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Abstract—We study the direct problem for transverse vibrations of a homogeneous beam of
finite length with time-nonlocal conditions and obtain necessary and sufficient conditions for
the existence of its solution. For the direct problem, the inverse problem of determining the
time-dependent coefficients of the lower derivative and the right-hand side in the equation is
studied. The existence and uniqueness of the solution of the inverse problem are proved. The
solution is based on separation of variables, which is used to reduce the problems to an integral
equation and a system of integral equations.

DOTI: 10.1134,/S0012266123030060

INTRODUCTION

Most beam vibration problems are widely used in structural mechanics and in the stability theory
of running shafts, with their solutions leading to higher-order differential equations [1, pp. 143-147].
The paper [2] provides a detailed analysis of foreign publications and results in the field of dynamic
behavior of inhomogeneous beams. The papers [3—6] study the solvability of initial-boundary value
problems for the beam vibration equation with various boundary conditions. The paper [7] deals
with the analytical solution of the differential equation of transverse vibrations of a piecewise ho-
mogeneous beam in the frequency domain for any kind of boundary conditions.

The problems of determining the coefficients or the right-hand side of a differential equation based
on some known data of its solution are called inverse problems of mathematical physics. Inverse
problems of determining the kernels of integro-differential equations from the theory of viscoelasticity
were studied in [8—10]. The papers [11-13] applied a method for solving inverse problems that is
based on the representation of the solution of two-dimensional inverse problems in the form of
a trigonometric polynomial in one of the spatial variables. The paper [14] considers the inverse
problem of determining the time-dependent coefficient in the equation of transverse vibrations of
a beam, which, from a physical point of view, represents its stiffness. Numerical methods for solving
inverse problems can be found in the papers [15-20]. The paper [21] considers an inverse problem
related to reconstructing the second moment of the cross-section area for a beam using the scheme
of a shearing uniformly distributed load. The efficiency of the variational method for solving the
inverse problem of finding the coefficients in the Euler—Bernoulli equation was demonstrated in the
paper [22].

In the present paper, we study the direct problem with time-nonlocal conditions and the inverse
problem with integral overdetermination conditions for the equation of transverse vibrations of
a homogeneous beam.

1. STATEMENT OF THE PROBLEM

Consider the following equation of transverse vibrations of a beam of length [ resting on the
ends:
Wy + GQwMM’I + Q(t)w = f(l'v t)a (l‘7 t) € 27 (1)

where a®> = EJ/(pS), f(z,t) is the external force, p is the beam density, S is the beam cross-section
area, F is the modulus of elasticity of the material, J is the moment of inertia of the beam cross
section about the horizontal axis, ¥ = {(z,t) : 0 < z < [, 0 < t < T} is a rectangular domain,
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360 DURDIEV

and T is the time interval. The entire length of the beam is supported by an elastic base with
stiffness coefficient ¢(t).

Direct problem. In the domain ¥, find a solution of Eq. (1) with the following initial and
boundary conditions:

w(z,0) + 0wz, T) =p(z), wiz,0)+ dhw(x,T)=10(z), x€][0,l], (2)
o0 = p(0) =0, o) = (1) =0 o
(Ot)—wm(Ot):w( Wer(1,t) =0, 0<t<T.

(3) is a function w(x,t) in the class C,7 (%) satisfying
an identity with positive numbers §;, d, and sufficiently
(x

)-

Inverse problem. Let f(z,t) = g(t) fo(z). Find functions ¢(t) and g¢(t), t € [0,T7], based on the
known equalities

Definition. A solution of problem (1)-
conditions (2) and (3) and making Eq. (1)
smooth functions ¢(t), f(x,t), and ¢(x), ¥

l

/yi(;v)w(x, Do = Yi(t), i=1,2, ()

where y;(z) and Y;(t) are given sufficiently smooth functions satisfying the matching conditions

l l

/yi(w)tp(x) dx =Yi(0) + 6, Yi(T), /yxx)w(x) dr =Y/(0)+6Y/(T), Y@®)#0. (5

0 0

2. STUDYING THE DIRECT PROBLEM

Using the notation F(z,t) := f(z,t) — q(t)w(z,t), Eq. (1) becomes wy + a*Wyprr = F(x,t).
A solution of problem (1)—(3) is sought as

w(z, t) = wi(t)Xy(z), (6)

where wy,(t) = /(2/1) f w(x,t) sin(upz) de, Xi(x) = /(2/1) sin(px), and py, = wk/l, k € N.

Substituting the functlon (6) into Eq. (1) and conditions (2), after separating the variables we
obtain the problem

wi(t) + Nwe(t) = Fe(t;q,w), My=ap;, k€N, 0<t<T, (7)
wi(0) 4+ 01wi(T) = @,  wy(0) + dow) (T) =4y, k€N, (8)

where
Fi.(t;q,w) = fu(t) — q(t)wi(t), 9)

\[/f 2,1) sin(u) da, (10)
or = \/? / () sin(p) do,
Y = \/?/lgb(:c) sin(purz) dz, k€ N.
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A TIME-NONLOCAL INVERSE PROBLEM 361

We write the solution of problem (7), (8) in the form [23]

. T
wy(t) = mEk(t) +O/G;€(t,s)Fk(s,q,w) ds, (12)
where
pe(T) =1+ (81 + d2) cos(AT) + 6102,
Eu(t) = ( Aot . Ve (g &y si _
(1) = or( cos A\t + 85 cos ()\k(T t))) + " (sm()\kt) 01 sin ()\k(T t))),
( 1 : :
D) [(51 sin (Ag (T — t)) cos(Ags) 4 62 cos (A (T — t)) sin(Ays)
s +&@mﬂ&@—oﬂ, s € 0,1,
b 5) = 1 : :
NG {61 sin (A, (T — t)) cos(Ags) + 6 cos (A (T 1— t)) sin(Axs)
+ 818, sin (A (s — t))} + N sin (A\(s —t)), s€[tT]

By substituting the expression (12) into (6), we obtain

1 i |
{pk(T)Ek(t) + / Gi(t,s)Fr(s;q,w) ds} sin(ppx). (13)

0

w(z,t) = Z

&S]
k=1

It can readily be seen that for §; > 0 and d, > 0 and under the condition 1+ ;65 > d; + J, we have
the inequality

1 1
< =
pi(T) = 1 — (61 + 62) + 0102
Theorem 1 [24]. Let o, A, n > 0, and let g(t) be a continuously differentiable nonnegative func-

tion on the interval [a,b] with a < b < +o00. Furthermore, assume that w(t) is integrable and
nonnegative on |a,b] and satisfies the inequality

B> 0. (14)

A t a1 b
o[-0 w<<)dc+ua/w<od<+g<t>

0

w(t) <

for every t € [a,b). If 0 < pu(b—a)Ey2(A(b—a)*) <1, then

t

w(t) < Bo (Mt — a)*)wo + g(t) — Ea (At — a)*)g(a) + A /(t — O Eaa (Mt = €))g(¢) e,

a

x (u / 9(Q)dC — (b — @) Ewa(A(b — a))g(a) + A / (b= O Eass (A - O%)g(0) d<> .

a a
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362 DURDIEV

Theorem 1 uses the two-parameter Mittag-Leffler function
ok

g;Fw+a@’ a,y>0, z€R; (15)

in particular, for v = 1 it becomes the one-parameter Mittag-Leffler function, E,(z) = E.(2)
(see [25, pp. 40-49]).
Substituting the function Fj(¢; ¢, w) (9) into (12), we have

T

) =~ +7ﬁ @ts@—/(y%@@@@m.

0

Let us estimate this function considering the form of the function Fy(t) for ¢ € [0, T7,

5, 5 T T
9] < 501+ )l + LM+ fk/m(s)\ st 55 [ 1o s

Q55/’wk ’ds—l— <5—|—>\k>/|w;€ ‘ds

where § = §; + 92+ 910, and § = n%ax] lq(s)|. Applying Theorem 1 with e = 1 to the last inequality,
s€(0,T
in view of (15), we obtain the following assertion.

Lemma 1. Let 0 < Oy, (e“*T —1)/C4y, < 1; then one has the estimate

where
qpB0 as ~ Y
Ciup=—, C ) C = keN
1k SV 2k = e < + /\k> A6(2 — eCnT) + eOnl — 17 e N,

g 17)
o= o+ lanl + D5 2 (54 ) [l ds. ke

Further, taking into account (17), from the estimate (16) we have

).

where || fx|| = [max |fx(t)]. Using Eq. (7) and inequality (12), we obtain the estimate

lwi ()] < Cy (Ak\<Pk| + [0k + || fi(t)

[wi ()] < Ca(Nilonl + AZluiul + X2 fu®)]| + aleoel ) < Cala+ X2 (Anlooul + o] + [| £ 0)]])-

Thus, we have proved the following assertion.

Lemma 2. For each t € [0,T] and for sufficiently large k, one has the estimates

)] < Co (Rloel + ud + [ 50 ):
it (8)] < O (Kl + Kl + k] fu(0)].)-

Here and in the following, the C; are positive constants.
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A TIME-NONLOCAL INVERSE PROBLEM 363

Formally, from (6) we compose the series

Wy = Zwk sin(ppz), (18)

Woprs = Zukwk ) sin(ugx). (19)

For any (z,t) € ¥, based on Lemma 1, the series (6), (18), and (19) are majorized by the series

o0

Cs Y (Kolinl + K'inl + K| 11(0)])-

k=1
The following auxiliary assertion holds true.

Lemma 3. If the conditions

e Co0,1], " (z) € L[o,1],

p(0) = p(I) = ¢"(0) = " (1) = ¥"V(0) = " (I) = "1(0) = "1 (1) = 0,
A, w(0) = o(1) = ¢"(0) = ¢"(1) ="V (0) = " (1) = 0

flz,t) e C(X)NCHE), fY . ..(x,1) € Ly(D),

F0,8) = £(1,1) = f,(0,8) = f1. (1) = f1500(0,1) = f1a (1) = 0

are satisfied, then one has the equalities
_ 1 VII _ 1 14 t) = 1 Vv t 20
Pe = 7Pr > wk_ 5wk’ fk()_ 5fk()7 ( )
M K M

where

oV \/>/ VIL(1) cos( ) di,
oy = \/;/1/1‘/ (x) cos(ppx) dz,
1Y) = \f / 1 a(,) cOS(pus)

and the following estimates hold true:

Z o 1 < eV lapoas

Z 1 1 < 1Y ([0 (21)

n=1

Z\fk W < 1Y O)llzapaxcon-

By applying integration by parts seven times in the integral for ¢, and five times in the integrals
for 1y, and f(t) (see (10) and (11)) and by taking into account the conditions in Lemma 3, we obtain
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364 DURDIEV

Egs. (20). Inequalities (21) are the Bessel inequalities for the coefficients of the Fourier expansions
of the functions ¢}/’ and ¢} in the cosine system {./(2/l)cos(urz)} on the interval (0,1). If
the functions ¢(z), ¥(z), and f(z,t) satisfy the conditions in Lemma 2, then, by virtue of the

representations (20) and (21), the series (6), (18), and (19) converge uniformly in the rectangle %,
and so the function (13) is a solution of problem (1)—(3).

3. STUDYING THE INVERSE PROBLEM

Let f(x,t) = fo(z)g(t), where fo(z) is a known function. Then F(t; g, q, w) = forg(t)—q(t)w(t).
Multiplying both sides of Eq. (1) by v:(z), i = 1,2, integrating from 0 to [ over the variable x, and
taking into account conditions (4), we obtain the equations

/fo )y (x) de — q(1)Ya(t) = Y (¢ \/>Z:U’kwk )Yk, (22)

) [ o)sle) do - a(0)¥alt) = V1 \f > ntun O (23)

where v, = \/(2/1) fyl sin(ppz) dz, k= 1,2.

Introduce the notatlon

/lfo(fb)yl(@ dx = oy,

/lfo(:ﬂ)yz(x) do = o

and assume that
V() = axYi(t) — a1 Yo (t) #0, 0<t<T. (24)

Then from (22) and (23) we find

g(t):[y(t)]‘l{m(t)y;’(t) DY/ (t \[ Zukwk ) (Y1 (t)yor — Ya(t )ylk)} (25)

q(t) = D}(t)]il {0411/2”( ) — Y/ (t) \/>Z Mkwk ) yar — Oé2y1k)} (26)

After substituting the function (12) into (25) and (26), we obtain the following integral equations
for the functions g(t) and ¢(t):

Yi(t)Yy'(t) — Ya(£)Y{'(2)
(27)

T

azﬂzu; pk(lT)Ek(tH [ Gt s)Filsiga ) ds § (V0 — Vol
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A TIME-NONLOCAL INVERSE PROBLEM 365

Yy (t) — arY/'(t)

T
| 1
GQ\/;ZMi p(T)Ek(t)+/Gk(t,8)Fk(5;97q7w) ds ¢ (Q1yor — 2yi1x)
k=1 k ;

Consider the function space B ;. [23], i.e., the set of all functions of the form (6) considered in ¥
with the norm [Jw(z,t)||p; . = Jr(u), where wy(t) € C[0,T] and

oo ) 1/2
Jr(w) = {Z(MZHW(ﬂ\lcm,ﬂ) } < +00.

In what follows, we denote by EJ ; the topological product Bj . x C[0,T] x C[0,T], where the
norm of an element z = {w, g, q} is defined by the formula

HZHE;T = . + Hg(t)HC[O,T] + Hq(t)HC[O,T]'

It is well known that the spaces B] ; and EJ ;, are Banach spaces [26].
Now consider the operator

Aw, g,q) = {M(w,9,9), A2(w, g, 9), As(w, g, ) }

in the space EY ., where

A (w,g,q) = w(z,t) Zwk ) sin(ugx),
Az(w, g,9) = §(t),
As(w, g,q) = q(t),
and the functions wg(t), £ € N, g(t), and ¢(t) are equal to the right-hand sides of (12), (27),

and (28), respectively.
Taking into account inequality (14), we have

N v > 1/2
{Z (NZHZDk(t)HC[O,T])Q} < \ﬁﬁu +52)<Z(MZI%I)2> /

B oo 1/2
+ \/?B(l +65) (Z (ui\w)Z)

k=1

1/2
+\/?/<LTH9(15)HC[OT (Z el )

k=1

' B 1/2
+\/;“THQ HCOT]( (’ukHwk HC[O,T})2> ’

k=

(29)

8

—
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366 DURDIEV

where kK = 1 + 254,

-1

130) o < | 0]
2

- 1/2 - 1/2
X {5(1 + 02) (Z (MZ|%D2> + B(1+41) (Z (MEWM)Q) (30)

k=1 k=1

cpo.1) {Yl Y//( ) E(t)yvln(t)uc[oj]

- 1/2 - 1/2
V()| 0.1y (Z 1 6y§k> + 12Ol o.m (Z I 63/&) ]
k=1 k=1

0o 2
n HTHg(t)HC[&T] (Z (Uifk’)z)

k=1

. N\ V2
+ “THC](t)HC[O,T] (Z (“ZHw’f(t)Hc[o,T]) ) ] }’

k=1

-1

(O] RS [R70) i (. {alw =~ 02¥{'(0)] oz

- 1/2 - 1/2
z ) .
+ ag\/g a (Z i 6y§k> + (Z ufyfk)
k= k=1
1/2

o0 1/2 50
X [5(14‘52) (Z (MZ|<P1<|)2> + B(1+61) <Z i |]) ) (31)

k=1

o] 2
+ KTHg(t)Hc[O,T] (Z (Mz‘kaz)

k=1

- , 1/2
+ FGTHQ(t)HC[O’T} (Z ('U’ZHwk(t)HC[O,T]> ) ] }

k=1

From (29)—(31), respectively, we obtain the estimates

- 1/2
2 2 2
{Z (“ZHwk(t)Hc[o,T]) } : 76(1 +82)[l" " (@)]] 0 + Tﬁ(l + )|V @) g0

=1 2 v
+ TB/{THg(t)HC[O,T]HfO (37)HL2[0J]

2
+ \/;HTHQ(t) Hc[07T] H’UJ(Q?, t) HB;T(w,t)7

{Y1 Y5 (1) = Yo () Y] ()| oy

-1

138 g0y < || 8]

clo

0o 1/2 s 1/2
a2 [|Y1(t)c[o,T] (Z 1 Gyik) R LA0] . (Z 1 6yfk> ]
k=1

k=1
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A TIME-NONLOCAL INVERSE PROBLEM 367

(B4 B @0 + B0+ P @0

l
+ ”THg(t)HC[o,T}Hfg/(x)HLz[o,z] + \/;K;THq(t)HC[O,T]Hw(m’t)HB;T(x,t)] } J

-1

[ oy < || )]

1 _ "
Clo0,T] {a1Y2 (8) — aaY; (t)HC[OﬁT]
I~ 1/2 00 1/2
+a? [al (Z I 6y§k> + s <Z 1k Gyfk> ]
k=1 k=1

< B0+ &) @) 0 + B+ 5DI0Y @) 2ai0g

l
+ ’fTHQ(t)HC[O,T}Hfg/(-T)HLQ[o,z] + \/;’{Tuq(t)uc[o,ﬂHw(%t)‘|327j(z,t)] } )

or . s
{Z (uzuwkawcm,ﬂf} < (@) + 3D |g0) | . )
MDDl v
Hg(t)HC[O,T] < Ly(T) + M2(T)Hg(t)HC[O,T] + N2(T)Hq(t)HC[O,T]Hw(x’t)HB;’T(x,t)’ (33)
|G| g0,y < La(T) + Ma(T)||9(8) [ 10,17 + Na(D)[a@)| o 10 (@Ol gy 0y (34
where
L) = 204 80) " @l + 220+ 58 @]

2
M(T) = Tﬁ’fTHfov(x)HLz[o,l]’

Ny(T) = \/?/-@T,

Lo(T) = | [v(t)] ™

{HYl(t)Yz”(t) = Y2 (O)Y! ()| 0

C[0,T]

- 1/2 - 1/2
0o (z M;Gysk) T (Zulzﬁya) ]
k=1 k=1

X [6(1 + 52)HQOVH(3U)HL2[OJ] +801+ 51)va<x)HL2[07l]} } ’

+a?

MO

0,7

X lYl(t)c[o,T] (Z u;ﬁyik) + Y2l 0.z (Z u;6y3k>
k=1 k=1

DIFFERENTIAL EQUATIONS Vol. 59 No.3 2023
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368 DURDIEV

_ 2 E‘ -1
No(T) = a \/g’ D)(t)] clo,1]
o 1/2 . 1/2
< Y1) oqo.my (Z u;"’yék) + 12Ol 0.z (Z u;%) KT,
k=1 k=1

clo,1) Halygll(t) B aﬁ/{/(t)HC[O,T]

- 1/2 - 1/2
+a? |y (Z b 6y§k> + <Z 1 6yfk>
k=1 k=1

x [+ &) [ @) 0 + B+ 008" ()]

LQ[O,l]i| )

My(T) = a®||[Y()]

L2[0,1]

o 1/2 o 1/2
o [ (St o (D) |t
’ k=1 k=1

No(T) = “\@H RICI

Inequalities (32)-(34) imply the estimate

- 1/2 - 1/2
oo | <Z 1 6y§k> + (E 1k Gyfk) KT,
’ k=1 k=1

lot@, )]l 7, + 13O e my + 17O oy

3
< L) + MO s, + VOt oo [0 Dy e
where L(T) = Ly(T) + Lo(T) + L3(T), M(T) = My(T) + My(T) + M3(T), and N(T) = N,(T) +
No(T') + N3(T').

Theorem 2. Let the conditions in Theorem 1 and Lemma 2, (24), and the following condition
be satisfied:
(L(T) 4 2)(M(T) + N(T)(L(T) + 2)) < 2. (36)

Then problem (1)—~(4) has a unique solution in the ball Br = {2 : ||z| g7, < R}.
Proof. Introduce the notation z = (w(x,t),g(t),q(t))* and write system (13), (27), (28) in

operator form as

2= Az, (37)

where A= (A;, As, A3)*, A1(2), As(z), and A3(z) are determined by the right-hand sides of (13), (27),
and (28), respectively.
Likewise, from (35) we conclude that for any z, z;, 2z € B one has the estimates

HAZHE;T < L(T) + M(T)Hg(t)Hc[o,T] + N<T)HQ(t)HC[0,T] Hw(xvt)H (38)

Bl r’
421 — Azalle, < M@D)]91(8) = 92(8)| .z
+ NOR([la1(8) = @O oz, + ln @,8) = wa(w,6)] 5y )
Then, by virtue of (36), it follows from (38) and (39) that the operator A acts on the ball By and

satisfies the contraction mapping principle. Therefore, by Banach’s theorem, the operator A has a
unique fixed point {w, g, ¢} in the ball Bg, which is a solution of the operator equation (37).

(39)
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A TIME-NONLOCAL INVERSE PROBLEM 369

Thus, the function w(x,t) as an element of the space BJ; is continuous and has continuous

derivatives wy (z,t) and Wy,ee (7,t) in the rectangle .

From (9) it is easy to see that the inequality

- N\ 12
(55 (o0l
B o 1/2 - , 1/2
<(300) |(S 0t 0lonn)) M0+ 1000l

k=1

holds; this implies that wy(z,t) is continuous in X.

Remark. Inequality (36) is satisfied for sufficiently small T'.

Theorem 3. Let all conditions in Theorem 2 and conditions (5) and (24) be satisfied. Then

problem (1)~(4) has a unique classical solution in the ball By of the space EJ ;.
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