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UDC 51

AN INVESTIGATION INTO THE INHOMOGENEOQUS INTEGRO-DIFFERENTIAL
EQUATION FOR THE TRANSVERSE VIBRATION OF A BEAM

Durdiev Umidjon Durdimuratovich

Head of the department Differential equations, Bukhara State university,

Senior Research Fellow at the Institute of Mathematics named after V.I.Romanovskiy
at the Academy of sciences of the Republic of Uzbekistan

umidjan93 @list.ru, u.d.durdiev @ buxdu.uz

Abstract. In this paper, we investigate the initial-boundary value problem associated with the
inhomogeneous integro-differential equation governing the transverse vibrations of a beam. We subsequently
examine the vibration operator of the homogeneous beam utilizing the method of separation of variables,
focusing on the eigenvalues and eigenfunctions. This approach effectively transforms the problem into a
Fredholm integral equation of the second kind. Leveraging the completeness of the eigenfunction system, we
establish a unique theorem, which is critical for ensuring the solvability of the problem. Furthermore, we
employ the method of successive approximations to derive solutions for these equations. This methodological
framework not only facilitates the resolution of the integro-differential equation but also allows us to prove an
existence theorem, thereby affirming the robustness of the solutions obtained.

Keywords: intego-differential, initial-boundary, inhomogeneous, eigenfunctions, separation of
variables, Fredholm integral equation, unique, existence.

HCCIEJOBAHUE HEOJTHOPOJHOI'O UHTEI'PO-JUPPEPEHIIUAJIBHOI'O
YPABHEHMUSA JJIA ITIOIIEPEUYHBIX KOJIEBAHUU BAJIKH

Annomauusn. B oannoil pabome ucciredyemcs HAUAILHO-KPAesast 3a0aia, Cé3aHHAsSL ¢ HEOOHOPOOHbIM
unmezpo-ouppepeHyuanbHLIM ypasHeHuem, YApasisiowum nonepeunvimMy Koiebanusimu oanku. 3amem mol
ucciedyem onepamop Koaebanuii 0OHOPOOHOU OAIKU C NOMOWDBIO Memood pda30eneHUss NepemMeHHbIX,
COCPedomoyUs GHUMAHUE HA COOCMEEHHbIX 3HAYeHusix u cobcmeennvlx ¢yukyusax. Taxou nooxoo
aghpexmueno npeobpazyem 3adauy 6 unmeepaivbHoe ypasienue Opedzonvma emopoco pooa. Onupasce Ha
NOAHOMY CUCmeMbl COOCMBEHHBIX (DYHKYUL, Mbl YCMAHAGTUBAEM Meopemy O eOUHCMEEHHOCU, KOMOopas
AGNILEMCST KPUMU4eckol 0iist obecneuenus paspewumocmu 3aoaqu. Kpome moeo, mvl ucnonvzyem memoo
NOCAE008AMENbHBIX NPUOIUNCEHUL OJIsL NOJYHEHUs. PEUEHUIl IMUX YPAGHEHUL. Dma Memooon0cuecKds
O0CHOB8A He MOILKO 00Necuaem peuleHue uHmeepo-oup@depeHyuanvHo2o ypasHeHusl, Ho U N0380Jsiem 00KA3amb
meopemy cyuecmeosaHusi, mem Camblm NOOMEEPICOAs yCmouuU80CmMs NOJYUEHHBIX PeuleHull.

Knwouesvie cnosa: unmezpo-oupepenyuanvroe, Ha4aIbHO-2pAHUUHOe, HeOOHOPOOHOEe, CODCMBEHHble
@dyukyuu, pazoenenue NEPeMEHHLIX, UHMezpalbHoe YypaeHeHue Dpedeorbma,  eOUHCNBEHHOCHD,
cyuecmeosanie.

BALKANING KO'NDALANG TEBRANISHLARI UCHUN BIR JINSLI BO‘'LMAGAN
INTEGRAL-DIFFERENSIAL TENGLAMANI O'RGANISH

Annotatsiya. Ushbu ish balkaning ko'ndalang tebranishlarini boshqaradigan bir jinsli bo ‘lmagan
integral-differensial tenglama bilan bog'liq bo'lgan boshlang'ich-chegaraviy masalani o'rganadi. Keyin biz
o'zgaruvchilarni ajratish usuli yordamida bir jinsli balkaning tebranish operatorini o'rganamiz, xos giymatlari
va xos funktsiyalariga e'tibor qaratamiz. Ushbu yondashuv masalani ikkinchi turdagi Fredgolm integral
tenglamasiga samarali o'zgartiradi. Xos funksiyalar sistamasining to'ligligiga asoslanib, biz masalaning
yechimini ta'minlash uchun juda muhim bo'lgan yagonalik teoremasini o'rnatamiz. Bundan tashqari, biz ushbu
tenglamalarning yechimlarini olish uchun ketma-ket yaqginlashtirish usulidan foydalanamiz. Ushbu uslubiy
asos nafaqat integral-differensial tenglamani yechishni osonlashtiradi, balki mavjudlik teoremasini
isbotlashga imkon beradi.

Kalit so'zlar: integral-differensial, boshlang'ich-chegaraviy, bir jinsli bo ‘Ilmagan, xos funksiyalar,
o'zgaruvchilarni ajratish, Fredgolm integral tenglamasi, yagonalik, mavjudlik.
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Introduction and statement of the problem. The investigation of transverse vibrations in beams is a
critical aspect of structural engineering, where the dynamic behavior of beams under various loading
conditions plays a pivotal role in ensuring safety and performance. Among the various mathematical models
employed to describe these vibrations, the integro-differential equation stands out for its ability to capture both
immediate and historical effects of forces acting on the beam.

The integro-differential equation for the transverse vibration of a beam incorporates not only the
classical elements of beam theory but also the complexities introduced by inhomogeneous loading and the
time-dependent nature of vibrations. This equation provides a comprehensive framework for analyzing the
behavior of beams subjected to distributed loads, accounting for the interactions between various points along
the beam over time.

This study focuses on the integro-differential equation governing the transverse vibrations of a beam.
By examining its theoretical foundations and employing advanced solution techniques, such as separation of
variables and successive approximations, we aim to uncover the intricate relationships between the beam’s
response and the external forces applied to it. The findings of this investigation will enhance our understanding
of beam dynamics, contributing valuable insights for the design and analysis of structural elements in practical
engineering applications.

We investigate an inverse problem aimed at identifying the unknown kernel k(t) as well as the
transverse bending vibrations u(x, t) of a homogeneous beam of length I. These variables are governed by a
fourth-order partial differential equation.

Upr + A% Usyry = ft k(Du(x, t —)dt + f(x, 1), €]
(x,t) € (8, D x (0,T] =:G,

with the initial conditions

u|t=0 = (p(X), ut|t=0 = l,[)(X), x € [0' l]' (2)
and boundary conditions
u(0,t) = uy,(0,t) = u(l,t) = uy, (I,t) =0, t €[0,T]. 3)
Problem. The problem requires to define the function
u(x,t) € CiF (6)n Cor (6), )

satisfying relations (1) — (3) with the known positive numbers a, [, T and sufficiently smooth functions ¢ (x),

P(x), k(0), f(x,1).

Study of the problem. The solution of the direct problem (1) — (4) will be found in the following form

w50 = ) up(OXn0), )
n=1
where X (x) is the solution to the following problem:
Xt +1X(x) =0, O0<x<],
X(0)=X"0)=X{=X"() =0.
Finding these solutions we get

2 . 4 Ty 4
X,(x) = |=sinu, x, Ap=—pp =— (—) ) (6)
l l
. l
u,(t) = \/;f u(x, t) sin y, xdx. @)
0
Formally, from (5) by term-by-term differentiation we compose the series
U5 ) = ) W (OXn (), ®
(00} n=1 o]
e 0) = D unOXP ) = D un (9K (0), )
n=1 n=1

By applying the formal scheme of the Fourier method and utilizing equations (1) and (2), we derive the
result
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wl () + a?uk u,(t) = fk(r)un(t —1)dt + f,(b), n=12,.., 0<t<T, (10)
1n(0) = @ny Up(0) = Yy M =12, (11
where
l l
o = f 9 ()X, () dx, f POXa @) dr, o) = f fGOX(Odx.  (12)

Using the method of [7], we present the solutlon of the problem (10), (1 1) as an integral equation

u, (t) =qt) + mbf sin[au?(t — 1)] Of k(s)u,(t — s)dsdr, (13)

where

_ 2 lpn « 2 1 . 2
qt) = @pcosapuyt +——=sinau;t +— | fn(s)sin[au; (t — 1)]ds
au aun

n

Theorem 1. If there exists a function u(x, t) satisfying relations (1)-(4), then it is unique.

Proof. Based on the completeness of the system X, (x) in the space L,(0,l) we can establish the
uniqueness of the solution to the problem defined by equations (1) — (4). Assume, for contradiction, that there
exist two distinct functions u4(x,t) and u,(x,t) that serve as solutions to this problem. The difference
u(x,t) = uqy(x,t) —uy(x, t) then becomes a solution to the homogeneous problem (1) — (4), where @(x) =
0,¥(x) =0, f(x,t) = 0. Consequently, we have ¢, = 0,9y, =0, f,,(t) = 0.

From equation (13), we obtain u,, = 0, as u,, satisfies the homogeneous equation:

t

u, (t) = %f sin[au?(t — 1)] f k(s)u,(t — s)dsdr

n
0

This, in conjunction with equation (7), is equivalent to the condition:
l

fu(x, )X, (x)dx =0

0

Given the completeness of the system Y, (x) in the space L, (0, [), we conclude that the function u(x, t)
must be zero almost everywhere in the interval [0, [] and at any t € [0, T]. Furthermore, due to the continuity
of uon G, as stipulated by condition (4), we deduce that u(x,t) = 0 on G.

Thus, we have proven the uniqueness of the solution to the problem defined by equations (1) — (4).

For each fixed n, equation (13) represents a Volterra integral equation of the second kind concerning vy,
. According to the established theory of integral equations, provided that the functions ¢ (x), ¥ (x), k(t), and
f (x, t) satisfy the necessary conditions, this equation has a unique solution.

The solution to this integral equation can be effectively obtained using the method of successive
approximations. This iterative method constructs a sequence of approximations that converges to the unique
solution of the equation, thereby providing a practical approach for solving v, in this context.

Furthermore, from (13) we can obtain an estimate for u, (t):
t T

lu, (O] < 1q®)| + ! jsm[a/xn(t — T)]fk(s)un(r — s)dsdt],
aftn 0 0
since

t
iszn(s) sin[au? (t — 7)]ds

lq(®)| < |@, cosa u? t| + ‘;DTnZSin au? t| +

<lonl+—5 e Il/)nl t—3 2 ||fn||

Thus, we have
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t t—s
1 T Il s
[un (O] < lonl + — [Ynl + — Ifull + — un(s) sinapyrdtds
apy aus au

n

20Ikl
< 1]+ 2|zpn|+ uz AR 4f| un()lds, e[0T

where [lkll = max [k(©)], Ifell = max |/,(0).

Hence, by virtue of Gronwall's inequality, we can conclude that the solution u,, (t) satisfies:

T
|un(t)|s<|<pn|+ Wl 4 Ilfnll> {Q'LJ'}, Ce[0T] n=12, ..

n

T
lun (O] < IIntI+<I<0nI+ 7 [nl +— e Ilfnll>(IIkIIT+a2Mn) p{

Thus, the following statement is true:

2T||k||}

n

Lemma 1. For any t € [0, T] the following estimates

a1 < Cr (1l + 5 Wil + ||fn||)

luy (O] < C; (n*|@y] + n2[ihy| + n2|l £,
are valid, where C;, i = 1,2 are positive constants depending on T, l, and ||k||.

The series (5), (8) and (9) for any (x,t) € G based on Lemma 1 are majorized by the series

C; Z(nﬂm 02l + 021D,

where the constant C3 depends on T, [, and k]l

Lemma 2. Under the conditions

p(x) € C®[0,1],  @(0) =) =¢"(0) =" ) =9 (0) =™ =0,
Y(x) e 30,1,  PO0) =y =9"0)=9p"{1)=0,
f(x' t) € C)?,‘t'l(é)t f(O' t) = f(lt t) = fxx(o: t) = fxx(l' t) = 0’ O S t S T'
one has the relations
Pn = 15 (pr(15)' Yn = 13 1(13)' fn(t) = _13 n(B)(t);
HUn u

n n

l
2
o = ff P® (x) cos ppxdx, P = \/;f Y3 (x) cos pyx dx,
0
£ = fj £8(x, 1) cos pnx dx,

© 5 ®© 2
Z|‘p7(15)| <[e® N, 0. Z|¢’(13)| < [0,
n=1

Z S| <

where

with the estimates

(3)

xxx

Lo[o]

(14)

(15)
(16)

17)

(18)

(19)

Proof. We integrate equation (13) by parts multiple times: specifically, we perform integration by parts
on the integral involving the functions f (x, t) and 1 (x) three times, and on the integral involving the function
@(x) five times. Under the conditions specified in Lemma 2, we arrive at the equalities stated in (18). The
inequality presented in (19) corresponds to the Bessel inequality for the coefficients of the Fourier expansions
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of the functions (p(s) (3) and F,; (3) (t) in the cosine system { \/% cos ,unx} on the interval [0, []. This inequality

reflects the relationship between the coefficients derived from the Fourier expansions and demonstrates the
convergence properties of the series associated with these functions, thus reinforcing the theoretical foundation
for our analysis.

It is important to note that if the conditions of Lemma 2 are satisfied, the series in equation (17) converge.
To demonstrate this convergence for the first series, we can apply a similar approach to the other series as well.
Specifically, using equation (18) and the Cauchy-Bunyakovsky inequality, we obtain:

Zn‘*lqonl—z e Z Z|¢(5) :
n=1 =1 n=1

Thus, according to the first inequality in (19), we conclude that the series Y-, n*|¢@,| converges,
confirming the convergence of the numerical series as desired.

If the functions ¢@(x), Y(x) and f(x,t) meet the conditions outlined in Lemma 2.2, then, based on
inequalities (18) and (19), the series (17) converge. Consequently, this implies that the series in (5), (8) and
(9) converge absolutely and uniformly within the rectangle G. As a result of this uniform convergence, we can
assert that the sum of the series in (5) satisfies the relations given in (1)—(4).

Using the above results, we obtain the following statement.

Theorem 2. Let k(t) € C[0,T]. If the functions @(x), Y(x) and f (x, t) satisfy the conditions of Lemma
2, then there exists a unique solution to the problem (1) — (4).
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