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Abstract—In this paper we consider an initial-boundary value problem (direct problem) for a fourth
order equation with the fractional Caputo derivative. Two inverse problems of determining the right-
hand side of the equation by a given solution to the direct problem at some point are studied.
The unknown of the first problem is a one-dimensional function depending on a spatial variable, while
in the second problem a function depending on a time variable is found. Using eigenvalues and eigen-
functions, a solution to the direct problem is found in the form of Fourier series. Sufficient conditions
are established for the given functions, under which the solution to this problem is classical. Using the
results obtained for the direct problem and applying the method of integral equations, we study the
inverse problems. Thus, the uniqueness and existence theorems of the direct and inverse problems are
proved.
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INTRODUCTION
Extension of the field of integer derivatives led to the well-known mathematical field of fractional cal-

culus. Since most dynamic phenomena evolve continuously, it becomes natural to extend the concept of
integer-order derivatives to fractional-order derivatives. This theory has an ancient history and critical
applications in various fields [1, 2]. The list of applications of fractional differential equations is growing
rapidly in many areas such as the study of creep or relaxation of viscoelastic materials, control problems,
plasma physics, and models of diffusion processes [3]. Delay differential equations occupy an important
place in various fields of practical applications based on real life. These equations are also used to model
systems with time delays, such as in control systems, high-speed processing, power systems, and commu-
nications [4]. Fractional differential equations with delay are used for more accurate modeling of dynamic
systems, as well as natural phenomena [5].

At present, the theory of inverse problems for equations of mathematical physics has been studied quite
widely. Inverse problems associated with classical second-order partial differential equations are investi-
gated in [6]. The methods of proving local theorems of existence and uniqueness of solutions to inverse
dynamic problems, theorems of uniqueness and conditional stability, as well as numerical approaches to
solving the problems are considered, e.g., in works [7–14].

Until recently, integration and differentiation of fractional orders have received little attention, despite
the wide range of possible applications. For example, fractional calculus is used in models of viscoelastic
bodies, continuous media with memory, transformation of temperature and humidity in atmospheric lay-
ers, in diffusion equations and in other areas. Direct and inverse problems for fractional diffusion equa-
tions have been studied, for example, in works [15, 16]. In work [15] Ashurov and Mukhiddinova
investigated the inverse problem of determining the right-hand side of the subdiffusion equation with
the Riemann–Liouville fractional derivative, and in [16] Durdiev et al. considered a two-dimensional
inverse problem for the fractional diffusion equation. In works [17–19] a number of interesting features
of fractional subdiffusion equations are presented, indicating a certain similarity of these equations with
second-order parabolic differential equations. In work [20] we proved the local existence and global
18



INVERSE PROBLEM FOR A FOURTH-ORDER DIFFERENTIAL EQUATION 19
uniqueness theorems and obtained an estimate of the stability of the solution to the problem of determin-
ing the reaction coefficient in the diffusion equation with a fractional time derivative. It should be noted
that in works [21, 22] Agraval investigated initial-boundary value problems for a fourth-order fractional
diffusion-wave equation.

In works [23–27] the inverse problems of finding space-dependent and time-dependent lower terms of
the diffusion equation with the generalized fractional Riemann–Liouville derivative are investigated using
the expansion in eigenfunctions of a non-self-adjoint spectral problem. The main results of these studies
include existence and uniqueness theorems, as well as an estimate of the stability of the solution. In papers
[28–31] inverse problems of determining the coefficients and the kernel in these equations were consid-
ered.

In the current paper, we consider a direct initial-boundary value problem of a fourth-order equation
with the Caputo fractional derivative of order , , and for this equation, we investigate the
inverse problems for determining the right-hand side. It should be noted that when , the equa-
tion under consideration turns into an equation describing the bending transverse vibrations of a homo-
geneous beam under the action of an external force. Over the past few years, there has been increased
interest in the study of linear and nonlinear initial-boundary value problems for the beam vibration equa-
tion [32–35]. Inverse problems of finding the stiffness coefficient of the basement and the right-hand side
for the beam vibration equation are considered in works [36–38].

1. PROBLEM FORMULATION

Let us consider a fourth-order equation with a fractional derivative

(1)

where  is the Caputo fractional derivative with respect to the variable  of the function  of order
 ([39], p. 90):

(2)

Equation (1) is considered in a rectangular area

where  and  are given positive numbers, with the initial
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conditions.
In the direct problem, for given numbers , , and  and sufficiently smooth functions , ,

and , we need to find a function
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satisfying Eq. (1) at  and conditions (3) and (4). Here,  is a class of functions that are
continuous in  and four times continuously differentiable with respect to  in the domain  for which
there exists a continuous derivative 

Let us define the class of functions  ([39], p. 199):
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20 DURDIEV, RAHMONOV
Inverse problem 1. Let  and let  be a known function. Find a pair of functions
 ∈  satisfying conditions (1)–(4) and, in addition, the condition

(6)

where  and  is a given number.
Inverse problem 2. Let  and let  be a known function. Find a pair of functions

 ∈  satisfying conditions (1)–(4) and the condition

(7)

where  and  is a given number.

2. STUDY OF THE SOLUTION TO THE DIRECT PROBLEM
To solve Eq. (1) with the initial (3) and boundary (4) conditions, we use the method of separation of

variables. Putting , we obtain the spectral problem for :

(8)

and the problem for :

(9)

where

is the orthonormal basis,

is defined as the solution to the spectral problem (8), which was investigated in work [40]. The solution to
problem (9) was presented in ([39], p. 232). Based on this, we can write down the solution to the
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(11)

where

(12)

(13)

Here,  is the Mittag–Leffler function. Let us proceed to establishing the asymptotic properties of
the function  for large absolute values of the argument .

Lemma 1 ([41], p. 136). Let ,  be real constants, and let  be a fixed number from the
interval . Then the estimate holds:

where  is a constant independent of .
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Let us start by calculating the fractional derivative in (14). To this end, according to (13), we find

This leads to
Proposition 1. For  and  the relation holds:

Moving on to (15), we have

This implies the following proposition
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Because , from series (10) and from Lemma 2 we obtain the estimate

Identically, for series (18) and (19), by Lemma 2 we have
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3. MAIN RESULT
Let us study the inverse problem 1. Suppose that . Then series (10) can be rewritten as
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To do this, we use condition (7) and get

(24)

where

Resolving (24) for , we obtain the Volterra integral equation of the first kind

(25)

where

(26)

First, let us show that . To do this, we find the first derivative of (26) with respect to :

Let , then the series in (26) is majorized by a number series

This series converges by Lemma 3; hence, we obtain . Next, let us look at the function

 Calculating the derivative of the function  we have

where  and  is a given number. The inclusion  follows from the follow-
ing easily proven statement.

Lemma 4. Let ,  =  =  =  =  =  =  =  = =

 =  =  =  =  =  =  = 0, and suppose that the function  is subject
to the conditions of Lemma 3. Then the formula holds

where

Because it is an ill-posed problem to find the unknown function in the Volterra integral equation of the
first kind, we take the fractional Caputo derivative of the integral equation (25) and use Proposition 3 to
get

(27)

Hence, . If  and the kernel of the integral equation is a continuous function,

then, defining the desired function  from (27) and, after that, substituting  into (24), we find the
function .
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Theorem 3. Let the conditions of Lemma 4 be satisfied. Then if

then Eq. (27) has a unique solution  in the class of functions .
The theorem follows from the theory of  Volterra integral equations of the second kind.
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