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( )      operator ko‗pi bilan uchta xos qiymatlarga ega bo‗lib, ulardan ko‗pi 

bilan ikkitasi   nuqtadan chapda, ko‗pi bilan bittasi     dan o‗ngda joylashgan 

bo‗ladi. 
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The essential spectrum of operator matrices  is one of the topics that is deeply 

studied in the theory of operators, and the description of the location of the essential 

spectrum of this type of operators is studied among the important problems of spectral 

analysis [1,2]. 

   is a one-dimensional torus,      is a space of complex numbers, 

     (  ) is a Hilbert space of square integrable (complex variable) functions on 

   and      
 (  ) be a Hilbert space of square-integrable (complex variable) 

symmetric functions on   . Denote by  , the direct sum of the spaces       and 

  , that is,            . 

Let us consider a third-order operator matrix    acting   as  

   (

        
    

        

     
    

)                                    ( ) 

with the entries: 
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                        ∫    (  )   ( )

  

    

(     )( )  (       (  ))  ( )        ( )  ∫    (  )   (   )   

  

 

(     )(   )  (       (  )     (  ))  (   )                    

It should be noted that the operator matrix    given by (1) is a linear, bounded 

and self-adjoint operator in the Hilbert space  . 

In order to study the essential and discrete spectra of the operator matrix   , 

we introduce the operator matrix        called the generalized Friedrichs model 

acting in the space       as  

   (
       

    
    

*       

One can see that the operator matrix    is a linear, bounded and self-adjoint in 

     . 

Let us consider the operator matrix    in the Hilbert space       as 

   (
    
    

*  

The perturbation       of the operator matrix    is a self-adjoint operator of 

rank 2. According to the definition, for the spectrum of the operator    the equality 

 (  )   (   )⋃ (   ) 

holds, here 

 (   )       (   )  * +            (   )      (   )  ,     -  

Therefore, in accordance with the Weyl theorem about the invariance of the 

essential spectrum under finite rank perturbations, the essential spectrum of the 

operator matrix    coincides with the essential spectrum of   . Therefore, 

    (  )      (  )  ,     -  



72 
 

For any fixed      we consider an analytic function in   ,     - by 

  ( )         ∫
    (  )   

       (  )   
  

  

Usually, the function   ( ) is called the Fredholm determinant corresponding to 

the operator matrix   . The following lemma expresses the connection between the 

eigenvalues of the operator matrix    and zeros of   ( ). 

Lemma 1. For any     the operator    has an eigenvalue       ,     - 

if and only if   (  )   .    

Now, by studying the zeros of the function   ( ), we analyze the number and 

position of the eigenvalues of the operator matrix   . 

Lemma 2. The operator matrix    has two simple eigenvalues, therefore one to 

the left of    and the other to the right of    .  

 Let the numbers   
  and   

  are the eigenvalues of the operator matrix     For 

clearity, we take   
  (    ) and   

  (      )  

The following theorem describes the essential spectrum of the operator matrix 

  .  

Theorem 1. The following equality holds for the essential spectrum of the 

operator matrix   : 

    (  )  [  
    

   ]  ,     -  [  
    

   ]  

Definition 1. The sets 

[  
    

   ]  [  
    

   ] and ,     - 

are called two-particle and three-particle branches of the essential spectrum of the 

operator matrix    , respectively. We denote these branches as     (  ) and 

      (  ), i.e. 

    (  )=[  
    

   ]  [  
    

   ], 
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      (  )  ,     -. 

Since   
    and   

      for all    , one can conclude that  

       (  )           (  ) and          (  )         (  )  

for all      
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  orqali bir o‗lchamli kompleks fazoni,   (  ) orqali    da aniqlangan 

kvadrati bilan integrallanuvchi (umuman olganda kompleks qiymatlarni qabul 

qiluvchi) funksiyalarning Hilbert fazosini,   
 ((  ) ) orqali (  )  da aniqlangan 

kvadrati bilan integrallanuvchi (umuman olganda kompleks qiymatlarni qabul 

qiluvchi) simmetrik funksiyalarning Hilbert fazosini hamda   orqali        

      (  ) va       
 ((  ) ) fazolarning to‗g‗ri yig‗indisini belgilaymiz, ya‘ni 

             Bunda        va    fazolarga   (  ) fazo yordamida 

qurilgan   (  (  )) bozonli Fok fazoning mos ravishda nol zarrachali, bir zarrachali 

va ikki zarrachali qism fazolari deyiladi. 

  Hilbert fazosida ta‘sir qiluvchi quyidagi  
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