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Abstract—Direct and inverse problems for the equation of forced vibrations of a finite length beam
with a variable stiffness coefficient at the lowest term are investigated. The direct problem is the ini-
tial—boundary value problem for this equation with boundary conditions in the form of a beam fixed
at one end and free at the other. The unknown variable in the inverse problem is a multiplier in the
right-hand side, which depends on the space variable x. This unknown is determined with respect to
the solution of the direct problem by specifying an integral redefinition condition. The uniqueness of
the solution of the direct problem is proved by the method of energy estimates. The eigenvalues and
eigenfunctions of the corresponding elliptic operator are used to reduce the problems to integral equa-
tions. The method of successive approximations is used to prove existence and uniqueness theorems
for solutions of these equations.
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INTRODUCTION

Many problems on vibrations of rods, beams, and plates have important applications in many fields,
such as the design of structures, the theory of stability of rotating shafts, and the theory of vibrations of
ships and pipelines, and they lead to at least second order differential equations [1, 2]. Recent years have
witnessed increased interest in the study of linear and nonlinear initial—boundary value problems for the
equation of beam vibrations [3—9]. The study [10] obtained an analytical solution to the differential equa-
tion of transverse vibrations of a piecewise homogeneous beam in the frequency domain for any type of
boundary conditions.

Inverse problems for beam vibration equations are not as well studied as similar problems for classical
equations of mathematical physics. It should be noted that inverse problems of determining variable coef-
ficients and right-hand sides of second-order linear parabolic equations were considered in [11—14] (see
also the literature cited in monographs [13, 14]). Various inverse problems for second-order equations of
hyperbolic type can be found in the monographs [15—17] (see also the extensive bibliography therein).
The studies [18—22] considered a new direction in the theory of inverse problems—reconstructing the
convolution kernel in hyperbolic equations describing delay phenomena. Numerical methods for solving
these problems were proposed in [23—25].

The problem of determining the time-dependent stiffness coefficient in the equation of transverse
vibrations of a beam was considered in [26]. This study considers the initial—boundary value problem for
the equation of transverse vibrations of a finite-length beam of and the inverse problem of determining the
multiplier of the right-hand side, which depends on the spatial variable x.

Let us consider the equation of vibrations of a nonhomogeneous beam:
Lu = thy + @t + pOOYU = [(3,1) (1)
in the domain
D={0,1):0<x<[,0<¢t<T},
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where / is the length of the beam and 7 is the end time, with initial conditions
Ulg = 9x), Ul =W(x), x€l0,/] ()
and boundary conditions

u(0,7) =u,(0,1) =0 (fixed end),

3
u, (Lty=u,,.(l,/)=0 (freeend), 0<¢r<T. 3
In the direct problem, it is required to find a function
u(x,1) € Cy (D), 4)

satisfying equalities (1)—(4) for given numbers a, /, and T and sufficiently smooth functions p(x), f(x,1?),
¢(x), and y(x).
Inverse problem. Let f(x,7) = g,(x)g,(¢), g,(x) be the unknown variable and g,(#) be a known function.

It is required to find g,(x) given that the solution of direct problem (1)—(4) satisfies the integral redefini-
tion condition

T
H(x) = [utx, (o (5)
0
Let the following conditions be satisfied with respect to the given functions:

(B) ox)eCl0.], @0)=¢0)=¢"0)=¢"1)=¢"(0)=¢"(0)=0,
(By) w(x)e C'l0.7], w(0)=y'(0)=y"()=y"()) =0,
(B) f(x.)e CD)NCUD), fO.0=f00=f"U1)=f"01)=0,
(B)) h@)e C2(O, T), hO0)=nT)=H(O)=HT)=0,

T
(B) H(x)e CY0,)), HO)=H'©0)=H"()=H"()=0, B= jgl(t)h(t)dt, B #0.
0

1. DIRECT PROBLEM
Moving the term p(x) to the right-hand side of Eq. (1) and introducing the notation F(x,7) =
f(x,1) — p(x)u, we obtain
u, +ad'u,.. = F(x,1). (6)

Solving Eq. (6) with initial (2) and boundary (3) conditions by the method of separation of variables
u(x,t) = X(x)T'(¢), we obtain a spectral problem with respect to X(x). This problem was considered in [9].
Following that study, we look for a solution to Eq. (6) with conditions (2), (3) in the form of a sum of
series:

WX, 1) = Y u (DY) + D v, (%), (7
n=1 n=1

where

! !
u(0) = [aCenY,Codx, v, (0) = [Fx Y, (x)dx,
) g (8)

n(x) =

the function #(x,¢) is a solution to Eq. (6) with a homogeneous right-hand side (F(x,¢) = 0), inhomoge-
neous initial (2), and homogeneous boundary conditions (3), and V(x,?) is a solution to Eq. (6) with a non-
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INVERSE SOURCE PROBLEM FOR THE EQUATION 9

homogeneous right-hand side (F(x,f) # 0), zero initial (2) (¢ =y = 0), and boundary conditions (3).
Next,

a”coshd,,(x—é)+bnsindn(x—é), n=2k —1;
X,(x) = / /
c, sinhdn(x—5)+z,, cosd, (x—i), n =2k,

is the system of eigenfunctions, where

a, = sinh™ (%), b, = cos” (ﬂ), ¢, = —cosh™ (%j, 2y = sin”' (%j,
2 2 2 2

\ﬁcot(%j, n=2k-1; 9

X ()| = . d, = E( L (—1)”@,,), e, = o(lz).

n_—
d] AR n

JItanh (7j n =2k,

It should be noted that system (8) is orthonormal and complete in ,[0,/] and forms an orthonormal
basis in it.

By direct calculations of the functions u,(¢) and v,(¢) in (7), one can easily obtain

ad?

1
u(t) = ¢, cosad’t + Y sinad’, v,() = - I F.(s)sinad’(t — s)ds,
a ad, |

n

where

! !
9, = JoCor,(dx, v, = [WEo¥,(x)dx,
0 0

/
E(0) = [Fx,nY, (x)ax.
0

Theorem 1. [f there exists a solution to initial—boundary value problem (1)—(3), then the following estimate
holds for any t € [0,T1]:
I

/
[@} + @i + putrax < | [ (W) + @970 + p0)9*(0) dx + [[20x e |, (10)
0 0 D

where p(x) 2 0, x € [0,]].
Proof. We use the methodology of [6]. The following relation holds:

!
1
B = ! [ (6, 1) + @Pul(x,1) + p(x*(x, 1) | . (11)

Integral (11) is a mathematical expression of the law of conservation of energy of free oscillations of a
string under homogeneous (zero) boundary conditions, i.e., in the absence of energy influx from outside
or when there is energy dissipation during the oscillation [27].

Let us consider the identity

(2 22 2y’ 2 '
ulLu = 5(u, +a‘u,, + p(x)u )t +a” (Ul — Ul ) -

Integrating this identity over the domain
D.=Dni{t<t, 0<1<T

and taking Green’s formula into account, we obtain the relation

T T

E() - E(0) +d° I (s — thyty )| _, di — @ j (Uthy — thyh )| dt = j j u, £ (x, t)dxdt.
0 0 D,
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In combination with boundary conditions (3), this relation means that

E(t) = E(0) + ”u, £ (x, fydxdt. (12)
D‘E
Due to the well-known inequality 2ab < a + bz, relation (12) can be rewritten as

T /
E(t) < E©0) + %g Fldxdr + % [) j Wdxdt = B + % ! dt'([u,zdx

1
<B+ j)-dt ! (u + al + pu’dx)dx = B+ j;E(t)dt,

N [ —

where
B=E@0)+1 H Frdxdt.
2 D,
Thus, for any T € [0,T], we have
T
E(t)< B+ J' E(t)dt. (13)
0
Multiplying inequality (13) by e ", we obtain
T
d| j E()dt | < Be™. (14)
dt 0
Integrating inequality (13) with respect to T from 0 to 7', we obtain
T
B+ f E(t)dt < Be'.
0
In view of inequality (13), it follows from here that estimate (10) is true.

a

Corollary 1. If there exists a solution to initial—boundary value problem (1)—(4) and f(x,7) = 0, then
the relation

E(t) = E0) =

N =

!
[[W'e0+ a0 ) + p(x)e’(x) | ax (15)
0

holds for any 7 € [0,T].

In fact, we obtain from relation (15) that the total energy of free vibrations of a homogeneous beam
remains constant and equal to its initial energy throughout the entire vibration process.

Corollary 2 (uniqueness). If there exists a function u(x, 7) satisfying relations (1)—(4), then it is unique.
Proof. Assume that there exist two solutions to direct problem (1)—(4). Then, their difference
ul(x’t) - MZ(X’I) = u(x,t)

belongs to class (4) and satisfies the homogeneous equation Lu = 0 in D with zero initial and boundary
conditions (3). For this solution, we obtain from (15)

E@) = (u,2 + a2uix + p(x)uz)dx =0.

St— ~

1
2
If p(x) > 0, this identity is possible if and only if #,(x,0) =0, u,, =0 and ¥ = 0 in D. If p(x) = 0, then
u(x,t) = ¢,x + ¢, where ¢, and ¢, are positive constants. The function u(x, ) satisfies boundary conditions
(3); then, ¢, = ¢, = 0. Therefore, u(x,#) =0 in D.

O
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Let us investigate the existence of solution.
Substituting f(x,7) — p(x)u for F(x,?) in (7), we obtain

oo

u(x,t) = Z((p,,cosad r 4+ Y "sinad t]Y(x)+Z fiE: )-[smad (t—s)-[f(E_, s)dEds

n=1 n=1 ad 0

n

) 2 x) jsm ad(t - ) j PEuE, 5)dEds.

n=1 a4 0
For convenience, we introduce the notation

oo

D(x,1) = Z[(p,, cosad’t + \J‘I; sin ad th(x) + z ;x)jsm ad:(t - s)jf(ﬁ s)dEds,

n=l1 n=1 a4 0

n

K(x,Et—s) = i Y"c(;) sinad>(t — s)p(E).

n=lay,

Then, (16) can be rewritten as

11
u(x,1) = D(x, 1) — Uk(x, E 1 — sy, s)dEds.
00

11

(16)

(7)

Thus, we have obtained a Fredholm integral equation of the second kind. To solve this equation, we

use the method of successive approximations, representing the solution in the form

wx, 1) = D (x,1),
k=0
where
uy(x,1) = O(x,1),

11
(e, t) = ~[[K(e.& 1 = s (& 5)dEds.
00

Estimating u, in the domain D, we have

|u0| < .f;)»

11
| < f j K(x,E 1 — s)uy(E, 5)dEds| < K, fil,
00

X
o] < [ [ Kx.&.1 = sua @ 5)dEds| < K3 fil,
00

11
e ”K(x,g,t—s)uk_l(g, )dEds| < fy(Kol>),
00

where

3

2 oo
K, = K(x,E1—3)| < CO Ziz 2C°l 2y
n=1 N

ixe[O 11, se[O T]

;
(1 — eid'l)zj

xel0, 1] te[O T

CO = maX{C1,6}, Cl =

po = max|p@)|, fi =
&el0./]
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Here, C;, i = 0,1 are positive constants depending on / and 7T'.

A necessary condition for the convergence of series (18) is the inequality K/ 2«1 ; hence, we obtain the

condition for /:

2
/ <( arn’ J7
2C, py

Then, series (18) satisfies the estimate

<h Y (k) = 5K

£t 1- K>

2

Thus, the following lemma holds.

Lemma 1. For any (x,t) € D and for all | satisfying inequality (19), estimate (20) is true.

Formal term-by-term differentiation of integral equation (16) gives

o

u(x,1) ==Y (a’d}¢, cosad,t + ad, sin ad,t)Y,(x)

n=1

o0 / !
- > Y, (x)ad; j sinad’( — 5) j f(E, s)dEds
n=l 0 0

S ! !
+ Y Y, (xad; [sinad;(t - 5) [ p&uE s)dds;
n=l1 0 0

U (X,1) = Zd ((pn cos ad r+ \I;” sinad, t]Y(x)

n=1 n

+ ZY(X) jsmaa’ (t— S)If(g s)d&ds

n=1

Lemma 2. If o(x), W(x), f(x,t) satisfy the conditions B,, B,, B;, then

(6) @)
_On __\V , 0] (t)
¢, = i v, i S0 = :
where

1

1 (6) / /

— (x)( (x ——) + b,sind, ( —))dx,
o0 - [ ||! 2 2

|X, ||.[(p<6>(x)( ( é) - z,cosd, (x - é))dx,

(4) Iw(4)Y (x)a'x

£00) = jf“"(x, DY, (x)dx;
0

where the coefficients a,, b,, c,, and z, are determined from formula (9).

ZY (Z) jsm ad’ (r—s)jp(g)u(g $)dEds,

n=2k-1,

n =2k,

19)

(20)

(21)

(22)

(23)

Integrating by parts the integrals for @, six times and for y, and f,(¢) four times, and taking into

account the conditions of Lemma 2, we obtain (23).
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Based on Lemma 2, we can majorize series (16), (21), and (22) by the convergent numerical series

)

o

c* 3 (lof

n=1 1

therefore, they converge uniformly in D.
This completes the proof of the following theorem.

Theorem 2. [f estimate (19) is true and the functions ¢(x), W(x), f(x,t) satisfy the conditions B,, B,, B;,
then there exists a unique solution to problem (1)—(4), represented as (16).

To prove the stability of the solution of problem (1)—(3), we consider the space of square-summable
functions Z,[0,/].

Theorem 3. Solution (7) of initial—boundary value problem (1)—(4) satisfies the following estimates:

| 156 (”(p(x)”[,z[o,l] + ”W(x)"h[o,/] + ||f(x, ’)"14[01 + ”p(x)”g[o,/])’ (24)

| <G (o o)

where C,, i = 2,3 are positive constants.

o + 176Dl + 12 ) (25)

C[0,/]

Proof. Since the system of functions Y, (x) is orthonormal, we obtain from representation (7) that

+2 i va(r). (26)
n=1

Each series in the right-hand side of this inequality is estimated separately:

22” 1 <C, Z((pi +7) = Cs (J0CoN 0y + W y01)5 27)

n=1

2
2 Z VA1) <2 z [%d ” F(x,5)Y,(x)sin ad>(t — s)dsdx}

8

f(x,8)Y,(x)sin ad (t — s)dsdx

O.—.N
O C— ~

ZQZH

=1

1

ad’

n

2
p(X)u(x, s)Y,(x)sin ad,f (r— s)dsdx}

S—) ~
O C— ~

- Iy 2
<4 Z {# _” F(x,8)Y,(x)sinad>(t - s)a’sdx]
n=1|0a 00

n

: (28)
+ 4 Y, d t —s)dsd.
2 [ad,, '(['([ p(x)u(x,s)Y,(x)sin ad, (t — s)ds x]

n=1a n

jf (s)ds +4Z ki ju(x s)ds < C, IZf (s)ds +C7Zp,,
0

n= 0 n=l1

tl / t
=C, ! ! F(x,s)dxds + C, ! PA(x)dx = C l” S 00 ds+Co o},

2
<G "f +G; ”p(x)”zq[o,/] :
Substituting estimates (27) and (28) into (26), one can easily verify that estimate (24) is true.

RUSSIAN MATHEMATICS Vol. 67 No.8 2023
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It follows from (7) that

A5G Yo+ )+ zi%yﬂqﬁ+§m@
= 0
|"’"}+c i(%jf<s>|ds+%|pn|]
=1 0 n

+w) + G Z}l(jlf"(s» ds + |p,,|]
n= 0

@)
©n

n

el

oo

<Gl

forany (x,f) e D.

Hence, using the Cauchy—Bunyakovsky inequality, we obtain
(4)

wo(ga) 5w (5]

+Gy [i%] [I NG dst + (ilpnlzr

=1 N n=1

= Gy (Jo ., + W0+ 170D, + PG00

L[0,]]

Estimate (25) follows directly from this estimate, where C;, i = 4,10, are positive constants.

2. INVERSE PROBLEM

Let f(x,t) = g,(x)g(r). Multiplying both sides of Eq. (1) by A(¢); integrating with respect to ¢ from 0 to

T'; and taking into account conditions (5), B,, and Bs; we obtain

T

j u(x, D" (dt + a’ H (x) + p(x)H(x) = Bgy().
0

Resolving this equation with respect to g,(x), we have

0

T
go(x) = E{j u(x, " (dt + a” HP (x) + p(x)H(x)].

Substituting the resulting expression into (16), we find an integral equation for u(x, t):

=3

u(x,t) = Z((pn cos adft + “;"2 sin ad,ftj Y, (x)
a

n=l1

n

o0 ! 1T o / /

Y (X)) . " Y () (o 2 @)

=2\ sinad, (t — s) | | u@E,MA" (M)dndéds + Y —==~|sinad, (t —s) | H " (§)dEds
2, Bd, I I J Z Bd, I j

n=1

/ /
"(xz) j sinad’( — 5) j PEOHEEDs - LX) j sin ad’( — 5) j PEWUE, 5)dEds.
n=1 apPa, 0 0 n= 1

RUSSIAN MATHEMATICS  Vol. 67 No. 8
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INVERSE SOURCE PROBLEM FOR THE EQUATION 15

Using (17) and some notations of the form

WY(x,t) = Z E(pn cos ad,ft + % sin adftj Y, (x)
a

n=1 n

+ZY )| [sinad (t—s)IH(4)(§)d§dS+Z o= )f sinad “‘S)IP@H@"&“

Ki(x,1,E,5,m) = Z ;)smad (t - s)h" (M),

n=1 Ad,

we write Eq. (30) in a more convenient form as

11T
u(x,t) = P(x,1) + J' j j K, (x, 1., s, Mu(E, ndndEds — ” K(x, 1, sYu(E, s)dEds. 31)

000
It should be noted that (31) is a Fredholm integral equation of the second kind with respect to the
unknown function u(x, ). We use the method of successive approximations to find a solution to Eq. (31),

representing it in the form (18), where
uy(x,1) = ¥(x,1),
1T
1) = [ [ KiGe 1.6, 5, M, (E mdndeds — j j K6, 1,8, 9,5, $)dEds.
000
Let us estimate u;, in D:
o] <

1T

| < m K\ (x,1,&, s, MupdndEds - j j K(e,1,E, shupdtds| < M(Ko T + Ko)l’,

LT

o) < J‘”Kl(x 1,&, s, Mudndds — ”K(x & sudéds| < M(K, T + K,)'I",

IRy

| < ”jk(x 1,&, 5, Miy_dnd&ds —” K(e 1,8, sy 1dEds| < M (KT + Ko)P?).

where
3

2C,/ "
Kp=  max  |KGunEsm|< ()nh“, hy = max A"().
a

x,Ee[0,0], 1,5 ne[O 7] nel0,7']
A necessary condition for the convergence of the series is (K, 7" + Ko)l2 < 1. Hence, we obtain
2
am’ 7
< [—} . (32)
2Cy(Thy + po)
Then, series (18) satisfies the estimate

2
Ko T + Kyl 33)

,tSMw K, T +K)*) =M .
|u(x )| ;(( 01 0) ) 1—K01T+K012

This completes the proof of the following theorem.

RUSSIAN MATHEMATICS Vol. 67 No.8 2023
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Theorem 4. If conditions B,, B,, B;, B,, Bs, and estimate (32) are satisfied, then there exists a unique solu-

tion u(x,t) € Ci’,z (D) to integral equation (31).

Using the function u(x, ) € Cj,z (D) and formula (29), one can find the unknown function g,(x)—the

solution to the inverse problem.
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