolm integral tenglamasi,
xos giymatlar va xos funksiyalar.

Introduction and statement of the problem. A beam is a linear structural element with a length that
is significantly greater than its width and height. It is employed in load-bearing structures with diverse
bearing conditions, primarily for its ability to withstand bending forces. They are manufactured with a
variety of cross-sections, including round, square (beam), box beam, T-beam, I-beam, channel, and others.

In practice, a horizontally positioned beam typically bears the vertical transverse weight load.
However, in some cases, the effect of probable horizontal transverse forces must also be considered, such as
in the context of wind load or an earthquake. The loaded beam, in turn, exerts a force on the supports, which
may be columns, hangers, walls, or other beams (bars). The load is then transmitted further and ultimately, in
the majority of cases, is taken up by the structural elements that are working in compression — the supports.
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MATHEMATICS

The case of truss construction, in which the rods rest on a horizontal beam, can be distinguished from the
aforementioned examples and examined separately.

The fourth-order partial differential equation is derived from numerous problems associated with rod,
beam, and plate vibrations, which have significant applications in the field of structural mechanics [1, 282 p],
[2,298 p.], [3, 143 p.].

In recent years, there has been a notable increase in interest in the study of direct and inverse problems
associated with the equation of beam vibrations. This is evidenced by a growing body of literature on the
subject, as evidenced by references [4—16]. In [11], the inverse problem of determining the time-dependent
coefficient in the transverse vibration equation of a beam is considered. From a physical perspective, this
coefficient represents the stiffness of the beam. In [15], we address a direct problem pertaining to the
vibration equation of an infinite beam, specifically the Cauchy problem. Additionally, we examine an inverse
problem, namely determining the time-dependent coefficient associated with the lower-order term in the
aforementioned equation. The direct problem of nonlocal in time and inverse problems with integral
overriding conditions for the beam vibration equation are addressed in [16]. In this paper we consider the
initial boundary value problem for the integro-differential equation of vibration of a finite-length beam.

Let us consider the integro-differential equation of beam vibration
t

Wit + Q2 Wy = j k(®)w(x, t — t)dr, #(1)
0

in the domain
G={(,t): 0<x<l, 0<t<T}L#(2)
with initial
W(x; 0) = (p(x)' Wt(x) 0) = lp(x); x € [0, l],#(3)
and boundary conditions
w(0,t) = we(0,8) = wy (Lt) = Wy (LE) =0, t €[0,T],#(4)

where [ is the length of the beam, T is the time interval.

Problem. It is required to determine the function w(x,t) € C ;tz (@), satisfying the equalities (1) — (4)
given numbers a, l, T and sufficiently smooth functions k(t), @(x), P (x).

Solution of the initial-boundary value problem. Let us introduce in equation (1) the notation
F(x,t) = fot k(t)w(x,t — 7). Then equation (1), get the following form:

Wit + Q*Wyprx = F(x, ). #(5)

To solve the equation (5) with initial (2) and boundary conditions (3), we use the method of separation
of variables by representing w(x, t) = X(x)T(t) and obtain the spectral problem with respect to X (x). This
problem is fully investigated in [17].

WD = D w0 + ) vp(O)Vn (). #(6)
n=1 n=1

A, = —dj is eigenvalues of the spectral problem, where
T 1 1
d=f (r-grren).  en=0(5)

l l
anchdn<x—§)+bnsindn(x—§>, n=2~k-1,
l

l
cnshdn(x—§>+fncosdn(x—§>, n = 2k,

X, (x) = #(7)

is eigenfunction system, where
dnl d,l d,l LAyl
=) b= (), oo (), ()

Normalizing the system of functions (7), we gets

d,l
3 X(X) B \/Tctg (T)I n =2k — 1,
Ba() = XG0l = 2 #(8)
“ (x)|| ﬁtg(—;l), n = 2k.

Note that system (9) is orthonormal and full in the space L,[0,!] and forms an orthonormal basis
therein.
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Then the solution of the stated problem (1) — (4) will be sought in the form of the sum of series (6),

wn(t) = ppcosadi t +—=sinad? t,

n
where

3 t 3 l 3 1 l . X
on = fo POV ()dx, P = fo N fo Fy(s) sina d2(¢ — s)ds,

l
E,(t) = f F(x, t)Y,(x)dx,
0

and Y, (x) is determining by the formula (8).
Upon inserting F(x, t) into the solution, we obtain:

o]

w(x, t) = Z <(pn cosad?t + l/)nz
ad

n=1 n

sinad? t> Y,(x) +

l I s
+nZlYZ((;;l) i sin adrzl (t— S)J;) j(-) k(s)u(&, s —t)drdéds. #(9)

For the sake of convenience, we introduce the following notation
[ee]

1/J
Go(x,t) = ((pn cosad? > Y, (x),
K(x,t —s) = 1) k(s)sinad? (t — s).

~ ad?
Subsequently, our solution (9) assumes the following form:
L pl rs
W ) = Go(x, ) + f f f K(xt — $)w(E, s — )drdéds,
0o Jo Jo

The Fredholm integral equation of the second kind has been obtained. The equation is to be solved

using the method of successive approximations for the Fredholm integral equation of the second kind, with
the solution presented in the following form:

w(x, t) = wy(x,t), #(10)
kZO ‘

where

L pl ps
wotk, ) = o0, wie= [ [ | KGut = shws (65 = Ddedsds.
0 Jo Jo
In estimating the value of u,, in the domain G, we have
|WO| S gO!

fl_[l_sz(x't —s)wg (§,5 — 1)drdéds

3
< Ko 9o o

3\°
<K090( )»

lwy| <

lw,| <

f j f K(x,t — s)wy (§,s — 1)drdéds

13\"
il < f f fK(x £— )Wy (&5 — T)drdéds <1<ogo( ) ,
where
K, = |[K(x,t —s)|=  max zyn(x)k(s) sinad? (t —s)| <
0= refodlselor] xe[o,1],5€[0,T] ad? n =
3
Colzko _ 262k
anzx/_ nz = "an?
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4
d=e-ab)?’ ko= max |k(s)l, go= _ max = |GoCxD)l.

Additionally, there are C; positive constants that are dependent onboth land T.

CO = maX{Cli 6}' Cl =

In order for the series to converge, it is necessary that KO < 1. This leads to the conclusion that the

2

am?\9

! .
< <C0k0>

Subsequently, the series (10) is demonstrated to satisfy the following estimate:

had 3

l k
w(x, )] < g Z <K0 5) #(11)

k=1

condition for [ is as follows:

This proves the following:
Lemma 1. For any (x,t) € G and for all | that satisfy the following condition:
2

< am?\9
Coko) '
estimate (11) is true.

The formal term-by-term differentiation of the integral equation (9) yields the following result:

Wee(x, ) = Z —(@na®ds cosad?t + Prad? sinad? t) Y, (x) +
n=1

Z (x)adzf sinad? ( t—s)f f k(s)u(é,s — t)drdéds, #(12)

Wxxxx(x: t) = Z d;li <(pn cos adrzlt + (:b:ilz

n

sin ad? t) Y, (x) +

n=1

® o 1 Ll
+ Z dnYZ(x).fO sin ad‘er (t _ S)J;) Lk(s)u(f,s — T)d‘[dfds#(13)

Lemma 2. If the functions @(x), P(x) satisfy the specified conditions,
@(x) € C°[0,1], ¢"'(x) € L,[0,1], 9(0) =¢'(0) =" (1) = ¢"'(1) = ¢'V(0) = ¢"(0) =0,
@(x) € C3[0,1], ¢""(x) € Lo[0,1], ¥(0) =y'(0) =" (D) =v"" (D),

then the following representations hold:
IIII

Vi
Pn
(pn = d-g ) l/)n = d4_ )

[ o0 aneta(+=3) +basinas (v3)
IHXn” 090 (%) | anchd, | x 2 n SN Gp | X 2

1t l !
TFAl J ©"'(x) | c,shd, (x — —) — focosd, (x — 5) dx, n=2k,
nllJo

= j PR Y (o).

By integrating by parts, the integrals over ¢, six times and over i, four times, while taking into
account the conditions set forth in Lemma 2, we arrive at the result (14). In accordance with the conclusions
of Lemma 2, the series (9), (12), and (13) are majorized by the convergent numerical series

1 I nr
¢ Z—(|<pn|+|¢ D,
n=1

it has been demonstrated that the series (9) converges uniformly. Therefore, the sum of the series satisfies the
conditions stated in Problems (1) — (4).

#(14)

where

)dx, n=2k—-1,

VI _

Pn =
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The following theorem is thus derived:

Theorem 1. If the functions @,, Y, satisfy the conditions set forth in Lemma 2 and k(t) € C[0,T],
then there exists a unique solution to the problem (1) — (4). This solution is determined by the sum of the
series (9).
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