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Abstract—In this paper we consider an initial-boundary value problem (direct problem) for a fourth
order equation with the fractional Caputo derivative. Two inverse problems of determining the right-
hand side of the equation by a given solution to the direct problem at some point are studied.
The unknown of the first problem is a one-dimensional function depending on a spatial variable, while
in the second problem a function depending on a time variable is found. Using eigenvalues and eigen-
functions, a solution to the direct problem is found in the form of Fourier series. Sufficient conditions
are established for the given functions, under which the solution to this problem is classical. Using the
results obtained for the direct problem and applying the method of integral equations, we study the
inverse problems. Thus, the uniqueness and existence theorems of the direct and inverse problems are
proved.

Keywords: initial-boundary value problem, inverse problem, fractional Caputo derivative, Mittag—
Leffler function, eigenfunction, eigenvalue, uniqueness, existence

DOI: 10.3103/51066369X24700567

INTRODUCTION

Extension of the field of integer derivatives led to the well-known mathematical field of fractional cal-
culus. Since most dynamic phenomena evolve continuously, it becomes natural to extend the concept of
integer-order derivatives to fractional-order derivatives. This theory has an ancient history and critical
applications in various fields [1, 2]. The list of applications of fractional differential equations is growing
rapidly in many areas such as the study of creep or relaxation of viscoelastic materials, control problems,
plasma physics, and models of diffusion processes [3]. Delay differential equations occupy an important
place in various fields of practical applications based on real life. These equations are also used to model
systems with time delays, such as in control systems, high-speed processing, power systems, and commu-
nications [4]. Fractional differential equations with delay are used for more accurate modeling of dynamic
systems, as well as natural phenomena [5].

At present, the theory of inverse problems for equations of mathematical physics has been studied quite
widely. Inverse problems associated with classical second-order partial differential equations are investi-
gated in [6]. The methods of proving local theorems of existence and uniqueness of solutions to inverse
dynamic problems, theorems of uniqueness and conditional stability, as well as numerical approaches to
solving the problems are considered, e.g., in works [7—14].

Until recently, integration and differentiation of fractional orders have received little attention, despite
the wide range of possible applications. For example, fractional calculus is used in models of viscoelastic
bodies, continuous media with memory, transformation of temperature and humidity in atmospheric lay-
ers, in diffusion equations and in other areas. Direct and inverse problems for fractional diffusion equa-
tions have been studied, for example, in works [15, 16]. In work [15] Ashurov and Mukhiddinova
investigated the inverse problem of determining the right-hand side of the subdiffusion equation with
the Riemann—Liouville fractional derivative, and in [16] Durdiev et al. considered a two-dimensional
inverse problem for the fractional diffusion equation. In works [17—19] a number of interesting features
of fractional subdiffusion equations are presented, indicating a certain similarity of these equations with
second-order parabolic differential equations. In work [20] we proved the local existence and global
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INVERSE PROBLEM FOR A FOURTH-ORDER DIFFERENTIAL EQUATION 19

uniqueness theorems and obtained an estimate of the stability of the solution to the problem of determin-
ing the reaction coefficient in the diffusion equation with a fractional time derivative. It should be noted
that in works [21, 22] Agraval investigated initial-boundary value problems for a fourth-order fractional
diffusion-wave equation.

In works [23—27] the inverse problems of finding space-dependent and time-dependent lower terms of
the diffusion equation with the generalized fractional Riemann—Liouville derivative are investigated using
the expansion in eigenfunctions of a non-self-adjoint spectral problem. The main results of these studies
include existence and uniqueness theorems, as well as an estimate of the stability of the solution. In papers
[28—31] inverse problems of determining the coefficients and the kernel in these equations were consid-
ered.

In the current paper, we consider a direct initial-boundary value problem of a fourth-order equation
with the Caputo fractional derivative of order o, 1 < o < 2, and for this equation, we investigate the
inverse problems for determining the right-hand side. It should be noted that when oo — 2 — 0, the equa-
tion under consideration turns into an equation describing the bending transverse vibrations of a homo-
geneous beam under the action of an external force. Over the past few years, there has been increased
interest in the study of linear and nonlinear initial-boundary value problems for the beam vibration equa-
tion [32—35]. Inverse problems of finding the stiffness coefficient of the basement and the right-hand side
for the beam vibration equation are considered in works [36—38].

1. PROBLEM FORMULATION

Let us consider a fourth-order equation with a fractional derivative
DuCx,0) + @ty = F(x,1), (1)

where CD,O‘u is the Caputo fractional derivative with respect to the variable ¢ of the function u(x,7) of order
ae (1,2] ([39], p- 90):

s 2
€ Dfu(x, ) = — I(t—r)l_“u"(x,r)dr, CD,zu(x,t)Ea—2u(x,t). )
)9 ot

)
Equation (1) is considered in a rectangular area
={(x|0<x<l 0<t<T},
where / and 7" are given positive numbers, with the initial
u(x,0) = o(x), u,(x,0)=wy(x), xel0,/], 3)

and boundary

w(0,) = u, (0,8) = u(l,t) =u,(l,t) =0, te[0,7T], “4)
conditions.

In the direct problem, for given numbers a, /, and T and sufficiently smooth functions f(x,?), ¢(x),
and y(x), we need to find a function

u(x,tye C'(£)nCc** (), (5)

satisfying Eq. (1) at (x,7) € £ and conditions (3) and (4). Here, C @ (%) is a class of functions that are
continuous in ¥ and four times continuously differentiable with respect to x in the domain X, for which

there exists a continuous derivative CD;’.
Let us define the class of functions C; [0,7] ([39], p. 199):
CJ10,T1 = {v(1): £'v"(r) € C[0, T},

wherene N,0<y<1.
Our work is aimed at studying the following problems.
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20 DURDIEV, RAHMONOV

Inverse problem 1. Let F(x,7) = f(x)g(¢) and let g(¢) be a known function. Find a pair of functions
{u(x,0), f(x)} € C'(Z) N € () x C[0,1] satisfying conditions (1)—(4) and, in addition, the condition

ux,ty) =hx), 0<x</, 0<t,<T, (6)

where A(x) € Cl[O,l] and ¢, € (0,7] is a given number.
Inverse problem 2. Let F(x,7) = f(x)g(¢) and let f(x) be a known function. Find a pair of functions
{u(x,0),8(0} € C'(Z) N C™ () x AC[0,T1 satisfying conditions (1)—(4) and the condition

u(xy,t) =qt), 0<xy,<l, 0<r<T, 7)
where ¢(¢) € C?[0,7] and X, € (0,/) is a given number.

2. STUDY OF THE SOLUTION TO THE DIRECT PROBLEM

To solve Eq. (1) with the initial (3) and boundary (4) conditions, we use the method of separation of
variables. Putting u(x,t) = X (x)T(¢), we obtain the spectral problem for X (x):

X" yax =0, )
X0)=X()=X'0)=X'()=0,
and the problem for 7'(¢):
DT () — a*\NT (1) = E, (1), ©
TO0) =9, T'0)=vy,
where

! !
¢, = foCor,(adx, v, = [WEY, (0,
0 0

/
E,(t) = [Fx,nY,(x)dx,
0

_ X
[x, 0

Y,(x)

is the orthonormal basis,

X(x) =

tan %
2

X0 = Vi

is defined as the solution to the spectral problem (8), which was investigated in work [40]. The solution to
problem (9) was presented in ([39], p. 232). Based on this, we can write down the solution to the
problem (1)—(4) in the form

u(x,1) = iTn(t)YH(X), (10)
n=l

RUSSIAN MATHEMATICS Vol. 68 No.9 2024



INVERSE PROBLEM FOR A FOURTH-ORDER DIFFERENTIAL EQUATION 21

]

T,0) = [utx, 0¥, (x)dx, (11)
where 0
T = QuEo [ @Mt |+ W 1Eos [aht” |+ j(r =)' Eyo @Mt = )" | Fy(s)ds. (12)
0
e k
Eop(2) = ;m (13)

Here, E,3(z) is the Mittag—Leffler function. Let us proceed to establishing the asymptotic properties of
the function £, g(z) for large absolute values of the argument z.

Lemma 1 ([41], p. 136). Let 0 < o0 < 2, B e R be real constants, and let |\ be a fixed number from the
interval (mo/2, min{m,to}). Then the estimate holds:

|EOL,B(Z)| < %k', n< |arg z| <m,

where M is a constant independent of 7.

The values A, = —d: are eigenvalues of the spectral problem (8), where
d, =T @2n-1.
5 l( )

Because the system Y, (x) is complete in the space 1,(0,/), we can prove the uniqueness of the solution
to the problem (1)—(5). Indeed, suppose that there exist different functions u(x,#) and u,(x,#) that are
solutions to this problem. Then their difference u(x, ) = u(x,t) — u,(x,) is a solution to the homogeneous
problem (1)—(5), where ¢(x) = 0, y(x) =0, and F(x,7) = 0. Hence, ¢, =0, y, =0, and F,(r) =0, and
from (12) we get 7,(¢) = 0, which, because of (11), is equivalent to the equality

!

j u(x, )Y, (x)dx = 0.

0

Because the system Y, (x) is complete in the space 1,(0, /), the function u(x,#) = 0 almost everywhere in

[0, /] and for any 7 € [0, T']. Because due to condition (5)  is continuous in X, u(x,#) = 0 in X. Thus, the
uniqueness of the solution to the problem (1)—(5) is proven.

Now, we move on to the study of the solution to the direct problem. For this purpose, we find

“DI[T,0] = D’ [cana (@Mt [+ tEa [ @t [+ j(r =) By @0 = 9] Fn<s>ds],
0

l<a<?2.

For convenience, we introduce the notation
I, =D (9,E, | a*\
1= t ((pn ald nt )

I = DY (WitEgn| @Mt ) =, D (tEgs [ @'t ), (15)

0. D (Eq[ a1 ]), (14)

I, =D’ U(t — )" Ego @Myt = 9" ] F,,(s)ds}.
0
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22 DURDIEV, RAHMONOV
Let us start by calculating the fractional derivative in (14). To this end, according to (13), we find
2 o)k t 2 ok
> (@At 2 2 (aA,T
CDa [ 27”‘ J cDaz( ) _ 1 J‘(t_l_)l—aa_zz( )
= l(ak+1) TQ2-0)q ot =T (ak +1)
= a’\,E, [azknta].

This leads to
Proposition 1. For1 < o < 2 and A > 0 the relation holds:

DME A" = NEJAM™], 0<t<T.

Moving on to (15), we have

o ( )k tock+1
C no o
D/tE,, [a At J kz T
B P ( ) oK+ o o
_mb[( - —zkz T(ok +2) r—akntEa’z[a At J

This implies the following proposition
Proposition 2. For1 < o <2,B > 0, and A > 0 the relation holds:

“DIPE, A" = MPE,  M%], 0<t<T.
Proposition 3 ([27]). For1 < o <2 and A > 0, if f(t) € AC[0,T], then the equality holds:

‘D’ j(z = ) Ego [ Mt = 9" | f(5)ds = f(5) - xj(r — ) By o Mt = )" | f(5)ds.
0 0

Let us show that series (10) is the solution to the problem (1)—(5). To do this, we first make sure that

the sum of series (10) is a continuous function in a closed domain X. Evaluating the expression for T,1),
we find

t

+ f (t = )" Eq| @At = )" | F(s)ds].

0

7,0 <

N+ [WaEy [azknt“]

P, Eola

Further, according to Lemma 1, we obtain
IT,0] < Ci (o] + | +
where F(t,) = (r)na)yg|F,,(t)| and C, = C1(0, T); below, C; depends only on o, and 7.
<t<

Now, let us find an estimate for the function “ D{'7},(¢) in a similar manner:
DT 0| < @R T, ) + Fy @) < Co, (1] + il +E0)-

Lemma 2. For any t € [0,T] the estimates hold:

I7,0] < Ci (@] + v, (16)
DT, 0| < Con' (l9,] + ] + | Fu)- (17
By formal term-by-term differentiation of (10), we derive the series
“Dlux,t) = D DT, (O, (), (18)
n=1
Uoee(X,1) = D T,(OX () = D d, T, ()Y, (x). (19)
n=1 n=1
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INVERSE PROBLEM FOR A FOURTH-ORDER DIFFERENTIAL EQUATION 23

Because |Yn(x)| <1, from series (10) and from Lemma 2 we obtain the estimate

Jue, ) < Ci Y (0] + 1wl +|F))-
n=1

Identically, for series (18) and (19), by Lemma 2 we have

S 6327\% (|(pn| + |Wn| +
n=1

e, 0)] < D [T, < C: D 1 (0] + | + |-
n=1 n=1

By Lemma 2, series (10), (18), and (19) for any (x,) € X are majorized by

Cs > (@] + w, | +|E ).
n=1

For the last series to converge we need

Lemma 3. If the functions ¢(x), W(x), and F(x,1) satisfy the conditions
o(x) € C[0,7], ®0) = o) = ¢'(0) = ') = "' (0) = ¢ () = ¢(0) = ¢ (7)
=070 = 0”() =0,
y(x) e Cl0,11, w0) = y() = y'(0) = y'() = y"(0) = y"() = y(0) = y())
=y?0) =y ) =0,
F(,ne C6[O, ll, FQO,r)=F(,t)=F.0,1) = F.(,t) = F.(0,r) = F.(U1)

= Fo(0,0) = Foooo(1,1) = Fo(0,0) = Foo (1,1) =

Jorany 0 <t < T, then the following relations hold:

(6) () _ 1 ne
®n = dsq)n > Wy = d6\|’n ’ E(’)_d_’fﬂ (t)s

where
o j OO, (x)dx, O = j VO, (x)dx, FO) = j oF e (.
By Lemma 3, series (10), (18), and (19) are majorized by a converging numerical series

)

that is, they converge absolutely and uniformly in X. Therefore, the sum of the series satisfies all the con-
ditions of the problem (1)—(4). Thus, the following theorem is proved.

=)

Ci 5ot

n=1 1

Theorem 1. Let the function F(x,-) e AC|0,T] forany x € [0,[]. If the functions @¢(x), Y(x), and F(x,t)
satisfy the conditions of Lemma 3, then there exists a unique solution to the problem (1)—(4), which is defined
as the sum of series (10), where the coefficients are found using formula (12).

RUSSIAN MATHEMATICS Vol.68 No.9 2024



24 DURDIEV, RAHMONOV

3. MAIN RESULT
Let us study the inverse problem 1. Suppose that F(x,7) = f(x)g(t). Then series (10) can be rewritten as

ux0) = S TOY,()
n=1

- ‘ (20)
= D | OuEo| @Mt |+ Wty | aht” |+ 1, | = 9" Eqg | aN (0 = )" | g(9)ds | Y, (),
5000w [ -5 B[]
where
1
fo =[£G
0
Using condition (6), we get
w(x, 1) = Y T, ()Y, (x) = h(x) = Y hY,(x), (1)
n=1 n=1
where
)
T,(t) = @,Ea[ @i |+ Wit Eua [ @hts |+ 1, [0 = 9 Eyu[ @®hty = 9% | g(s)ds.
0
Let g(¢r) = 1. Then equality (21) becomes
fy
( [t =97 Equ @ty - s)ﬂg(s)ds}fn = h, = QB[ &Nt |~ Wit Eon | @15 . (22)
0
From here we find the unknown coefficients
fn = L(hn - q)nE(x I:azkntg] - WnIOEocJ I:a2}“nt(§xi|) (23)

6n(tO)
provided that forallne N

8, (1) = ZLKZ(—EQ (@bt ]+1) =0,

where we used Lts“_le(cs“)ds = %(—Ea [ct“] + 1) forc # 0and 0 < E,(a’\,15) < 1. By virtue of the the-

orem of uniqueness of the solution to problem 1, the expression 9,(f,) is not equal to zero for all ne N.
Indeed, let (x) = 0, W(x) =0, and A(x) = 0. Then ¢, = y, = A, = 0. If forsome n = p € N the expres-
sion & »() = 0, then from Eq. (22) it follows that f, is an arbitrary constant, generally speaking, not equal
to zero. Then the inverse problem 1 with zero boundary conditions at g(¢) = 1 has a nonzero solution

u(x,t) = %(Ea (@005 | =1), £ = £,X,(%).

p
Having substituted Eq. (23) into Eq. (20), we find the function u(x, 7).
Now, suppose that g(¢) # 1, g(r) € C[0,T], and assume that g(¢) = g, = const > 0. Then

) _ o 2 oy
g.(1) = g@J.O (t — )" Eyola’h,(t — 5)"1ds = g(g)M
al,

bl

where 0 < & < 1.

Theorem 2. Let h(x)e C'[0,/], ¢(x)e C'[0,]], y(x)e C'[0,]], and g(t)=1 or g(t)e C[0,T],
|g(x)| > g, > 0, then the inverse problem (1)—(6) in the space of continuous functions has a unique solution.
Let us study the inverse problem 2.

RUSSIAN MATHEMATICS Vol. 68 No.9 2024
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To do this, we use condition (7) and get

u(xo, 1) = ZT OV 50 = Y (0,E[ a0t ]+ WtEu [0t ]+ fig,0) V5 = a0, (24)
n=1

where

g, = j(r =) By [Nt = )" ] g(s)ds.
0

Resolving (24) for g,(¢), we obtain the Volterra integral equation of the first kind

jZf(r—s>‘“ o[ @0t = 9" |26V, (x,)ds = (1), (25)
n=1
where '
30 = 00 = 3 (0,E[ a2 ]+ witEo [ a2 Yy x0). (26)

n=1

First, let us show that g(¢) € CQ[O, T]. To do this, we find the first derivative of (26) with respect to ¢:

%q(t) = q'0) + D (0,8 M 1" Eq ol @Mt 1+ W, Eola’ A1) Y, (x)).
n=1

Let ¢'(r) € C[0,T], then the series in (26) is majorized by a number series

=)

2 (7 [0l + w)-

n=l1
This series converges by Lemma 3; hence, we obtain d/dfg(¢)] € C|0,T]. Next, let us look at the function
2
piH)=t" %q(r). Calculating the derivative of the function dici(t), we have
1 1

oo

) = 1'4"(0) = D (0,8 Mot Er| @™ |+ W@ h " By | @Mt )V, (00),

n=1
where 2 — o0 <y < 1and v is a given number. The inclusion d ?1dP[G(f)) e C,10,T] follows from the follow-
ing easily proven statement.
Lemma 4. Let o(x) € C"°[0,/], 9(0) = ¢(/) = ¢'(0) = ¢'()) = ¢ (0) = ¢"'(1) = 9(0) = (1) = ¢”(0) =

o ()= 970) = ") = ¢®(0) = ¢* (1) = ¢ (0) = ¢ (1) = 0, and suppose that the function \y(x) is subject
to the conditions of Lemma 3. Then the formula holds

(10)
(pn (pn >
le

where

9" ftp“O)(x)Y (x)dx.
Because it is an ill-posed problem to find the unknown function in the Volterra integral equation of the

first kind, we take the fractional Caputo derivative of the integral equation (25) and use Proposition 3 to
get

ZfY(xo{ (0 —a’) j(t—s>°‘ "By @kt = 9)"] (s)dsJ D). 27)

n=1

Hence, Z 5Y.(x0) = f(x)- If f(x,) # 0 and the kernel of the integral equation is a continuous function,

n=l1
then, defining the desired function g(¢) from (27) and, after that, substituting g(¢) into (24), we find the
function u(x,1).

RUSSIAN MATHEMATICS Vol.68 No.9 2024
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Theorem 3. Let the conditions of Lemma 4 be satisfied. Then if

f(x0) #0, g0 e CIO,TI, ox)) = 4(0), W(xp) = g'(0),

then Eq. (27) has a unique solution g(t) in the class of functions AC[0,T].

The theorem follows from the theory of Volterra integral equations of the second kind.
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